
Eastern-European Journal of Enterprise Technologies ISSN 1729-3774	 6/5 ( 126 ) 2023

26

Copyright © 2023, Authors. This is an open access article under the Creative Commons CC BY license

SYNTHESIS 
OF TWO-MASS 

ELECTROMECHANICAL 
SYSTEMS WITH 

CASCADE CONNECTION 
OF FRACTIONAL-ORDER 

CONTROLLERS
B o h d a n  K o p c h a k

Corresponding author
Doctor of Technical Sciences, Professor

Department of Electromechatronics 	
and Computerized Electromechanical Systems

Lviv Polytechnic National University
Bandery str., 12, Lviv, Ukraine, 79013

E-mail: kopchakb@gmail.com
A n d r i i  K u s h n i r

PhD, Associate Professor*
I n n a  O n o s h k o *

S e r g i y  V o v k
PhD, Associate Professor*

*Department of Observant-Prophylactic 	
Activity and Fire Automation

Lviv State University of Life Safety
Kleparivska str., 35, Lviv, Ukraine, 79007

The research focused on two-mass electromechani
cal systems widely utilized in industry. The challenge 
addressed in this work was to improve the synthesis of 
controllers for such systems to simplify it and enhance the 
quality of transition processes. Traditionally, the synthesis 
of control system loops for these systems was carried out 
using integer controllers and standard forms. However, 
this approach led to the synthesis of complex integer con-
trollers that are difficult to implement. To overcome this 
issue, an original approach to the synthesis of control sys-
tem loops based on the fractional characteristic polyno-
mial is proposed. The fractional characteristic polynomial 
ensures the desired quality of the transition process given 
the implementation of a specified structure of the fractio
nal controller. A new method of structural-parametric 
synthesis of fractional-order controllers is developed for 
the case of their cascade connection in multi-loop two-
mass electromechanical systems. Additionally, an algo-
rithm for synthesizing fractional-order controllers for the 
corresponding control loops is presented. This enabled the 
structural-parametric synthesis of fractional-order con-
trollers for a two-mass electromechanical system with the 
cascade connection of controllers. Such an approach pro-
vides better quality of transition processes compared to 
classical integer controllers, simplifies the synthesis, and 
thereby enhances the quality of the synthesized systems. 
The impact of the synthesized fractional-order control-
lers using the proposed approach on the dynamic proper-
ties of the two-mass «thyristor converter – motor» system 
was investigated. The research results demonstrated the 
practical applicability of fractional controllers designed 
using the proposed method for the synthesis of automatic 
control systems of two-mass electromechanical systems  
in the industry
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1. Introduction 

Electromechanical systems (EMSs) must meet the re-
quirements imposed on them by the executive or production 
mechanism or technological process. Various methods of 
EMS synthesis are used for this purpose. A mandatory re-
quirement for any synthesis method is to take into account 
the dynamic properties of the control object, because it usu-
ally imposes certain requirements and significantly affects 
the dynamic and static characteristics of this EMS.

In practice, one often has to deal with structural-para-
metric methods of EMS synthesis. Structural-parametric 
synthesis, given the output objective function, input control 
action, and structure of the main part of the system (object), 
determines the number, type, and place of input of control 
connections. In addition, this synthesis option determines 
the general structure of control devices, characteristics and 
numerical values of parameters. A feature of such systems is 
the use of typical controllers. The main task for synthesizing 
EMS comes down to selecting a typical controller that pro-
vides a given control law and finding its parameters.

The optimal systems of subordinate regulation (SSR) pro-
posed by Kesler are currently dominant. In such systems, the 
principle of sequential correction is implemented for each coor-
dinate [1, 2]. Traditionally, SSRs are synthesized based on two 
standard forms of root distribution of the characteristic equa-
tion, namely: according to the modular (technical) optimum 
and according to the symmetric optimum. At the same time, 
the principle of doubling the time constant of each subsequent 
external loop is the basis for the synthesis and construction of 
the SSR. The task of each controller in such an SSR is to ensure 
the desired dynamic characteristics of its control coordinate.  
If we change the optimization criterion for SSR loops in accor-
dance with a certain standard form of the integer order, then we 
will get the corresponding controllers in each loop [3, 4]. The 
obtained controllers will provide the necessary dynamic cha
racteristics according to the selected form of root distribution 
of the characteristic equation on the complex plane.

There are two groups of SSR. One group is systems whose 
transfer functions have no zeros, and the second group is sys-
tems whose transfer functions have both zeros and poles. The 
SSR synthesized for a symmetric or modular optimum does  
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not take into account the zeros of the transfer function. In 
practice, a method of eliminating zeros of the electromecha
nical system transfer function by means of appropriate filters 
connected to the system input is widely used. It is clear that 
the whole range of standard forms of transition functions can 
be obtained, if there is no problem related to the reduction 
of the speed and gain margin of the system. Thus, in the SSR 
configured for a symmetrical optimum, the introduction of 
a first-order filter at the system input leads to a decrease in 
the gain margin. The presence of a second- and higher-order 
filter often makes it problematic to use synthesized systems. 

