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§1. AndepeHuianbHi piBHAHHSA NepLuoro NnopsaaKy

1.1. NoHATTA AudepeHUianbHOro piBHAHHA

Hugpepenyianvrum pienanHsm Ha3UBAIOTh PIBHAHHS, 10 3B’ A3y€
mykaHy QyHKIito, ii moxigHi un nudepeHiiaim 1 He3alle)KHY 3MIHHY.

Judepenuianbai piBHAHHS, IO MICTATh (QYHKIIO OnHIET
3MIHHOI, HA3MBAIOTh 36UYAUHUMU, A KOO0 (QYHKIIIO Oararbox
3MIHHUX, TO — OugepenyiarbHuMu pIiGHAHHAMU 3 HACMUHHUMU
NOXIOHUMU.

HaiiBummuii  mopsimok  moximHoi (um  nudepeHmiany) y
TuQepeHIiaTbHOMY PIBHSIHHI HA3UBAIOTh 1OPSAOKOM IIHOTO PIBHSHHS.

Skmo B anreOpaiyHUMX pPIBHAHHAX HEBiJIoMa BEIMYHMHA
O00OB’S3KOBO TPUCYTHS B 3amuci pIBHSAHHA, TO B 3aIlHCi
mudepeHIianbHOr0 PIBHAHHS IIyKaHa (YHKINSA, MOXiAHI HIDKYHX
NOPS/IKIB 1 He3aJe)KHa 3MiHHA MOXYTh OyTH BIJCYTHI, ajie MOXiJaHa
HAWBUIIIOTO MOPAIKY (CTapila MoxXigHa) MOBUHHA OyTH 000B’I3KOBO.

Po3é’s13xkom oughepenyianvriozo pieHsnHsa Ha3UBAIOTh (DYHKIIITO,
IO MEpPEeTBOPIOE PIBHSAHHSA y TOTOXKHICTh MpPU MiJICTAHOBII B
nudepeHiianbHe pIBHIHHS 1i€l QyHKIIT Ta 11 MOX1IHUX.

1.2. AucbepeHuianbHe piBHAHHSA NepLUOro NOpPSAAKY
Hugpepenyianvnum pisHAHHAM Nepuioco nopsoKy Ha3UBAIOTh
PIBHSIHHS BUJTY
F(x,y,y)=0, (1.1)
1110 3B’s13y€ 3MiHHY X, QpyHKIIi0 Y = Y(X) Ta moximHy Y'.
JudepenmianpHe piBHAHHS, 10 HESIBHO BHpaXKae MOXiAHY V'
4yepe3 3MIHHI, HA3UBAIOTh HesA8HUM OugepenyianvHum piensanuam. Le
mudepenmianbae piBHSHES Buay (1.1).
JudepenuianbHe piBHAHHS, B IKOMY MOXiHA Y’ BUPAXKAETHCS
yepe3 3MiHHI X 1Y BHO Ta 3aIIMCYEThCS Y BUTIISAL
y'=1(xy), (1.2)
HA3UBAIOTh PIGHAHHAM NEPULIO20 NOPSAOKY 8 HOpMAIbHiu ghopmi abo
ougepenyianvHuM PiHAHHAM, PO38 SA3AHUM BIOHOCHO NOXIOHOI.



dy

Skmo y piBasHHi (1.2) 3aminuta Y’ Ha Ve TO HOro MOXXHa
X

3anucaty Ak piBHAHHA —f (X, y)dx+dy =0. IloMHOXXUMO OCTaHHE
piBHSIHHSA Ha eaky ¢yHkiio Q(X,Yy) =0 1 oaepxumo

P(x, y)dx+Q(x, y)dy =0, (1.3)
e P(x,y)=—1(x,y)Q(X,y), toéto P(X,y) Tta Q(X,y) — Bimomi
¢byukuii. PiBusaus (1.3) roBOopHTh, MmO 3MiHHI X Ta Y €
PIBHOIIPAaBHUMH, TOMY KOKHY 3 HUX MOKHA PO3IIIAJATH K (QYHKIIIIO
1HIIOI.

Po3z6¢’siskom nudepentianbaoro piBHsHHSA (1.2) HAa TPOMIKKY
(a,b) HazuBarote qudepenuiiioBny Ha (a,b) pynkuiro y=@(X), ska
npu mijgcTaHoBi 11 B piBHsHHSA (1.2) mepeTBOproe HOro B MpaBHIIbHY
PIBHICTb.

Teopema Komi. Hexau ¢hynxyis f(X,y) i ii yacmunna noxiona

£ (X,y) eusnaueni i nenepepeni ¢ obnacmi DeOxy i mouxa
(X, Yo) € D. To0i icnye eounuii poss’sizox 'y =@(x) piensanns (1.2),
WO Cnpagod’cye ymogy
Y =Y, npu X=X, abo ¢(X;) =Y. (1.4)
VYmoBy (1.4) Ha3UBaWOTh NOUAMKOBOK YMOB0K PO3B’SI3KY
nudepeHiiansHoro piBHAHHS (1.2) Ta 3aUCYIOTh 1€ TAKUM YHHOM
y|x=x0 =Y abo y(Xo) =Y (1-5)

3agaqy 3HaXOKCHHS po3B 3Ky piBHAHHS (1.2), 1110 cripaBKye
novyatkoBy ymMoBy (1.4) uu (1.5), HasuBaroTh 3a0auero Kowii.

Hexait mpaBa yactuna (1.2) cnpaBmxye ymoBu Teopemu Koii B
obmacti D.

Oyukiito Yy =@(x,C), 0 3aJeKUTh BiJl apryMeHTy X Ta
noBUTbHOI ctanoi C, Ha3uBawTh 3acanvHum po3e’sizkom (1.2) B D,
SIKIIO BOHA CIPAB/IKYE YMOBH:

o (Jynkuis ¢(X,C) € po3B’sI3KOM PiBHSHHS 3 JJOBIILHOTO 3HAYEHHS
crainoi C 3 qesKoi MHOXKUHH,



e juist 1OBiNBbHOI TOUKH (X, Y,) € D MoxHa 3HaiiTH Take 3HAYCHHS
C=C,, wo ¢yuruis Yy=¢(x,C,) cnpaBmxyBaTumMe yMOBY
P(%,Co) = Yo

Oyukuisn Y = @(X,C,) — vacmunnuii poss’azox pisnsnns (1.2).

Skmo 3aranbHUB  poO3B’A30K  AUGDEPEHLIHHOrO  PIBHSHHS
3HAWJICHO B HESBHOMY BUTJAAL, ToOTO y Burimsai d(x,y,C)=0, to
TaKKUi PO3B’SI30K Ha3UBAIOThH 3a2ANbHUM inmezpanom
nudepenuianbroro piBasHHs (1.1) un (1.2), a Bupa3z d(X,y,C,) =0 —
yacmunnum inmeepanom nudepennianpaoro pisasaas (1.1) um (1.2).

1.3. AncpepeHuianbHi piBHAHHA 3 BigoOKpeMIloBaHUMU
3MIHHMMM Ta 3BiAHI 40 HUX
PiBusiHHS BUY

y'=10)-a(y), (1.6)
ne f(x) i g(y) — HemepepBHI Ha JesKOMY iHTepBaii (YHKIII,
HA3UBAIOTh OupepenyianvHuM pIBHAHHAM 3 BIOOKPEMIIOBAHUMU
SMIHHUMU.

106 po3p’sizatu piBHsHHS (1.6), TpeOa BiIOKpEMHTH 3MiHHI.

Bpaxysasmy, mo y' = g—y Ta NpUIycTUBIy, mo g(y) =0, noauimmo
X

o6unsi yactuuu (1.6) Ha g(y)
Yty
g(y)-dx
A Terep MOMHOKUMO OCTaHHE PIBHSHHS Ha dX

Wt xax. (L.7)
g(y)

Hudepenuianbae piBasHHSA (1.7) Ha3UBAIOTH pIGHAHHAM 3
8i0OKpemaeHuMuy 3miHHumu, 60 B oaHil yactudi (1.7) € MHOXHUK dY
ta ¢yHkis g(y), M0 3aJeKUTh TUIBKH BiJl 3MIHHOI Y, a B JAPYTii
YacTHHI € MHOXKHHUK OX Ta ¢yHkiis f(X), M0 3a1eXuTh TIBKHA Bix

3MiHHOI X. [IpoinTerpyemo oOouaBi uactuuu piBHsHHS (1.7)



j%:jf(x)dmc.

Posrisayre piasaus (1.6) € yaCTHHHUM BHITaIKOM PiBHSIHHS
f,(3)-9,(y) dx+ f,(x)- g,(y) dy =0. (1.8)

PiBusaas  (1.8) posp’sizyemo ananoriuno (1.6), TOOTO
po3aiisieMo 3MiHHI: B oaHid yactuHi piBHsHHA (1.8) 3ammiaemo
¢byHKHiT Ta nudepeHmian Big 3MIHHOI X, a B JPYrid 4acTHHI — BiJ
3minHOi Y. [lepenecemo nonanok f,(X)-g,(y)dy B npaBy yactuny

fl(x) ) gl(Y) dx =— fz (x)- gz(Y) dy.
[Momimumo wa Q,(Y), f,(X), mpumycruBmm, mo ¢,(y)=0,
f,(x)=0

f,(x) a9,(y)

IHTerpyemo i onepxkyemo 3arajibHHUN po3B’s30K. BpaxoByemo,
wo npu ainenni (1.8) wa g,(y) mu Brpayaemo poss’ssku. JlilicHo,

fl(X) dX _ g?_(y) dy

akmo 0,(Y,) =0, 1o cranma y=Y, € poss’szkom (1.8), ockiibku

IEPETBOPIOE 1€ PIBHAHHS B TOTOXKHICTb.
Posrnsinemo Tenep piBHSHHS BUAY

y'= f(ax+by+c), (1.9)
nea, b, c—uncna, b=#0.
[Tokaxkemo, 1110 3aMiHa
u=ax+hby+c (1.10)
3Bezie piBHsHHSA (1.9) 10 piBHSHHS 3 BiJJOKPEMIFOBAHHMHU 3MiHHUMH.
[Mpoaudepenmiroemo (1.10) 3a 3minHO0 X: U'=a+by' = y'= ! ;a

[TincraBnsiemo 3aminy (1.10) B piBHsHHS (1.9): u ;a =f().

3Biacu
u'=a-+bf (u).
[Tpu ymoBi, mo a+bf (u) =0, maemo



W arbf)>—
dx a+bf (u)

[HTErpylOuM OCTaHHE pIBHSHHS, OTPUMYEMO 3arallbHHN
1HTerpaja, 3amiHioo4M U Ha ax+by+c. Skmo a+bf(u)=0, To

du

poie 0. Tomy 3riguo 3 (1.10), piBusuus (1.9) Moxxe MaTH pO3B’sA3KH
X

ax+by+c=C.

Mpuknap 1.1. 3HaiiTu 3araupHUiA HTErpall PiBHSIHHS
(x> =5x+1)cos’ y dx+xdy =0.
Po3B’A3aHHsA.
BiOKpeMIMO 3MiHHI, OB PIBHSHHS Ha BUpa3 XCOS” Y .
OTtpumaemo piBHSIHHS

(x* —5+E)dx+ !
X

0s’y
[TpoiHTerpyBaBIy 32 3SMIHHUMH X Ta Y BIAMOBITHO, MATHMEMO
j(xz —5+3)dx+j 12 dy=C,
X cos’ y
3BIAKM OTPUMYEMO 3arajJlbHUi IHTErpaj BUXIIHOTO pIBHSHHS Yy
BUTJISTI

dy=0.

3

X§—5x+Inx+tg y=C.

Mpuknap 1.2. 3uaiiti po3s’ 130k 3aaa4i Kori

2
y'=33y?, y(0) =1.
Po3B’si3aHHA.
Bimokpemumo 3MiHHI, MOAUTMBIIM OOUIBI YaCTHHHU BUX1JTHOTO

. d d
PIBHSIHHS Ha #yz Ta BpaxyBaBIIH, 1110 y’:—y.MaeMo y = 3dx.
dx 3’y2
[TpoinTerpyBaBmu 0OMIBI YaCTUHU OCTAHHBOI'O PIBHSHHS,
OTPUMAEMO 3arajbHUM 1HTErpajg BUXIIHOTO JAudepeHIiaIbHOro
PIBHSIHHSA



33y =3x+C.
BpaxyBaBuiu moyatkoBy yMoBy, orpumaemo, mo C =3, tomy

PO3B’s30K BUX1aHOI 3aa4i Ko Mae BUTIIsL

y =(x+1)°.

Mpuknap 1.3. Po3s’s3atu qudepeHiiiaabHe piBHIHHS
y' =2x+y-3.

Po3B’a3aHHsA.

[Toxaxkemo, 1110 3aMiHa U = 2X+ Y —3 3Beie 3aJjaHe PIBHSHHS J10
PIBHSHHS 3 BIJOKpEMJIFOBAaHMUMH 3MiHHMMH. [IpoaumdepeHiiiroemo
3aMiHy [0 3MIHHIN X! U'=2+Y', 3Bigcu y' =u'—2.

[MligcraBnsemo 3aminy B piBusHHS: U —2=U. 3Bigcu
OTPMMAEMO DIBHSHHS 3 BiJOKPEMIIIOBAHUMHU 3MiHHUMU U =2+U.
Binokpemumo 3MiHHI, TOIITUBIIN OOWIBI YAaCTHHH OCTAaHHBOTO

) du du
piBHSHHS HAa 2+U Ta BpaxyBaBIIH, IO U’ = d— . Maemo > =dx.
X +Uu

[HTerpyroun OCTaHHE PIBHSHHS, OJCPKYEMO 3arajbHHM
IHTEeTpaI

In|2+ul=x+C.
[ToBepratouuch 10 3aMiHHM, OTPUMAEMO 3arajbHUN I1HTErpaj
TQepeHIiaTbHOrO PIBHAHHS
In|2x+y-1]=x+C.

1.4. AncpepeHuianbHi piBHAHHA 3 OAHOPIAHOK NpaBoKo
YyacTUHOIO
Oynkuito f(X,y) Ha3uBalOTh 00HOpiOHOIO cmeneHs N, SKILO

JUIA BCIX JOMYCTHUMHUX 3HA4eHb X, Y 1 JUId KOXXHOTro JilcHOro t
BUKOHY€ETHCS PIBHICTh

f(txty)=t"f(x,y). (1.11)
JudepenuianabHe piBHSIHHS BULY
y'=1f(xy) (112)

Ha3UBAIOTb PIGHAHHAM 3 OOHOPIOHOI0 NPABOI YACMUHOI0, SIKIIO
¢ynkuis f(X,y) € ogHOPIAHOK (YHKIIIEIO0 HYIHOBOTO CTEMEHS.

10



PiBHsIHHS
P(x,y) dx+Q(x,y)dy =0 (1.13)
€ 0OHOPIOHUM Pi6HAHHAM TOAI 1 TUTBKU TOA1, Koy QyHKIii P(X,y) Ta
Q(X,y) € ogHOPITHUMH (YHKIISIMH OAHOTO 1 TOTO % CTETICHS.

Judepenmianpui piBusaus Buriasay (1.12) um (1.13) 3BoasTses
JI0 PIBHSIHHS 3 BIJIOKPEMITIOBAHIMHE 3MIHHUMH ITiJICTAHOBKOIO

u=X, y=ux, y'=u+xu’, (1.14)
X

e U=u(X) — HeBigoMa (QyHKIIIS.

Mpuknapg 1.4. 3uaiiTu 3aranbHUM iHTETpal QUPEPEHITIATLHOTO
PIBHSHHS
(y —X) ydx + x?dy = 0.
Po3B’sizaHHA.
[lepenuiemMo piBHSHHS Y BUTIIS

dy _xy-y°
ax X
Otpumanu audepeHiiaibue piBHsaHHS BUTALY (1.12), y sikomy
. Cxy-y° . .
dynkuis  f(X,y)=——— € onnopinHoro dyHKIi€0 HyIHOBOTO
X

CTETICHSI.
. , dy . .
Ockinbkn y' = Ve TO BUKOpHCcTaBiH 3aMiny (1.14), npuiinemo
X
10 audepeHIlialbHOTO PIBHAHHS 3 BIJOKPEMITIOBAHHUMH 3MIHHUMU
BiTHOCHO (yHKIii U(X)
du
—x=-U’
dx
BigokpeMumo 3MiHHI, CriepIiry MOMHOXHBIIH PiBHSAHHS Ha 0X, a
TIOTiM TTOILTHBIIH — Ha XU® '
du dx
u X
[IpoinTerpyemMo iBy Ta NpaBy YacTHHU AU(EPEHLIATbHOTO
PIBHSIHHSA

11



du dx
_2=_ —
u X

1 OTpUMAaEMO 3arajibHUH 1HTETrpaj HbOro Au(epeHIiaTbHOTO PIBHAHHS

C

—1=—In|x|+C.
u

BukopucroByroun 3aminy (1.14), orpumaemMo 3arajabHHI
IHTerpaJl BUXiTHOTO AUPEPEHITIaTbHOTO PIBHSIHHS

In|x-==C.
y

3ayBaXKMO Te, IO OCKUIBKM BiIOyBanocs AiNeHHS Ha XU®, TO
X=0 Tta y=0 ™MOXIMBO OyIyTh pO3B’SI3KAMU BHXIJHOTO

nudepeHIiaTbHOTO PIBHSIHHSI. ITincraBuBIim y 3a7aHe
mudepentianpae piBasHHA X=0, y=0, MaruMeMO TOTOXHICTb.

Omke, X=0, y=0 - 9YacTHHHHIA pPO3B’SI30K  BHXIiIHOTO
nudepeHIiaibHOTO PIBHSHHS.