An alternative option for constructing an SSR is to use 
the generalized characteristic polynomial (GCP) synthesis 
method [5]. This method allows you to adjust the SSR to any 
standard transition function of the output control coordinate 
of a given speed, without complicating it, without reducing the 
speed and gain margin of the system. However, it is designed 
for a generalized characteristic polynomial of integer order. 

As research shows, the use of fractional-order controllers 
in EMS also leads to improved quality of transition processes. 
This makes it possible to increase the level of stability com-
pared to similar systems that use conventional (integer-order) 
controllers. The implementation of fractional-order controllers 
for the management of production processes, instead of con-
ventional integer-order controllers, can be more widely used 
in the case of solving scientific and applied problems related 
to the synthesis and implementation of such systems, as well 
as the development of tuning methods. However, the problem 
of synthesis and implementation of cascaded fractional-order 
controllers, as well as the study of their capabilities in automa
ted EMS, requires further development and scientific research.

This is especially true for EMS that have elastic connec-
tions and are often found in executive and production mecha
nisms, such as long shaft mechanisms, lifting and turning 
mechanisms for the fire truck cradle, rolling mills, conveyors, 
paper and textile machines. For the analysis of such systems, 
models of two-mass systems are used. 

The boom of the lifting mechanisms of truck lifts, includ-
ing fire truck lifts, is not absolutely rigid. Due to external 
influences, elastic deformations occur when the cradle is 
moved. For example, when lifting the cradle to a height of 
50–60 m, the amplitude of its oscillation can reach 3 meters. 
Such an object is considered as a two-mass system. The per-
formance of the automatic control system for the movement 
of the arc steel melting furnace electrodes affects its electrical 
and technical-economic indicators. To improve them, the 
automatic control system for the movement of electrodes 
must provide the given dynamic characteristics of the output 
coordinate. The dynamic characteristics of the electrome-
chanical system are also affected by the elastic properties of 
the kinematic circuit elements of the executive mechanism. 
Such an object is also considered as a two-mass system.

Therefore, the importance of this work in this context lies 
in the need to develop methods for synthesizing two-mass sys-
tems that can be described by fractional-order transfer func-
tions. Such systems arise in the case when the control object 
due to its complexity is easier to describe by fractional order 
in a more contact form, or when the desired standard form 
corresponds to a characteristic fractional-order polynomial. 

Therefore, research on the synthesis of two-mass electro-
mechanical systems with cascade connection of fractional-or-
der controllers, given that such systems are quite common 
and the technical implementation of such controllers has 
already been carried out and investigated, is relevant.

2. Literature review and problem statement

In [6], the method of synthesis of the generalized cha
racteristic polynomial for fractional-order EMS is moderni
zed and the algorithm for the synthesis of fractional-order 
controllers of the corresponding control loops is given. The 
proposed approach to the synthesis of SSR loops based on the 
fractional characteristic polynomial ensures the desired qua
lity of the transition process, provided that a certain structure 
of the fractional controller is implemented, which depends on 
the transfer function of the control object. Fractional-order 
controllers provide better quality of transition processes 
compared to integer-order controllers and thereby increase 
the efficiency of synthesized systems. The SSR design has 
a significant advantage over other systems, due to the ease 
of setting up each of the loops, as well as the possibility of 
implementing the restriction of the control coordinates. As 
an example, a two-loop «thyristor converter – motor» SSR 
with current and speed loops was synthesized, and the effect 
of synthesized fractional-order controllers on the dynamic 
properties of this SSR was investigated. The studies showed 
the possibility of implementing SSR controllers, which 
combine loops with integer- and fractional-order transfer 
functions, as well as systems with only fractional-order loops. 
However, these studies concerned only a single-mass motor 
speed SSR, without taking into account the two-mass nature 
of the object, which can often occur in practice.

The paper [7] considers the transition functions of the 
motor and the cradle angular speed controllers, which were 
obtained in the process of synthesis by the method of gene
ralized characteristic polynomial of a two-mass three-loop 
SSR by turning the cradle of the fire truck. They provided 
an aperiodic transition process of cradle turning and low 
sensitivity, in an established mode, to disturbances. How-
ever, the controllers have a high order and turned out to be 
quite complex in practical implementation. Therefore, it is 
proposed to replace these controllers by approximation by 
evolutionary methods with more compact PIλDμ controllers 
or fractional-order controllers. The studies on digital models 
confirm the effectiveness of replacing high-order motor and 
cradle angular speed controllers with PIλDμ controllers, the 
transfer functions of which are determined by approximating 
the transition functions of the controllers using a genetic 
algorithm. However, the synthesis of such SSR was carried 
out by the integer-order GCP method.

In [8], based on the general theory of fractional-order 
derivatives and integrals, the application of the Caputo-Fab-
rizio operator to improve the mathematical model of a two-
mass long-shaft and lumped parameter system was analyzed. 
The approach proposed in the paper allows taking into 
account elastic vibrations of the shaft of an electric drive 
mechanism. On this basis, it is shown that the use of a frac-
tional-order integrator in the elastic moment model makes it 
possible to reproduce real transition processes of the system. 
This mathematical model of the two-mass system provides 
the required accuracy. However, this work does not say any-
thing about the synthesis of controllers for this system.

The advantages of fractional-order controllers over integer 
ones are mentioned in a number of works. In [9], an internal 
fractional-order controller for a time-delayed fractional-order 
model is proposed to provide the desired stability margin of  
a DC servo system. In [10], it is proposed to synthesize an opti-
mal fractional-order controller by direct synthesis for a frac- 
tional-order model. The time domain characteristics of an  
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optimal closed-loop reference fractional-order transfer function 
are compared to those of an optimal second-order integer refe
rence transfer function. The fractional-order controller outper-
forms the integer analog by the integral squared error criterion. 
However, only one feedback loop is considered in the paper. 

In [11], a model of a two-mass fractional-order system was 
developed. To dampen elastic oscillations in this system, a frac-
tional-order PDλ controller was synthesized. In the work, only 
parametric synthesis of fractional controller was carried out.

In [12], using the Caputo-Fabrizio operator, the effect of 
replacing integer derivatives with fractional ones in a linear 
model of a two-mass system is shown. The change in the 
parameters of a fractional PIλDμ controller compared to 
a  classic PID controller is analyzed. The paper demonstrates 
the effect on the transition characteristics of the system using 
a fractional-order PIλDμ controller. 

The paper [13] presents the application of a fractional-or-
der PIλDμ controller and an active interference controller 
for a nonlinear two-mass system. A complete mathematical 
model in the state space for a nonlinear two-mass system was 
developed. A fractional-order PIλDμ controller and an active 
interference controller were synthesized. An observer was used 
to determine the control coordinates when constructing the 
active interference controller. During the synthesis of the frac-
tional controller, the system was considered as a single-loop 
system, and feedback was formed according to the speed of 
the first mass.

In [14], a two-mass drive speed control system is con
sidered. PID and fractional-order PIλDμ are implemented for 
this system. Fractional-order PIλDμ was synthesized by the 
Taylor series expansion method. However, as in [13], during 
the synthesis of the fractional controller, the system was con-
sidered as a single-loop system, and feedback was formed based 
on the motor speed.

The conclusion made after the analysis of the latest 
literary sources shows that the use of fractional calculus is 
considered one of the most promising strategies in the deve
lopment and research of modern electromechanical systems. 
It has been proven that fractional-order controllers provide  
a higher quality of transition processes compared to inte-
ger-order ones. The results of experimental tests of fractional- 
order controllers developed according to the proposed meth-
ods confirmed their effectiveness in expanding the possibi
lities of regulation compared to traditional PID controllers.

3. The aim and objectives of the study

The aim of the study carried out in this paper is to develop 
a method of structural-parametric synthesis of fractional-or-
der controllers in multi-loop two-mass electromechanical 
systems, provided their cascade connection. This opens up 
opportunities for creating new and modernizing existing two-
mass electromechanical systems using cascade connection of 
controllers, which have an expanded range of dynamic pro
perties and correspond to the desired fractional-order forms.

To achieve the aim, the following objectives were accom-
plished:

– to modernize the method of synthesis of a generalized 
characteristic polynomial for two-mass electromechanical 
systems using the desired fractional-order forms and frac-
tional-order controllers;

– to synthesize armature current and DC motor speed 
controllers of a two-mass electromechanical system using 

both the standard integer form and the desired fractional 
form, and investigate the resulting dynamic characteristics;

– to synthesize cascaded torque and second speed con-
trollers of the mechanism using the desired fractional form, 
and investigate the dynamic characteristics of the synthe-
sized two-mass electromechanical system.

4. Materials and methods

The object of the study in this paper is the processes of co-
ordinate regulation in a two-mass electromechanical system.

The main hypothesis of the study is that it is possible to take 
as a basis the method of structural-parametric synthesis of con-
trollers in multi-loop two-mass electromechanical systems, pro-
vided their cascade connection. The next step is to modernize 
it by applying the desired fractional-order forms and fractional 
controllers, which will expand the range of dynamic properties 
of the system coordinates. The main assumption will be to 
study the linear model of a two-mass electromechanical system.

To develop and study a model of a two-mass electrome-
chanical system with controllers obtained by conducting 
the proposed structural-parametric synthesis, provided their 
cascade connection, the MATLAB package (USA) was used.

MATLAB is a powerful application package developed by 
The MathWorks company for numerical analysis in various 
fields, including electromechanics and energy. MATLAB is 
unique in having its own programming language, which faci
litates complex calculations and algorithm development, and 
the Simulink simulation environment. In addition, MATLAB 
provides the ability to create user interfaces that allow you to 
interact with programs and algorithms in a convenient way.