Mpuknap 1.5. Po3e’s3atu qudepeHiiaibHe piBHAHHS

y +2x°y = xyy'.
Po3B’sA3aHHA.
BukopucroBytoun Te, mo y' = % , MaTUMEMO
X
dy dy
Zpoxt L =xy—2.
y dx Y dx

JIOMHO’)KUMO ~ OOMIBI ~ YacTMHM  pIBHSHHI  Ha  OX:
y? dx+2x°dy = xy dy . 3Bizcu y* dx+(2x* —xy)dy =0.

Lle piBHSIHHSA € OAHOPITHUM AU(EpEHLIATbHUM PIBHAHHIM TUITY
(1.13). Tyt byukuii P(X,y)=Y*, Q(X,y) =2X* =Xy MaioTh cTemiHb
oJtHOpiAHOCTI 2, ToOTO piBHICTH (1.11) BukoHyeThest mpu N=2. Toxi
TO/ILTMMO OOM/IBI YACTHHY PIBHAHHA Ha X

2
Y_dx+2-Lydy =o0.
X X

12



3pobumo 3aminy (1.14), 3Bigcu y=ux, dy =udx+xdu. Tomi

udx+(2-u)udx+xdu)=0. TakuM  YHHOM,  OZEPIKYEMO
nudepeHIiabHe PIBHSIHHS 3 BIIOKPEMITIOBAHUMHU 3MIHHUMU
2u dx+Xx(2—u) du=0.
BinokpeMumMo 3MiHHIi, TOIITMBIIN OCTAHHE PIBHSHHS Ha UX
21 dx+ 2-u du=0.
X u

[IpoiHTerpyBaBmy JIiBy Ta MpaBy YacTUHU Ta IiJICTABUBIIH
3aminy (1.14), onmepkyemo 3arajipHHi iHTErpasl AuEpeHIiaTIbHOTO
PiBHSIHHS

2in|x[+2In| LY =c.
X X

3ayBa)XMMO Te, 10 OCKUIBKH BiOyBanocs OICHHS Ha XU, TO
X=0 Ta y=0 wMoxIuBO OyayTh PpO3B’SI3KAMH BHXIiIHOTO
nudepeHIiaTbHOTO PIBHSIHHSI. ITincraBuBIim y 3a7aHe
mudepenrianpie piBHsHHS X=0, y=0, MaruMeMO TOTOXXHICTb

Tinbku npu Y =0. OTxe, Yy =0 — YaCTUHHUNA PO3B’A30K BUXIJAHOTO
nudepeHIiaibHOTO PIBHSHHSL.

Mpuknap 1.6. 3uaiiti po3s’ 130k 3a1a4i Kori

Yoy
y'=e T Y =0

Po3B’sa3aHHsA.

OckinibkM 3a7jaHe PIBHSAHHS € Au(epeHIlalbHUM PIBHSIHHIM 3
OJTHODIJTHOIO TPABOI0 YACTHHOI, TO BUKOpHCTaBiIH 3aminy (1.14),
OTpUMAEMO AU(epeHLiaIbHe PIBHSIHHS

ux+u=e"+u
a0o0 piBHSIHHS
ux=e".
BinokpeMuBIIM 3MiHHI, OTPUMAEMO PiBHSIHHS
dx

e'du=—.
X

[Ticss iHTerpyBanHs oTpuMyeMo €' = In|Cx| abo u=In In|Cx|.

13



BukopuctoByroun (1.14), 3HaiigeMo 3araabHHil PO3B’SI30K
BUX1JIHOTO OJTHOPITHOTO TU(EPECHIIATILHOTO PIBHSIHHS
y =xIn|In|Cx] .
Busnaunmo crany C 3 nmowyatkoBoi ymoBu Y(1) =0. Maemo
y@») =InInC=0.

Tomy INC=1, a C=e. Onke pos3s’s30k 3amaui Komi mis
BUXITHOTO JU(EPEHIIaIbHOTO PIBHSHHS 3 OJHOPIAHOI TIPABOIO
YaCTUHOIO MAa€ BULJISIT

y =In|Inex|.

1.5. Nininnxi gudepeHuianbHi piBHAHHA NepLIOro NoOpaaKy
Ta 3BiAHI O HUX

Jinitinum oughepenyianoHum piHaAHHAM HA3UBAIOTH PIBHIHHSI

BUY
y'+P(X)y=Q(x), (1.15)
ne P(x), Q(X) — BuzHaueni (yHKIii.

Sxkmo B (1.15) Q(x) =0, To Take piBHAHHS HAOHPA€E BUTIISILY

y'+P(x)y=0, (1.16)
K€ HA3UBAIOTD JIHIUHUM OOHOPIOHUM OUGhePeHYiAIbHUM DIBHAHHIM.
Skmo x B (1.15) Q(x) #0, To piBHsHHS (1.15) HA3UBAIOTE JiHIHUM
HEOOHOPIOHUM PIBHSAHHIM.

PosrnsiHemMo 1Ba MeTo/u po3B’si3yBaHHs piBHsHH (1.15).

| meToa — MeTo Bapiauii ctanoi (metog Jlarpanxa). Ileit
METO/1 MOKHA OIIMCATH TPhOMa KPOKaMHU.

1 kpok. llykaemo  3arambHU  PO3B’A30K  JIIHIHHOTO
oJHOpigHOTO AudepeHIiaabHoro piBHsAHHA, TOOTO (1.16), sK
nudepeHIiiagbHe piBHAHHS 3 BIIOKPEMIIIOBAHUMH 3MIHHUMHU

Y +PY=0, L= Py,
dx
BinokpeMuMo 3MiHHI Ta IPOIHTETPYyEMO

Y _ b dx, Iﬂ:—jP(x) dx,
y y

Iny=—_[P(x)dx+InC.
14



3Biacu
y, =Ce /P, (1.17)

(1.17) — 3aranpuuii po3B’sa30k piBHsHH (1.16), ne C — noBijgbpHA cTana.

2 KpoK. Meronom Bapiarii JOBUIBHOI CTaJIOi 3HAXOJUMO
YaCTMHHHUU PO3B’SI30K JIIHIHHOTO HEOJHOPIAHOTO AUQEpeHIiaTbHOTO
piBHsSHHS. BiH monsrae y Tomy, 110 YaCTUHHUI PO3B’SI30K PiBHSHHSI
(1.15) oymemo mykatu y Burigi (1.17), ToOTO sIK pO3B’SI30K
OJTHOPIIHOTO pPIBHSHHS, aje MpH HbOMY Bu3HauuMo cramy C, sk
¢yHkmito Bim X. Tobro mo 3aminy cranoi C Ha (QyHKIIIO Bif
HE3JIeKHOT 3MIHHOI ¢(X) Ha3WBAaIOTh Gapiayielo, 3BIOKW Ha3Ba

METOY
Y. (X) = p(x)e ", (1.18)

Bupas (1.18) npoaudepeniiiroemo 3a 3MiHHOO X
V=g el e P o). (L19)

[MigcraBumo (1.19) Ta (1.18) B (1.15)
#(0)e 7% —e TP p(x). p(x) + P()- p(x)e

—| P(x)dx
P (e 7" = Q).
OctaHHe piBHAHHA — 11 U epeHIiaibHe PIBHAHHSA 115 QYHKIIT
@(X) . Po3B’spxkeMo #oro

¢'(x)=Q(x)-e
o(x) = Q)" dx+.C, .

OCKiTBKM MM HIYKa€EMO YAaCTUHHUN pPO3B’SA30K JIIHIHHOTO
HEOJTHOPITHOTO AU(EepeHIlianbHOTO PIBHSAHHSA, TO MOXHa TOKJIACTH
C, =0. 3uaiineny dynkiioo ¢(x) migcrasmsemo B (1.18)

y.(X) = (J.Q(X)‘EIP(X)dXdX).eJ.P(x)dx

Ta OJEPKYEMO YAaCTHHHUH pPO3B’S30K JIHIHHOTO HEOJIHOPIAHOTO
mudepentianbaoro piBasHHs (1.15).

3 KpoK.  3ammcyeMo  3araJbHHA  pPO3B’SI30K  JIHIHHOTO
HeoaHopinHOro audepenmianbHoro piHsHEA (1.15) sk cymy

—IP(X) dx

=Q(x),

_[P(x)dx

15



3arajJbHOrO PO3B’SI3KY JiHIHHOrO omHOpigHOoro piBHsHHS (1.16) Ta
YaCTHHHOTO PO3B’s3Ky piBHsHHSA (1.15)

y(x) _ Ce—_[P(x) dx +e—IP(x) dx J.Q(X) -EJP(X) dx dx |

Il meTog — meToa bepHynni-®yp’e. Bin nonsrae y Tomy, 1o
mykaHy QYHKIOIFO 3HAXOAUTHMEMO Yy BHIJIAAI JTOOYTKY JBOX
JNOBUIBHUX QYHKLIN U(X) Ta v(X), ToOTO

y=u(x)-v(x). (1.20)

Ockinbkyu 00uaB1 GyHKLIT U(X) Ta v(X) 3anexaTh BiJ 3MIHHOI

X, To mpu gudepenmiroBandi (1.20) BUKOPHUCTOBYEMO TMPaBHIIO
no0yTKy moximHoi. OTxe,
y' =u'(X)-0(X)+0'(X)-u(x) . (1.21)

[MincraBumo (1.20) ta (1.21) y piBasuus (1.15)

u’(x)-o(x) +0'(x)-u(x) + P(x) -u(x) - o(x) =Q(x) .
3rpynyemMo JOJaHKM 13 CHUIBHUM MHOXHHMKOM U(X) Ta
BHHECEMO HOT0 32 TYyKKHU
u'(x) - 0(x) +u(x) [V'(X) + P(x) - 0(x)] = Q(X) . (1.22)

Ockinbku (yHKIis v(X) O0BUIBHA, TO BUOepeMo ii Tak, 1100

BHpa3 B AYXKKaX JIOPIBHIOBAB HYIIO, TOOTO
U'(X)+P(x)-0(x)=0.

3 1bOTO PIBHAHHS BIJIOKPEMITIOIOYH 3MiHHI X Ta v, 3HAXOJAUMO
byakuiro o(x). Ham 3Haiiaeny ¢yHkmito o(X) MiACTaBIIEMO Yy
piBusiaHs (1.22), TOOTO

u'(x)-0(x) =Q(x).

3BIJICH, 3HOBY BIJIOKPEMJTIOIOYM 3MIHHI U Ta X, OJEPKHUMO
¢yukmiro u=u(x)+C, ne C — noBisbHA cTaja.

Toni ocrarouyno, mincraBuBmm ¢yHkmii u ta o B (1.20),
OJIEPKYEMO

y(X) =(Uu(x)+C)-u(x). (1.23)
(1.23) — 3aranbpHwmit po3B’sa30K AudepeniaapHoro pisusHus (1.15).

Mpuknap 1.7. Po3B’s3atu qudepeniianbHe piBHIHHS
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y'—gy:2x3.
X

Po3B’sAA3aHHsA.

Po3B’spkemo 11e nmudepeHiiaibHe piBHSHHS METOAOM Bapiarii
CTaJoi.

1 xpok. [llykaemo 3araabHu pO3B’ A30K JIHIHHOTO OJHOPITHOTO

. . 2 .
mudepenmianpHoro  piBasHHA Y '——Yy=0. Ile piBHAHHA €
X

nudepeHIialbHUM  PIBHSIHHAM 3 BIIOKPEMJTIOBAHUMH 3MIHHUMH.
Binokpeminioroun 3MiHHI Ta IHTETPYIOYH, OACPKYEMO HOTO 3arajlbHUi
PO3B’ 30K

ﬂ_3y=o, ﬂ_gdxzo, y, = XC
dx x y X
ne C — noBipHa cTana.

2 kpok. Illykaemo YacTHHHHMA pO3B’S30K  JIHIHHOTO
HEOJHOPIHOTO PiBHSHHA Y —— Yy =2X> MeToJoM Bapiawii cranoi y
X

Burnani  Y.(X) =@(X)-x*. IligcraBusmm Y.(X) y HeomHoOpigHe
mudepeHiianbHe piBHSAHHS (3HAWIIOBINM Tepel MM TMOXiAHY BiJ
Y.(X) ), 3Haxomumo HeBigomy GyHKIIIO @(X)
P (X)- X2+ 2Xp(X) = 2xp(X) =2x°,  @'(X)=2x, @(x)=X".

[MigcraBnsroun s3Haigeny ¢ynkuiio @(X) y Bupas  Y.(X),
3alUCYEMO  YaCTKOBHW  PO3B’S30K  JIIHIHHOTO  HEOJIHOPIIHOTO
nudepeHtiatbHoro piBHAHHEA Y, (X) = X*.

3 Kpok. 3arajbHHN pO3B’SA30K JIHIMHOTO HEOJIHOPITHOTO
madepenrianproro piBasaas Matiume Burisi Y(X) = X°C +x*.

Mpuknapg 1.8. 3nHaiitu po3B’s130k 3axaui Korri

Y+ ylgx=—— y(%jzﬁ.

COSX |
Po3B’sA3aHHSA.
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Jns 3HAXOMKEHHSI 3arajlbHOrO PO3B’SI3KY IBOTO PIBHSHHS
3actrocyeMo Meton bepuymni-®@yp’e, ToOTO OymemMo IIykatu
po3B’s30k y BurisiAi (1.20). Toai maemo

u'(x)o(x) +u(x) (v'(x) + v(x)tg x) = L :
COS X

3HaiiIeMO YaCTUHHUH PO3B’ 30K Mu(epeHITiaIbHOTO PIBHSHHS 3
BIJJOKPEMJTIOBAHUMH 3MIHHUMH, III0 TIEPETBOPIOE B HYJIh BHpa3 B
TTy’KKax

v'(X)+ou(X)tgx=0.
Bimokpemttoroun 3MiHHI Ta IHTETPYIOYH, MAEMO

do(x) _ —o(N)tg X, %:—tg x dx, %z—jtg x dx,
1)) L

Injo(x)|=In|cos x|,  v(x)=cosx.
[MigcraBnsroun 3HaiineHy o¢yHkmiio 0(X)=C0SX Yy 3agaHe
HEOJTHOPITHE nudepeHIranpHe PIBHSIHHS, MPUAIEMO 1o
nudepeHIialbHOrO  PIBHSHHS 3 BIJIOKPEMIIIOBAHUMH 3MIHHUMU
BiHOCHO (QyHKIIT U(X) , TOOTO

1
u'(x)cosx =——.
COS X

BinokpemuBIIM 3MiHHI Ta pO3B’A3aBIIH 1€ PIBHSAHHS, JICTAHEMO

X
—=1tgx+C.
X

Toni
y(x) =u(x)-v(x) =(tg x+C)cosx.
3aranbHUM po3B’A30K BUX1IHOTO JIHIMHOTO JU(epeHIiaJbHOro
PIBHSHHSI MA€ BUIJISA]

y(x) =sinx+Ccosx, x¢%+n7z, neZ.

Buznaunmo cramy C 3 ymoBu Komri y(%) = «/E . Maemo

S|nZ+Ccos— 2= \/_ \/_ -2=

18



Tomy po3B’s30k 3agaui Kot octaTo4HO 3anMIIeThCs TaK:
y =Sin X+ COS X .

PosrmsiHeMO  pigHAnHA, w0 3600ambcs 00 JIHIUHUX
ougeperyianvHux pieHsHb.
PiBHsiHHS BUAY

R(y)

P(y)-x+Q(y)’
ne R(y), Q(y), P(y), R(y)#0 — Bu3znadeHi GpyHKIIiT, MOYKHA 3BECTH

JI0 JIIHIMHOTO, aje 32 YMOBH, IO ()YHKIIIEI0 BBOKATUMEMO X, a Y —
apryMEeHTOM (HE3aJIeKHOI 3MIHHOIO).

y =

ﬂz—R(y) (OCKiNbKH y':ﬂ:i:l)
dx  P(y)-x+Q(y) dx dx ¥
dy
dx_Py)-x+Q(y) ., _P(y) .. QW)
dy R(y) R(Y) " R(Y)’
X' +o(y)-x=w(y), (1.24)
e o= D v =32

PiBusinas (1.24) — niniiiHe nudepeHIiabHe PIBHSIHHSA, aye
BimHOCHO QyHkiii X(y) Ta aprymenrty Y. PiBusuus (1.24) moxHa
pO3B’sI3yBaTH SIK METOJOM Bapiamii cranoi (BpaxyBaBIlH, 110 Ha
JIpyroMy Kpoiri HeBimoma ¢yHkmis @=¢(y)), Tak i MeToIoM
Bbepuymni-®yp’e (3pobumu 3aminy: X =U(y)-ov(y)).

Mpuknap 1.9. Po3B’s3atu qudepeHianbHe piBHIHHS
(2" —x)y'=1.
Po3B’sA3aHHA.

1 .
BI/IKOpI/ICTOByIO‘-II/I TC, IO y’ =—> OACPIKYEMO PIBHAHHSA
X

X'+x=2¢e", ne x=x(y), Yy — He3anexHa 3MiHHA.
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Po3B’spkeMo  ocTaHHE piBHSHHA MeTonoM beprymmi-®yp’e.
[lykaeMo pO3B’S30K PIBHAHHS Yy BHUIVIAAI NOOYTKY NBOX (YHKIIN
x(y) =u(y)-v(y) . IlincraBumo #oro y piBHSIHHS

u'(y)-o(y) +u(y)[v'(y) +u(y)]=2¢".

3naitnemo ¢yukumiro o(y) 3 piBasHHEI  O'(Y)+o(y)=0.
Binokpemiroroun 3MiHHI Ta inTerpyroun, ogepxkyemo v(y)=C-e”’,
Bepyun C =1, matumemo v(y)=¢€"’.