As far as research in electromechanics is concerned,  
MATLAB is becoming an indispensable tool for studying and 
modeling various electrical and mechanical systems and their 
control systems. Due to its diverse mathematical functions 
and libraries, MATLAB is used to solve problems in the analy
sis, synthesis and optimization of electromechanical systems, 
including the study of electric motors, power converters and 
other devices. Therefore, this package has become an integral 
part of modern research in the field of electromechanics.

5. Results of research on a two-mass electromechanical 
system with cascade connection of integer-  

and fractional-order controllers

5. 1. Results of modernization of the generalized cha­
racteristic polynomial synthesis method for two-mass 
electromechanical systems

It is known that there are also such EMSs whose control 
object is described precisely by fractional-order characteristic 
polynomials q [15, 16]. In this case, the synthesis of such a frac-
tional-order EMS can obviously be carried out similarly to an 
integer-order SSR. Similarly, the synthesis of fractional-order 
EMS is carried out in the case when the ACS (automatic 
control system) provides for the use of a fractional controller.

In this case, obviously the desired optimization criterion 
will correspond exactly to the desired fractional-order char-
acteristic polynomial Hd (s). For the desired fractional-order 
characteristic polynomial, the transition functions of the 
control coordinate are known, and therefore, the selection of 
Hd (s) is based on the necessary requirements for the dynamic 
characteristics of the control coordinate under consideration.
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The work proposes to improve the known GCP me
thod [5, 6] for selecting both the structure and parameters 
of fractional-order controllers. The known fractional-order 
PIλDμ controller is one option of a wider class of fractional-
order controllers. First, it is necessary to select the desired 
fractional-order form according to the desired transition pro-
cess. The work [6] proposes the following form, in particular. 
The expression of its transfer function (TF) is as follows:
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where ωo1 is the geometric mean root of the desired form, 
which determines the system speed, q is the fractional order 
of the characteristic polynomial, K1 is the feedback gain for 
the desired control coordinate. 

The algorithm of the proposed GCP method for synthesizing 
a wide range of fractional-order controllers is actually as follows:

1. For a given block diagram of the closed loop under 
study, it is necessary to determine its TF.

2. By dividing the numerator and denominator of the 
obtained TF by the numerator, an expression will be obtained 
that in its structure already resembles a certain desired frac-
tional form.

3. Choose a certain fractional form as desired, for exam-
ple (1), based on the desired parameters of the transition pro-
cess: (δ, t0.95). Next, the expression found in the previous point 
of the algorithm is converted into a TF expression of the de-
sired form using the appropriate TF of the fractional controller. 

4. Given the identity of the characteristic polynomials of 
the studied control loop and the selected desired fractional 
form, an equation will be obtained on the basis of which the 
TF of the fractional controller is synthesized.

For example, the general four-loop block diagram of the 
SSR of a two-mass electromechanical system is considered, 
shown in Fig. 1. The basis of this electric drive is the «thyris-
tor converter – motor» (TC-M) electric drive. 

A common algorithm for synthesizing multi-loop SSR with 
cascade connection of controllers is the alternate synthesis of 
controllers, starting exactly from the inner loop and gradually 
moving to the outer loop. Each subsequent controller is synthe-
sized after the synthesis of the internal loop is complete. Thus, 
we will first consider the DC motor armature current control 
loop under the following condition – internal EMF feedback. 
The DС motor can be neglected.

5. 2. Results of synthesis of armature current and DC 
motor speed controllers

5. 2. 1. Results of the synthesis of the armature current 
controller using the desired integer- and fractional-or­
der  forms

According to the block diagram shown in Fig. 1, the TF of 
the closed current loop of the electric drive WІ(s) is as follows:
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Option 1.
Further, dividing the numerator and denominator of the 

obtained TF by its numerator, and immediately taking into 
account that the expression of the desired characteristic 
polynomial is, for example, of the first order, we get:
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Let’s set, for example, the desired integer standard form: 
binomial or first-order Butterworth with a known TF:
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where TμI is the small uncompensated time constant of the 
DС motor armature current control loop, which takes into 
account the time constant of the thyristor converter ТТР, as 
well as the higher harmonic filter and inertia of the armature 
current measurement system (TμI ≈ 2ТТР).

The ratio of time constants TμI < Та means that the speed 
of the synthesized DС motor current loop will be determined 
only by the small time constant.

Now let’s set the requirement to transform the obtained 
expression (3) into expression (4).

Further, given the identity of the characteristic polyno-
mials HsІ(s) and HI(s), we get:

T s T s R

W s K K T s
TP a a

RI TP Ia TP
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( ) =

1 1

2
1.	 (5)

 
Fig. 1. General block diagram of a four-loop subordinate regulation system of the two-mass system with the following 

notations: WRω1(s), WRω2(s) – TF of the motor and actuator speed controllers; Kω1, Kω2 – feedback factors for the speeds of 
both moving masses; WRI (s) – TF of the current controller; WМ (s) – TF of the torque controller; KIa – current feedback factor; 
KМ – torque feedback factor; and the rest of the designations are generally accepted: ТТР – TC time constant; KТР – TC gain 

factor; C – motor design constant; Ra – total resistance of the armature circuit; Та – electromagnetic time constant of 	
the armature circuit; ТМ – electromechanical time constant of the electric drive; Мst – static load moment; 	

F – magnetic excitation flux
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Then we found:
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Substituting the numerical parameters of the links in-
cluded in the DС motor current loop, we obtain the following 
TF of the current controller:

W s
s

sRI ( ) = + +1 22
22 896

0 00378.
.

. .	 (7)

Thus, as expected, an integer PID controller is obtained 
for the integer standard form. Fig. 2 shows the corresponding 
armature current transition function found as the response 
of the internal current loop to the spiking effect of the task  
for this loop.

 
Fig. 2. Transition function of the optimized loop with 	

the integer current PID controller

Option 2.
The current controller will now be synthesized in a simi-

lar way, based on the desired fractional form Ws1(s) (1).
Similarly, the requirement is set to transform the ob-

tained expression (3) into expression (1), to which the cur-
rent feedback factor K1 = KIa was introduced.

Similarly, given the identity of WІ(s) and Ws1(s), we get:
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Solving equation (8), we get:
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Thus, as a result of the synthesis, the structure of 
the fractional-order DС motor armature current controller  
is obtained.

Now, as an example, let’s set the desired dynamic charac
teristics for the armature current: overshoot δ = 6.8 % and 
time to reach 95 % of the established value t0.95 = 0.042 s. This 
is ensured by the desired fractional-order form (line No. 4  
in Table 1) with parameters q = 1.2, ωo1 = 100 s–1.

Table 1 

Parameters of transition functions for the desired 	
fractional-order form (1) for ωo1 = 100 s–1

No.  q δ, % t, s treg, s

1 0.9 0 0.0299 0.0299

2 1.0 0 0.0319 0.0319

3 1.1 2.5 0.0361 0.0361

4 1.2 6.76 0.0424 0.1106

5 1.3 11.52 0.0506 0.1628

Next, by substituting the numerical parameters of 
the component links into the DС motor current loop, 
we will obtain the resulting TF of the current controller  
for ωo1 = 100 s–1:

W s
s s
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0 805 15 111

0 00250 2 1 2
0 8. .

. .. .
. 	 (10)

Research for this synthesis case, as well as all other 
options, was carried out using simulation models imple-
mented in the MATLAB Simulink package and additional  
NINTEGER package.

Using the synthesized controller (10), we obtain a tran-
sition process with the following parameters: δ = 7.0 %, 
t0.95 = 0.0404 s (Fig. 3, curve 3), that is, the analysis of the 
deviation of the results from the given parameters does  
not exceed 1 %.

 
Fig. 3. Transition functions of the optimized 	

DC motor current loop with the current controller (9), if: 
q = 1.0 – curve 1; q = 1.1 – curve 2; q = 1.2 – curve 3

To demonstrate the capabilities of the approach, by 
substituting the EMS parameters given (q = 1.0–1.1 for 
ωo1 = 100 s–1), we obtain the following expressions for the TF 
of the current controller:

W s
s

sRI ( ) = + +0 805
15 111

0 0025.
.

.  for q = 1.0,

W s
s s

sRI ( ) = + +
0 805 15 111

0 00250 1 1 1
0 9. .

.. .
.  for q = 1.1.

According to the results of studies of the transition func-
tions of the DС motor armature current provided that q varies  
from 1.0 to 1.2 for ωo1 = 100 s–1, graphs were obtained, which 
are shown in Fig. 3.
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Thus, this approach allowed the synthesis of a current 
controller, provided that both the integer standard form and 
the proposed desired fractional-order form are used.

5. 2. 2. Results of the synthesis of the DC motor speed 
controller using the desired fractional-order form 

At the next stage, the synthesis procedure of the first an-
gular velocity controller of the two-mass electric drive is con-
sidered, taking into account the previous results. The internal 
current loop was optimized using either the standard integer 
form or the desired fractional-order one.

Option 1. 
To begin with, the first option for optimizing the speed 

loop of a two-mass electric drive is considered, provided 
that the DС motor current loop is synthesized in accordance 
with (4), i.e., an integer TF is obtained. Then the TF of the 
closed loop of the first speed of the two-mass electric drive, 
taking into account the TF of the optimized current loop (4), 
has the following form:
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Dividing the numerator and denominator of the ob-
tained  TF (11) by its numerator, we get:
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Now let’s assume the desired fractional form (1). Then for 
the first speed loop, the following is written:
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where ωoω1 is the value of the geometric mean root of the first 
speed loop.