[MincraBumo ¢dyskmiro v(y) y audepeHiiaabHe PiBHIHHS IS
3HaxopKeHHS QyHKIT U(y)

u'(y)-e”’ =2e’, u'(y)=2e?, u(y)=e®+C.
3naiineni ¢ynkuii u(y) ta o(y) migcraBiseMo y BHpa3
x(y)=u(y)-v(y) Ta 3amucyemMo 3arajbHUil PO3B’S30K JIHIHHOIO
HEOTHOPITHOTO TU(EPEHIIIATLHOTO PIBHSIHHS

x(y)=e"-(e*” +C).

PiBusiHHS BUY

y'+p(x)-y=0a(x)-y*, a eR{0;1}, (1.25)
HA3UBAIOTh PigHAHHAM bepuynni.

OueBunHo, mo npu « =0 piBasaas (1.25) — wue JiHiliHE
nudepeHIiagbHe pIiBHAHHA, a npu o =1 — 1 piBHAHHA 3
BIJJOKpPEMITIOBAHUMH 3MiHHUMHU. 32 yMOBH, o0 ¢ #0, a#1, y#0
noxiaumo (1.25) na y“

y Uy +P(X) -y =Q(x). (1.26)

Beenemo, saminy Yy =Z. Toxi

!

1-a

(yl—a) —7'= (1_a) y—ay! -7'= y—ay! —
[Tincrasisiemo B (1.26) Ta ogepikyeMo
L+ P(x)-Z =Q(X). (1.27)
l-«o

OcranHe piBHSAHHA — 1€ JiHIIHE nudepeHIiaibHe PIBHAHHS
BITHOCHO HOBOi 3MiHHOI Z. 3ayBaxumo, mo npu « >0 piBHIHHA
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(1.25) mae tpuBianbHuil po3B’s30k Y =0. Xoua Ha MOpaKkTUI

HEOo0O0B’I3KOBO NIEPETBOPIOBATH PiBHSHHS bepHymi no Buny (1.27), a
3pa3y X IHTerpyBatu MetojoMm Jlarpamka (Bapiariéi cramoi) abo
meronoM bepnymni-®@yp’e, TOOTO sK JiHiMHE aUQepeHIiaTbHe
PIBHSIHHSI.

Mpuknap 1.10. Po3p’s3atu piBHsaHHS beprysuti
y' +2y =y,

Po3B’a3aHHsA.

Po3B’spkeMo  ocTaHHE piBHSHHA MeTonoM beprymmi-Dyp’e.
lykaemo po3s’szok  piBHsHHS y Burisiai  (1.20),  toGTO
y =u(X)-v(x). IlizcTaBUMO HOTO y piBHAHHS

u'(x)-0(X) +u()[V'(X) + 20(x) | = b*(X) -U*(x) -€*.
3naitnemo ¢dynkuito o(x) 3 piBHgHEA O'(X)+20(X)=0.
Biokpemimioroun 3MiHHi Ta inTerpyioun, onepxyemo U(X)=C-e72,
Bepyun C =1, matumemo 0(X) =&,

[MincraBumo dynkuito v(X) y nudepeHiaibHe PiBHSIHHS IS
3Haxo/KeHHS QyHKii U(X) :

_ _ 1
u'(x)-e > =e™u’(x)-e*, u(x)=e*-u*(x), u(x)=——-.
e +C

3naitneni ¢pynkuii U(X) ta v(x) miacraBasemo y Bupas (1.20)
Ta 3aMUCyEMO 3arajibHU PO3B’S30K JIHIHHOTO HEOAHOPITHOTO
JT(epeHIiaTbHOrO PIBHAHHS

-2X
e
X

y() =u()-0() = 5=

3ayBaxkumo, mo Y =0 € YacTUHHUM pPO3B’S3KOM BHXIJTHOTO

PIBHSIHHSL.

1.6. PiBHAHHA B noBHUX audepeHuianax. IHTerpyroumn
MHOXHUK

PiBHsiHHS BUAY

P(x,y) dx+Q(x,y)dy =0, (1.28)
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JiBa YacTHHA SIKOTO € MOBHUM AudepeHIiagoM aeskoi GyHKIT 1BOX
3MIHHUX, TOOTO icHye ¢yHKIis F(X,Y) Taka, mo
dF =P(x,y) dx+Q(x, y) dy (1.29)
HA3UBAIOTh PIGHAHHAM 8 NOGHUX OUGPEPeHYIanax.
3 ymoBu (1.29) BuminBae, 1o

FON _px,y),
X (1.30)
T2 = Q)

Pigusiras (1.28) € piBHAHHSAM y MOBHHX AudepeHiiiagax Toi i
TIJBKY TOJIl, KOJIM BUKOHYETHCS YMOBA

OP(x,y) _ 2Q(x,Y) (1.31)
oy ox |

Pose’sizkom  pienanns 6 nosuux ougepenyiarax (1.28) €
3aranpHuil iHTerpan Buay F(X,y)=C, C — noBinbHa cTana.

3’scyeM0  NUIAX ~ BIMIIYKaHHS  3araJbHOrO  iHTErpamy
F(x,y)=C, mo € moBHUM IudepeHITaTIOM.

[TepeBipsiemo um piBHsHHA (1.28) € pIBHSHHSAM B MOBHHX
nudepeniianax, ToOTO YM BHKOHyeThcss ymoBa (1.31). J[lami
3HaxoauMo QyHkiio F(X,Y), BukopuctoBytoun cucremy (1.30).

Posrnsaemo oxne 3 piBHstHb cuctemu (1.30), Hanpukiaa mepie,
SIKE MIPOIHTETPYEMO 3a 3MIHHOIO X 1 0/IepP’KUMO

F = [P(xy) dx+o(y), (1.32)

ne ¢yukiis @(y) — 3anexwuts jume Bix Y. {06 BuzHauntu ¢(Y)

nigcraBnsiemo (1.32) B apyre piBasiaHs cuctemu (1.30), s 1poro
npoaudepentiroemo (1.32) 3a 3MiHHOO Y

%=J%dx+¢'(y).

Tomi Q(X,y) = _[ %D dx+¢'(y) . Bpaxosyroun ymosu (1.31), ocranne

piBHSHHS TepermeThcss  Tak:  Q(X,y) = J.% dx+¢'(y). le

22



nudepeHIiaibHe  pIBHSAHHSA ~ JIMIIE  BITHOCHO  3MIHHOI Y.
[IpointerpyBaBmu #oro, Mu 3Hangemo ¢yHkmiro ¢@(y). Ham
3Haiineny ¢yskuito @(y) nigcraBusemo B (1.32) Ta 3ammcyemo
3aranbHuit inTerpain pisusaus (1.28): F(x,y)=C.

Mpuknap 1.11. Po3p’s13atu nudepeHiiiaibae piBHAHHS
2xy dx+(x* —y?) dy =0.
Po3B’sA3aHHA.
PXY) _ oy

[TepeBipumo  BukoHanus ymoB  (1.31):

0Q(x,y)

OX
mudepeHiianbHe  PIBHSHHS — SBISE€THCS PIBHIHHSAM Y TIOBHHX
nudepenmianax. Ckimagemo cuctemy (1.30), 3 skoi 3HaigeMo
PO3B’SI30K PiBHSHHS

=2X. Ockinbku ymoBU (1.31) BHUKOHYIOTBCS, TO 3ajaHe

oF(xy) _ 2%y,
OX
aF(X! y) — X2 _ y2.
oy
3 MepuIoro PIBHSIHHS CHUCTEMU 3HAXOIUMO

F(x,y)= _[ 2xy dx +@(y) = yx* +p(y). IliacraBmstoun 1eil Bupas y
apyre piBHSHHS cucTeMu Matumemo X +¢@'(y)=xX>—Yy. 3Bigcu

y° y°

o(y) = ~3 Takum umaoM, F(X,Y) = yx° —3 a 3aralbHHi

IHTEerpas BUX1JHOTO PIBHSHHS —

3
yxz—y?:C.

Inmezpyrouuti muooscnuk  p(X,y) — 1e GyHKIiS, sKa Micius

MHO’KEHHS Ha Hel Tu(epeHIiaIbHOTO PIBHSAHHS, IEPETBOPIOE HOTO B
PIBHSHHS y TOBHUX JIu(epeHIiianax, To0To
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P(x, y)- p(X, y) dx+Q(x, y)- p(x, y) dy =0.
OctaHH€E PIBHSHHSA 3 IHTETPYIOUUM MHOXXHHKOM — 11€ PiBHSHHS
y MOBHUX JH(epeHIianax.
SIK 3HAXOIUTH IHTETPYIOUM MHOXHHK? 3araJlbHOTO METOIY
HEMae, BiH 3HAXOAUTHCS B OKpeMuX Bumaakax. 3rigno 3 (1.31), maemo

OP(X.y)- u(xy)) _ 0Q((x,y) - u(x,y))
oy OX '
BpaxoBytoun mnpaBuina audepeHuitoBaHHS JOOYTKY JBOX
byHKIIIH, MaEMO

8P+Pa'u ,u@+Qa—’u.
6y oy OX OX

Hami
8,u ou o0Q oP
"y (5_5}
P ou Q du_0Q oP
uoy wox X oy
3BijacH

P-dlng Q-0lnu_0Q oP
oy ox X oy
3 (1.33) Tpeba 3HalTH £, a JUTS TOTO TpeOa 3HAUTH YaCTUHHUI
po3e’s3ok (1.33). Ane (1.33) — 1e audepeHmiagbHe PIBHAHHSA 3
YaCTMHHHUMH MTOX1IHUMH B1THOCHO (pyHKLIT £ . B 3aranbHOMYy, 3HalTH

(1.33)

4 3 (1.33) cknamninie, Hix po3B’si3aHHs camoro piBHsHHS (1.28). Ase
MOXKHA 3amady BiJUIYKAHHS A CIPOCTHTH, SIKIIO PO3TJSIHYTH
dbyHkIito 1 abo muiie Bij X abo nuIie Bix Y.