Given the equality of expressions Wω(s) = Ws1(s), we 
obtain the following expression of the TF of the first speed 
controller:

W s
T s C T K s

R K sR

I M Ia o

a
qω

μ ω

ω

ω
1

1

1

1
( ) =

+( ) F
.	 (14)

By substituting the EMS parameters given (q = 1.0–1.2 
for ωoω1 = 50 s–1), the following TF of the speed controller 
was obtained: 

W s sRω1 44 0 2904( ) = + .  for q = 1.0,

W s
s

sRω1 0 1
0 944

0 2904( ) = +.
..  for q = 1.1,

W s
s

sRω1 0 2
0 844

0 2904( ) = +.
..  for q = 1.2.

After examining the obtained transition functions of the 
first motor speed, we obtain a family of graphs, which are 
shown in Fig. 4.

 
Fig. 4. Transition functions of the optimized motor speed 
loop with the speed controller (14), if: q = 1.0 – curve 3; 

q = 1.1 – curve 4; q = 1.2 – curve 5

Option 2. 
Similarly to the current loop, the case of optimizing the first 

speed loop of the two-mass electric drive is considered, pro-
vided that the current loop was synthesized according to (1),  
that is, the fractional TF of the current loop was obtained.

In this case, the following expression of the TF of the first 
speed loop is obtained:
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Dividing the numerator and denominator of the obtained 
TF (15) by its numerator, we get:
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As in the previous case, let’s set the desired fractional 
form (13). In this case, given the equality Wω(s) = Wsω1(s), we get:

W s
s C T K s

R K sR

q
oI M Ia o

a oI
qω

ω

ω

ω ω
ω1

1

1

( ) =
+( ) F

.	 (17)

By substituting the EMS parameters given (q = 1.0–1.2 
for ωoω1 = 50 s–1), the following expressions for the TF of the 
first speed controller were obtained:

W s sRω1 44 0 44( ) = + .  for q = 1.0,

W s
s

sRω1 0 1
0 944

0 44( ) = +.
..  for q = 1.1,

W s
s

sRω1 0 2
0 844

0 44( ) = +.
..  for q = 1.2.

The transition processes of the first speed in the currently 
synthesized two-loop first speed SSR are similar to the re-
sults shown in Fig. 5. This can be explained by the fact that 
all obtained expressions of the TF of the first speed control-
lers are obtained by applying the same desired fractional TF.
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Fig. 5. Transition functions of the optimized motor speed 
loop with the speed controller (17), if: q = 1.0 – curve 1; 

q = 1.1 – curve 2; q = 1.2 – curve 3

5. 3. Results of the synthesis of torque and second an­
gular velocity controllers of the mechanism

5. 3. 1. Results of the synthesis of the torque controller 
using the desired fractional-order form

At the next stage, the procedure for synthesizing a two-
mass electric drive torque controller is considered, taking into 
account the previous results, namely that the internal first 
speed current loop of the two-mass electric drive was opti-
mized provided that the desired fractional-order form is used.

An option of optimizing the torque loop of the two-mass 
electric drive is considered, provided that the first speed cur-
rent loop of the DС motor was synthesized according to (1),  
that is, a fractional TF of the current loop was obtained. 
Then the transfer function of the closed torque loop of the 
two-mass electric drive, taking into account the TF of the 
optimized loop (13), will be as follows:
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Dividing the numerator and denominator of the obtai
ned TF (18) by its numerator, we get:
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Now let’s assume the desired fractional form (1). Then for 
the torque loop, we get:
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/

,	 (20)

where ωoМ is the value of the geometric mean root of the first 
speed torque loop.

Given the equality of expressions WМ(s) = WsM(s), the fol-
lowing expression of the TF of the torque controller is obtained:
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By substituting the EMC parameters given (q = 1.0–1.2 
for ωoМ = 25 s–1), the following TF of the torque controller 
was obtained: 

W s s
s sRM ( ) = + + +0 000225

0 08182
0 01125

4 090911 2
0 8 2.

.
.

..
.  

for q = 1.0,

W s s
s s sRM ( ) = + + +0 000225

0 08182 0 01125 4 090911 1
0 9 0 1 2 1.

. . ..
. . .  

for q = 1.1,

W s s
s s sRM ( ) = + + +0 000225

0 08182 0 01125 4 09091
0 2 2 2.

. . .
. .  

for q = 1.2.

After examining the resulting transition functions of the 
motor torque, a family of graphs was obtained, which are 
shown in Fig. 6.

 

Fig. 6. Transition functions of the optimized speed torque 
loop with the torque controller (21), if: q = 1.0 – curve 1; 

q = 1.1 – curve 2; q = 1.2 – curve 3

The type of torque transitions in the synthesized four-
loop SSR corresponds to the desired fractional TF applied.

5. 3. 2. Results of the synthesis of the second angular 
velocity controller using the desired fractional-order form 

At the final stage, the procedure for synthesizing the second 
angular velocity of the two-mass electric drive was considered, 
taking into account the previous results, namely that the inter-
nal torque current loop of the two-mass electric drive was op-
timized provided that the desired fractional-order form is used.