Hanpuknan, vexait u = u(y) — (byHKuiﬂ BiJl 3MiHHOI Y.

Toni Pdlnﬂ:@—ﬁ,a 0 dIn,u 1/Q_op , TOOTO
dy oX oy dy Pl ox oy
1(0Q oP
dingu=—| —=—— |dy. 1.34
H P(&x 8yj y (1.34)

24



3Biacu 3HaiiaeMo In 4, a moTiM g . AJle 11e MOKJIMBO 33 YMOBH,

1(6Q &P . o
KOJIM BHpa3 —|——— |e (QyHKI[€0 IWie Bix 3MiHHOT Y.
Plox oy
. 1(oP aQ o
AHaHOFl‘IHO, SAKIIO BUpA3 —| — —— |3aJICKUTH JIMIIC B1J 3M1IHHO1
Play ox
X, T0o In g Ta MOTIM 4 3HAXOJMMO 3 PIBHSHHSI
ding_1fP_Q| (1.35)
dx. Qloy ox

Otxe, dpopmynn (1.34) ta (1.35) maroTh 3MOTry 3HAXOIUTH
IHTErpyrOYNi MHOKHUK, aJie SKIIO BiH € QyHKIIi€r0 B Y a00 X.

Mpuknap 1.12. Po3s’s13atu audepeHiiiaibie piBHAHHS
(x+siny) dx+cosydy =0.

Po3B’sizaHHA.

ITepeBipumo ymoBy (1.31), BUKOHAHHS SKOI rapaHTye, IO IIC

piBHsSHHS Oynae piBHSHHSAM Yy TOBHUX nudepeHmianax. OCKUTBKH
o(x+sin o(cos

( W:mw a (aw
X

BUKOHYETBCS, TOMY II€ DIBHSHHA HE € DpIBHIHHAM Yy TIOBHUX
nudepenmianax. 3HaiiieMo IHTErpyro4uii MHOXXHUK. [lpumyctumo,
110 icHye QyHKIist 4 = 1(X). MHOKMUMO Ha 4 JIiBY Ta MPaBy YaCTHHU
JT(epeHIiaTbHOrO PIBHAHHS
H(X)-(X+siny) dx+ u(x)-cosy dy =0.
Oyukiio 4(X) 3Haxonumo 3 ymosu (1.31), TodTo
O(u(x)-(x+siny)) _ o(u(x)-cosy)
oy OX '

3Bimcu  p#'— =0, T1006T0 (X)=Ce*. Bepyun C=1,

=0, 1o piBaicth (1.31) He

3HaXOAMMO iHTerpyrounii MHOXKHHK 4(X)=e€*. Takum uMHOM,

IIOMHOKMBIIH 1€ Au()epeHLiaibae piBHAHAA Ha QyHKuio u(X) =e”,
oJlep)KyeEMO AudepeHLiaJbHe PIBHSIHHS B MOBHUX JUQepeHiiaax.
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CkiazeMo CHCTEMY (1.30) BiJTHOCHO byHKmii

M =gt -(x+sin y)’
Fooy): | o
U OR(GY) _ o
— 7/ —¢e*.cosy.
oy
[aTerpyeEMO npyre piBHSHHS CHCTEMH BiJHOCHO 3MiHHO1 Y.
'[Wdy = J.ex -cosydy+e(x), me ¢@(x) — neska Hesimoma

(byHKIis BiTHOCHO 3MiHHOT X (OCKIJIBKH IHTETpYBaHHS BiJOyBanocs 1Mo
sminmiid y). 3sigem F(X,y)=e€"-siny+@(X). Orpumanuii Bupas
MiJICTaBIIAEMO Y MEpIIe PiBHIHHS CUCTEMH, TPOAU(EPEHITIFOBABIIIH 110
3MminHiM X: €°-siny+¢@'(X) =e*-(X+siny). 3sigcu ¢'(X)=e"-Xx. ns
TOro 100 3HAUTH QYHKIIIO @(X), IPOIHTEIPYEMO OCTAHHIO PIBHICTH
no 3MiHHIH X. MaTtumemo j(p’(x) dx = jex -xdx. 3Bixcu
BUKOPUCTOBYIOUM METOJ IHTErpyBaHHS YaCTHHAMH, OICPKYEMO
p(X)= I e*-xdx=e*-x—e*. IlincraBmatoun ¢(X) y Bupasz s
dynxuii F(X,y), 3amucyeMo po3B’s30K 3aJaHOTO JU(EPEHIIaTFHOTO

piBHAHHs € -Siny+e*-x—e* =C.

Mpuknap 1.13. Po3p’s3atu audepeHItiaabHe piBHIHHS
y?(x—3y) dx+(1—3xy*) dy =0.
Po3B’sA3aHHA.
[MepeBipumo ymoBy (1.31), BUKOHAHHS SKOI TapaHTyeE, IO IIe
piBHSAHHS OyJe piBHSHHSAM Yy NOBHUX JudepeHmianax. OCKUIbKH
2 3
w =2xy -9y Ta 8(f|.—a—f):(‘>(y2) =-3y?, 1o pisricts (1.31) He

BUKOHYETbCSA, TOMY II€ DIBHSHHA HE € DpIBHIHHAM Yy TIOBHHUX
mudepennianax. 3HaineMo iHTerpyrouuil MHOXHUK. [Ipumyctumo,
110 icaye GyHKIis 1 = 4(Yy) . MHOXHMMO Ha 4 JIiBY Ta IPaBY YaCTHHH
TuGepeHIiaTbHOTO PIBHAHHSA

A(y) - y* (x=3y) dx+ pu(y) - (1-3xy*) dy =0.
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Oynkuiro #(y) 3naxoaumo 3 ymosw (1.31), To6To
Au(y)-y* (x=3y)) _ au(y)-(1=3%")

oy OX

3pincu  yu'+2u=0, T0OTO ,u(y):%. bepyun C =1,
y

1
—-

3HAXOAUMO IHTErpyIOUYMid MHOKHHK 4(X) = Takum uuHOM,

: : . 1
TNIOMHOXHBIIY 11e TMdepeHIliaabHe PiBHAHHS Ha QyHKIiO £(X) =—

ollep:KyeMO AudepeHLiagbHe pPIBHSIHHS B MOBHUX JUQepeHiiaax.

Ckiazemo CHCTEMY (1.30) BiJTHOCHO ¢bynKmii
OF(x.y) _ X3y,
Py |
T oF(x,y)  1-3xy?
oy y’
[aTerpyemo nepiie piBHIHHS CUCTEMHU BIIHOCHO 3MiHHOI X:
JM dx = j (x=3y)dx+p(y), me ¢@(y) — nmeska HeBigoMa

OX

(G yHKIIIS BITHOCHO 3MiHHO] Y (OCKUIBKHM IHTETpYBaHHS B110yBasIocs MO
2

sMinmiit X). 3Bigen F(X,y) = X? -3yx+¢(y). Orpumanuii Bupas
HiICTaBIISIEMO Y JIpyTe PiBHSAHHS CUCTEMH, POIU(EPEHIIIFOBABIIN 1O
sMminHil Y. —3X+@'(Y) =%—3X. 3Bigcu @'(y) = % . st Toro mo6
3HalTH QyHKIIO0 @(Y), IPOIHTErPyEMO OCTAHHIO PIBHICTH MO 3MIHHIH
y. Marumemo J @'(y)dy = _[ % dy . 3eincu (y)= —% . IigcraBnsroun
o(y) y Bupas mig pynkuii F(X,Y), 3anucyemMo po3B’si30K 3a7aHOTO

2
: : X 1
nudepeHIiaTbHOTO PIBHSIHHS Cl 3yx——=C.
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Skmo mudepenuianpie piBHsHHSA (1.28) He € pIBHSHHSIM B
NOBHUX JU(epeHIiaiax i JOCHTh CKJIaJHO 3HAWTH IHTETPYIOYHIA
MHOXHHK (HAIPHUKIAJ, IHTCTPYIOUYH MHOXHHK 3aJICKUTh BiJl JBOX
3MIHHUX X Ta Y), TOZ1 Tpeba MPOBECTH JESAKi MEPETBOPEHHS TakK, 100
OTpUMATH TOBHUHM mudepeHmian Bix JAeskoi QyHKIIi, TOOTO
dF(x,y)=0. Toxi po3B’s130Kk AU(EPCHINIATHLHOTO PIBHSIHHSI MaTHME
Burisin  F(X,y)=C. Ilpu 1pOoMy ciii BHKOPHCTOBYBaTH Taki
dbopmyu:

d (xz) =2xdx;
d(x-y)=x-dy+y-dx;
d(xj_ y-dx—x-dy

2

y y
(yj X-dy—vy-dx
A\ ==
X X
d(inx) ==

Takuii wMeton po3B’si3yBaHHS Au(epeHIlialbHUX PIBHIHb
HA3UBAETHCS MeMoOoM BUOLIEHHS NOBHO20 JughepeHyiand.

Mpuknap 1.14. Po3p’s3atu audepeHItiaabHe piBHIHHS

(1+lzj dx+[1+2—¥j dy=0.
X X X

Po3B’A3aHHs.
lle mudepeHuianbHe piBHAHHS He crpaBmkye ymoBy (1.31).
y 1 2y
0| 1+ 0| =+
%) d N

. . x) 1

JIIACHO, OCKUIbKM —————=—, > o
oy X OX X* X

piBHicTh (1.31) HEe BUKOHYETBCSI, TOMY II€ PIBHSHHS HE € PIBHSHHSIM Y

noBHUX nudepenmianax. [lomuoxumo audepeHIiianpHe pIBHIHHSI HA

dymkmio X’ :

(X* +y) dx+(x+2y)dy =0, x?dx +y dx+xdy +2y dy =0.
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BuxopucroByroun popmyiu, HaBeIeHI BHIIE, OJEPKYEMO
3
X
d(§+xy+y2]:0.

TakuM 4YMHOM, BHJAUICHO TOBHUN mudepeHIiian 1 3araabHul
3

. . X
pO3B’s30K  AMdepeHLianbHOTO  PIBHSIHHSA 3 +xy+y*=C.
3ayBaXuMoO, IO SAKIIO B I[bOMY DPIBHSHHI OpaTH 3a IHTETPYIOYHid

. 2 . .
MHOXHHUK (QyHKI0 £(X)=X", TO micias JOMHOXEHHS Ha Hei, Ie
PIBHSIHHS CTa€ PIBHSAHHSAM y MOBHUX JudepeHiiiaiax.

Mpuknap 1.15. Po3p’s3atu audepeHiiiaabHe piBHIHHS
dx+(x+e”-y?)dy=0.
Po3B’A3aHHA.
Ile nudepeHmiagbHe piBHAHHSA He crpaBmkye ymoBy (1.31).
1 X+e ¥ y?
MiiicHo, o =0, A +e8 y)
X

BUKOHYETHCS, TOMY II€ PIBHSHHA HE € pIBHSAHHAM Yy TIOBHHX
mudepennianax. IlomHOXMMO  audepeHLiadbHE pIBHAHHS Ha

¢yukio e”’:

=1, 1o piBuicte (1.31) He

eYdx+e’xdy +y*dy=0 .
BuxopucrtoByroun ¢popMyiu, HaBeI€H1 BUIIE, OACPKYEMO
3
d(x-e’ +21)=0.
3
TakuMm 4YMHOM, 3arajJbHUi pPO3B’A30K AU(DEPEeHLIATbHOTO

y3

PIBHSIHHS x-ey+?:C. [HTErpyrO4YMM MHOXHUKOM JUISI I[bOTO

nudepenmianbHoro piBHAHHA Oyne ¢ymkumis  u(y)=€’, micns
JIOMHOXKEHHsI Ha SKy 1€ DPIBHAHHSA CTa€ pPIiBHAHHAM Yy TOBHHX
nudepeHiianax.

Mpuknap 1.16. Po3p’s3atu audepeHIiaabHe piBHIHHS
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y2dx —(xy +x?) dy =0.
Po3B’a3aHHs.
Ile mudepeniiansae piBHSHHA HE crpaBmkye ymoBy (1.31).
oy*) O(=xy =X’
N 7 2y’ N 7 7
OX
HE BHUKOHYETHCS, TOMY L€ PIBHSHHS HE € PIBHSAHHAM Yy ITOBHHX
mudepenmianax. [Toximumo nudepenuianbae piBHAHHS HA QYHKITIIO X:
¥y
X
bing mudepenmiana dy 3HaxomuTbes 3MmiHHa X. [lopimmmo
OCTaHHE PIBHIHHA Ha X

OCKIiJIbKH, =—-Yy—2X, 1o piBHicth (1.31)

dx—(y+x)dy=0.

2
y—zdx—zdy+ dy=0.
X X

bing mudepeniiana 0X 3HaxoauThcs 3MiHHa Y. Croyatky
MOJIIJTAMO OCTAHHE PIBHSIHHS HA Y

Yax-LtaysLtay—o, Y dxoxdy 1
X y

+—dy=0.
X? x? y Y

BukopucrtoByroun ¢popmyiu, HaBeleH1 BUILE, OEPKYEMO

d(—l—lnyj=0.
X

TakuM 4YMHOM, 3arajJbHUl PpO3B’SA30K JU(EpPEeHIIaATEHOTO

y

piBasHHS —+Iny=C. 3ayBaxuMo, IO OCKUIBKH BiZOyBajoCs
X

minennst Ha X°Y, To Tpu migcranoBmi X=0 Ta y=0 y 3a1aHe
PIBHSHHS, OJIEPXKYEMO 1I1€ JBa YACTUHHHUX PO3B’SI3KU IIbOTO PIBHSIHHS:
X=0Tta y=0.
[HTerpytounM MHOXHHMKOM JUIi LBOTO JAu(epeHIianbHOro
piBastHHsE Oyae QyHkiis (X, Y) = %, iciIs JOMHOXKEHHSI Ha SIKY,
X"y
1€ PIBHSIHHS CTa€ PIBHSHHSIM Y MOBHUX AU]epeHIiaiax.
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el AN

o o

10.

11.
12.

13.

14.

15.
16.

17.

18.

19.

20.

Teopemu4Hi numaHHs
Jatu Bu3HaueHHs 1u(epeHIiaIbHOTO PIBHIHHS.
[ITo Ha3MBaOTh NOPSIKOM JU(EPEHIIAIbHOTO PIBHSIHHA?
o Ha3MBaIOTh PO3B’SI3KOM TU(EPEHIIATbHOTO PIBHAHHSA?
Jatn Bu3HayeHHS AUEPEHINIATBPHOTO PIBHSHHSA IEPIIOTO
HOPSIKY.
CdopmymroBatu Teopemy Korri.
[Ilo Ha3MBalOTH 3arajlkHUM PO3B’SI3KOM JAU(DEPEHIIATBHOTO
PIBHSHHSI IEPLIOTO MOPSAKY?
Hatu  Bu3HaueHHsS  JOU(EpeHIAIBHOIO  PIBHIHHA 3
BiJTOKPEMITIOBAHIMH 3MIHHUMH.
Sky QyHKIIIIO HA3UBAIOTh OAHOPIAHOIO CTEMeHs N?
Jatu Bu3HaYeHHS AUQEPEHITIaTbHOTO PIBHSIHHS 3 OJTHOP1THOIO
IIPaBOI0 YAaCTHHOIO.
3a JOMOMOTOK  SKOI  3aMiHM  3MIHHHUX  OJIHOPITHOTO
nudepeHIiaTbHOTO PIBHSIHHS 3BOIUTHCS bi (o)
TUQepeHIiaTbHOr0  pIBHSHHSA 3 BIJOKPEMIIIOBAHUMHU
3MiHHUMH?
Jlaty BU3HAYEHHS JIIHIHHOTO MU(epEeHIiaIbHOTO PIBHSIHHS.
3a sKUX YMOB JliHiliHe AudepeHLianbHe piBHAHHS Ha3UBaOTh
OJIHOPIJTHUM (HEOAHOPIAHUM)?
Onucaru MeToJ Bapiamii CTajgoi 3HAXOJKEHHS pO3B’SI3KY
JIHIAHOTO HEOJHOPITHOTO TU(EePEHITIAIbHOTO PIBHSIHHSL.
Onucatu meron bepHymni-Ddyp’e 3HAXOKEHHS PO3B’SI3KY
JIHIAHOTO HEOJHOPITHOTO U (EePEHIIaIbHOTO PIBHSIHHSL.
Jatu Bu3HaueHHs piBHAHHS bepHyi.
3a JomoMoror SKOi 3aMiHM 3MIHHUX piBHSAHHSA bephymi
3BOJIUTHCSA /10 JIiHIHOTO 1n(epeHIianbHOro piBHAHHS?
Jatu Bu3HaueHHs AudepeHIIaIbHOTO PIBHAHHSA B TOBHUX

nudepeniianax.
[Ilo Ha3uBalOTh pO3B’A3KOM  DIBHAHHA B  IOBHUX
nudepentiianax?
Omnwucatu cxemy 3HaXOJPKEHHsI PO3B 3Ky PIBHSHHS B TIOBHUX
nudepeniianax.