Optimization of the second angular velocity torque loop 
of the two-mass electric drive is considered, provided that 
the torque loop was synthesized according to (1), that is, 
the fractional TF of the torque loop was obtained. Then the 
transfer function of the closed second angular velocity loop 
of the two-mass electric drive, taking into account the TF of 
the optimized loop (20), will be as follows:
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Dividing the numerator and denominator of the obtai
ned TF (22) by its numerator, we get:
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Now let’s assume the desired fractional form (1). Then for 
the second angular velocity loop, we get:
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where ωoω2 is the value of the geometric mean root of the 
second speed torque loop.

Given the equality of expressions Wω2(s) = Ws1(s), the 
following expression of the TF of the second angular velocity 
controller is obtained:
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By substituting the EMS parameters given (q = 1.0–1.2 for 
ωoω = 10 s–1), the parameters of the transition process will be close 
to the desired fractional-order form in Table 2 for ωo = 10 s–1,  
the following TF of the second speed controller is obtained: 

W s s
s sRω2

1 2
0 8 21 222

1111 1
30 556

27778( ) = + + +.
.

..
.  for q = 1.0,

W s s
s s sRω2

1 1
0 9 0 1 2 11 222

1111 1 30 556 27778( ) = + + +.
. ..

. . .  for q = 1.1,

W s s
s s sRω2 0 2 2 21 222

1111 1 30 556 27778( ) = + + +.
. .

. .  for q = 1.2. 

After examining the obtained transition functions of the 
first and second speeds of the two-mass electric drive, we get 
the graphs shown in Fig. 7. 

Table 2

Parameters of transition functions 	
of the desired fractional-order form (1) for ωo1 = 10 s–1

No.  q δ, % t, s treg, s

1 0.9 0 0.365 0.365

2 1.0 0 0.3 0.3

3 1.1 2.7 0.28 0.28

4 1.2 7.3 0.28 0.75

5 1.3 13.3 0.29 0.94

 
Fig. 7. Transition functions of the first (curve 1) 	

and second (curve 2) speed of the two-mass electric drive

The use of the desired fractional form made it possible to 
obtain the transition processes of the first and second speeds 
of the two-mass EMS with overshoot and rise time, which 
were previously specified.

6. Discussion of the results of developing  
a method of structural-parametric synthesis  

of fractional-order controllers

The proposed approach to the synthesis of ACS loops 
using the desired fractional form made it possible to ensure 
the necessary quality of the transition process, in particular, 
the desired fractional form allows changing both the speed 
and overshoot.

In contrast to the works [13, 14], where a single-loop 
automatic control system was considered, this paper con-
sidered a four-loop ACS, which made it possible to alter-
nately adjust the loops and ensure the necessary dynamic 
indicators of each loop. This becomes possible due to the 
modernization of the GCP synthesis method for two-mass 
EMSs using fractional-order TFs. This allowed using the  
desired fractional-order form. Unlike the work [11], where 
only parametric synthesis is considered, this paper exami
nes structural-parametric synthesis. This made it possible 
to alternately calculate, rather than search by the selec-
tion method, the parameters of fractional controllers of 
each loop. All this became possible due to the moderni
zation of the GCP synthesis method for fractional-order  
EMS and, as a result, the appearance of the desired frac-
tional-order form. 

The internal motor current loop was synthesized both 
using the integer standard form, i.e. the classical method, and 
using the desired fractional form. The desired fractional form 
allowed for the desired overshoot and speed, which cannot be 
provided by the standard integer form. In Fig. 3 curve 1, the 
following was obtained: δ = 0 % and t0.95 = 0.0304 s (given in 
Table 1 for q = 1.0: δ = 0 % and t0.95 = 0.0319 s), curve 2 δ = 2.7 % 
and t0.95 = 0.0332 s (given in Table 1 for q = 1.1: δ = 2.5 % and 
t0.95 = 0.0361 s), curve 3 δ = 7.1 % and t0.95 = 0.0404 s (given in 
Table 1 for q = 1.2: δ = 6.76 % and t0.95 = 0.0424 s). The error 
of the obtained results, compared to the specified ones, is no 
more than 8.5 %.

The first motor speed loop was synthesized based on the 
results obtained above, that is, the desired fractional form was 
applied for both synthesis options of the current loop, and 
similarly they provided both the desired overshoot and speed. 
A very important point is observed. It was possible to combine 
both integer standard forms and the desired fractional forms. 
In Fig. 4 curve 1, the following was obtained: δ = 0 % (set for 
q = 1.0: δ = 0 %), curve 2 δ = 2.62 % (set for q = 1.1: δ = 2.5 %) 
and curve 3 δ = 7.02 % (set for q = 1.2: δ = 6.76). The error of 
the obtained results is no more than 5 %.

The torque and second speed loops were synthesized 
using only the desired fractional form. The results in Fig. 7 
showed the full implementation of the initial synthesis plan 
by the proposed modified method – the necessary overshoot 
and coordinate rise time were provided. The desired fractio
nal form provides an overshoot to a relatively simple form of 
TF, but in this case, the integer form would have to be taken 
of a higher order. In this case, the synthesis process would be 
significantly complicated and, of course, certain additional 
assumptions would have to be made. An analysis of the ob-
tained transition processes was carried out. 
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In Fig. 5 curve 1, the following was obtained: δ = 0 % (set 
for q = 1.0: δ = 0 %), curve 2 δ = 2.62 % (set for q = 1.1: δ = 2.5 %) 
and curve 3 δ = 7.02 % (set for q = 1.2: δ = 6.76 %). The error of 
the obtained results is no more than 5 %.

In Fig. 7 curve 1, the following was obtained: δ = 9.6 % 
and t0.95 = 0.237 s, curve 2 δ = 8.87 % and t0.95 = 0.213 s (given 
in Table 2 for q = 1.2: δ = 7.3 % and t0.95 = 0.28 s).

Transition processes of the first and second speed in the 
synthesized four-loop SSR were obtained by applying the 
desired fractional TF. These results confirmed the possibility 
of applying the proposed original approach to the synthesis 
of two-mass EMS ACS loops based on the fractional charac-
teristic polynomial. The fractional characteristic polynomial 
ensured, during the synthesis, the desired quality of the 
transition process in the case of implementing the defined 
structure of the fractional controller. 

The technical implementation of fractional regulators 
on various controllers was carried out [17] in 2016 and does 
not cause difficulties for further implementation in real two-
mass EMSs. The limitations inherent in this study include 
the fact that a fractional-order controller can only have  
a digital implementation on a high-performance microcon-
troller. Analog implementation of fractional controllers is 
impractical. The studies were carried out taking into account 
the previous experience of the actual use of fractional-order 
controllers in single-mass EMSs on a laboratory bench.

The limitations of the studies include the following: 
only two-mass EMSs are considered, the general block 
diagram of which either fully corresponds or is reduced by 
simplification to the block diagram shown in Fig. 1. This 
statement also applies to the scope of the proposed synthe-
sis approach. 

The application of the proposed desired fractional forms 
greatly expands the range of possible settings of fractional- 
order controllers in the process of synthesis of EMS loops. 
This approach provides a better quality of transition proces
ses compared to integer-order controllers, and thus increases 
the efficiency of synthesized EMSs.

The proposed approach to the synthesis of ACS loops us-
ing the desired fractional form ensures the necessary quality 
of the transition process. The desired fractional form allows 
for changes in both speed and overshoot, which cannot be 
provided by the integer standard form.

Structural-parametric synthesis of fractional-order con-
trollers for two-mass EMS with cascade connection of con-
trollers confirmed its effectiveness. The research results 
demonstrated the possibility of using cascaded controllers for 
two-mass EMS with the TF of integer- and fractional-order 
controllers, as well as systems with only fractional-order 
controllers. 

The shortcomings of the conducted research include the 
fact that the linear model of a thyristor converter and DC 
motor of independent excitation was used.

The development of this research may consist in deve
loping such a model based on the use of elements from the 
Simscape MATLAB library and implementing a laboratory 
bench of a two-mass EMS for research.

7. Conclusions 

1. The paper highlights the modernization of the GCP syn-
thesis method for two-mass EMSs using a fractional-order TF 
and developed the corresponding algorithm for the synthesis of 
fractional-order controllers for the necessary control loops of  
a two-mass electromechanical system. The proposed moderni
zation consists in the structural-parametric search for the TF 
of fractional-order controllers based on the formation and solu-
tion of an equation for a given desired fractional-order form.

2. In the work, the current and first speed controllers of 
a four-loop SSR were synthesized by using both the stan-
dard integer form and the desired fractional form, which are 
characterized by a given wide range of dynamic properties 
and ensured both the desired overshoot and speed. A very 
important point was noted. It was possible to combine both 
integer standard forms and the desired fractional forms.

3. In the work, torque and second speed controllers of 
a four-loop SSR were synthesized using only the desired 
fractional form. The results showed the full implementation 
of the initial synthesis plan by the proposed modified me
thod – the required overshoot and coordinate rise time were 
ensured. For the transition function of the motor speed, the 
following parameters of the transition process were obtained: 
δ = 9.6 %, t0.95 = 0.237 s; for the second speed of the two-mass 
electric drive, δ = 8.87 %, t0.95 = 0.213 s. In addition, it is 
shown that an increase in the q value of the desired fractional 
form leads to an increase in the magnitude of the coordinate 
overshoot during the processing of the task signal. Based on 
the analysis of the dynamic properties of two-mass EMSs, the 
possibility of two implementations of cascaded controllers 
for electromechanical systems is demonstrated. In the first 
option, loops with integer- and fractional-order TF are com-
bined, in the second – only fractional-order ones.
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