[Ilo Ha3uBaIOTh IHTETPYIOYMM MHOXXHHUKOM? SIK 3HAXOIUTHU
IHTETrpyIOUUi MHOKHUK?
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21.

1.
3.

11.
13.

15.

17.

19.
21.

23.

25.
27.

29.

32

Onucatu METO | BUAUICHHS TTIOBHOTO TU(EPEHITIaTY.

3ae0daHHs Onsi camocmiliHoi po6bomu
|. 3naiiTu 3aranbHUIA pO3B’A30K AU(EpPEeHIIATBHOTO PIBHIHHS:
2. Y +x-Inxy =0;

(x> +1)y' —-2xy=0;
2X°y-y' +y*—-2=0;

2y -sin iz+x3y’:0;
X

x® cos? —y y>=0;

sinzloy’—izzo;
X X
y—Xx-@+Iny)y' =0;

1

(1+x%)°y' +3x°y=0;

e cos® y+l-y':0;
X

Fy’—B(y2 +1)-tgx*=0;

2yy'+4fy2 —1-sin3x=0;

4, 1 -sin(2x+1) + 2¢”
y

y

6. Iny-y—==0
X

8.

10.

12.
14.

16.

20.
22.
24,

y2+1-xyy =0;

y' +4x3 =0;

cos x*

5y +x=0;
2xy' +sin’y-tg y=0;

(1+e")y'+e*y=0;

sinx

y'—cosx=0;

1
ey ————=0;
cos’ X

A+x)y -2x*tgy=0;

sini—xzy'zo;
X

. Xy'—Inx-e¢’ =0;
. x3-y+%(1+x4)-y':0;

. yz-xz—%sin2x3~y'=0.

.y’zo;



I1. 3naiiTi po3B’s30k 3amadi Komi myis qudepeHiianbHOro piBHSIHHS
MEPIIOTO MOPSIIKY 3 BiIOKPEMITIOBAHUMH 3MIHHIMH

1.y =y-cigx, y(%}ez: 2. y'—ee+2 y(0)=0;

3. x(+y)=Y', y(0)=4; 4y =x=0,y(2)=1;

5 ﬁzgy', y3)=2: 6. y'=e*cos’y y(0)=0;
7. y){:y-sinx, y(0)=1; 8. y=y-tgx y(0)=1;

9. y'=y-cosx, y(0)=1; 10. y'=(9+y))x, y(2)=0;

2 r__ ="
11. @+x*)y =1, y(0)=1; 12. xy' = y?, y(E)Zg

13. y(x+4) =y, y(1)=5; 14. 1+ Ly =0, y(0) = 2;
e

15 y -2 g, y[ﬂj=z; 16. xy'=e’, y() =0;

y

17. y'=3y?x, y(2) =1; 18. xy'=ctgy, y(1)=0;

19. y'=(4+y)x, yO)=0;  20.xy'=y y(D)=e;

21. xy'+y =0, y(2)=e: 22. yy'=-2x, y() =2;

23. y'=x(y-1), y(0)=2; 24, y'-3 =1, y(-1) =1;

25. tgx-y'=1, y(%):—l; 26.w+y =0, y(0)=2;

y

27. X y0 yo)=1; 28 -2 y=1 yoy-2
4+e y

29. ey’ =1y(0)=0; 30. x*y'=9+Yy?, y@)=0.

I11. 3naiiTi po3B’s30k 3agaui Komri s audepeHuianbHOro piBHIHHS
3 OJTHOP1THOIO HpaBOIO YaCTUHOIO MEPILIOTOro MOPSAKY:

1. xy'—y = xcos? ,Y(3) 0;
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10.
11.

12.

13.

14.

15.

16.

17.

18.
19.

34

xy'=y@+Iny-Inx), y(1)=%;
(1

Xy’ =y+xex, y(g]:o;

2x°y' =y(2x* —y*), yO =1;

xy'(Iny-Inx)=y, y(e)=¢’;

2

y

X2

+8 y+8, y()=1;

2y' = =
X

Xy’ = y(1+ln%], y@) =e;
5\/xy —y+xy'=0, y(l)=25;
xy'=yhL, y@=e*;

X

2
y’=4+¥+%, y=2;

(C+xy)y =x*+xy+y*, y(1)=2;
y
xy'—y=xe*, y(e)=1;
xy'=y+xsinﬂ, ya)==;
X 4
xy’:y+xcosﬂ, y(1):£;
X 2

, 3
y:=2xy =x%y', yO=-=

X2y’ = y? +6xy +6x*, y() :%;
2x—3y+xy'=0, y@) =-1;

2

3y =Y +10Y 410, y@)=0;
X X
xy?y' =x2+y?, y@) =37;



20.

21.
22.

23.
24.

25.

26.

27.

28.

29.
30.

xy'—y=xtg2, y@)=2;
X 6
Xy +y =2xy, y(1) =2;
xy’sinX+x=ysinX, y(l):z;
X X 2
2X+y+(x+2y)y'=0, y@ =1;
y+2(/xy —=x)y' =0, y@®) =1;
xy’=y(sinlnl+1j, y() =e?;
X
' y A
xy'=yIn=, y1) =e;
X

xy’—y=2x~ctg¥, yQ) =r;

X*+y°

™ , Yy =-1;
X2y +y*=2xy=0, y(1) =1;
T

Oy —y)etg L =x, y@==.
X 6

y'=

V. 3naiitu po3B’sa30k 3anaui Ko s niniifHOTO TudepeHIialbHOro
PIBHSIHHSI TIEPIIIOTOTO TIOPSIKY:

1. y’+zy:—
X

2.

In x
vt y@)=1;

SIn

y'_gy—_ 1 [EJ—i
X ; 21’ T '
X

3. y'+2ctg x~y=ﬂ, y(zjzl;

4. y'+ 3

sin 3x 2

2

Y=+, y(0)=1;

X3 +1
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, 2 1 (1)
5. Y——y=—-cC0s—, y| — |=
X X

T

1
?a
2X
1+ X2 y=1+x%, y(0)=1;

7. y'+y-tg x=cos’ X, y(0)=1;

6. y—

2 1
8. V+—-y= , YO ==In2+1;
y xy x3+1 o 3

9. y’—iy: In*(x+1), y(0)=1;
Xx+1

10. y'+y-tg x:i, y(0)=1;
COS X

Ym) =

11. y'+y(tg x+1j:
X COS X V4

X
12. y'—2xy=2xe>, y(0)=2;
X 1

13. y’+1y=2e_5-|n—x, yQ)=e 2;

2 X
14. y’—ly:—lnx, y(@)=1;

X

2 1 (1) 1

15. y'-~y=tg=, y(—}—z;

X x \z) =

16. y'—iy:—lni, y(0)=0;
X+1 X+1

17. y’+1y=3x‘lnx3, y(h)=2;
X
€
18. y'+——y=1, y(0)=1;
e"+1

19. y’—%y:3x3cosx3, y@r)=3r;

T

20. y'+y-sinx=sinx, y(zjzz;
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21.

22.

23.
24,

25.

26.

217.

28.

29.

30.

1 1

y x+4y (X +4)? y=3)
, 2X 1+ x?
Y= y= , Y@ =2;
X +1

, 0y 1.1 (Zj 2.
y—==-=sin=, y| = |==;
X X X V4 T

y'+y-cosx=cosx, y(0)=2;
2
T T
'—yctg x=2xsinx, Y| — |=—+1;
y —yclg y[zj 4
Y42y =X,y =1;
X X

y'—y-sinx=-sinx-e**, y(szﬁ;
2 2
,  2X
Y
y-—ty= 2 y(v2)=+2-1;
x-1 X+1
1

y+2xy=-2xe", y(0) =

y=x-1, y(0)=-1;

V. 3HaiiTH 3arajJbHUA pPO3B’A30K JUGPEPEHIIATbHOIO PiBHSIHHS

bepnymi:
Loy +xy=QL+xe’y?’; 2. xy'+y=y’Inx;
3. yy' —4x=y*Jx; 4.y +xy=(x-1)e*y?;
' _\y2y2. 2
y
7- Xy!+y:2y2 Inx’ 8 3yr+2Xy:2Xy72e72x2 ’
4 ' _ B\ 4.
X

11. 4xy'+3y =—€*x*y?;

12. 8xy’—12y =—(5x* +3)y?;
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13.
15.

17.

19.

21.

23.
25.

27.

29.

VI.

Eal A

o

38

2xy' =3y _
y*
Xy2yr — X2 + y3 :

, Xy
=XV + :
y y x? -1

=-20x*-12;

1
8xy' —y=- ;
yy yix+1
(YInx=2)y =xy’;
4xy .

Y =8xy ==

Y +4x°y = 4y2 P (1-x%)

1Xyr+y_lxy2.
2 1
y(x-D)-y=y?*

28.

30.

Y+

. y'+2l=

. 2y'+3ycosx = (8+12cos x)ey™

3y’ =(1-3y?)ysinx;

v Y
X+1

—%(x+13y3;

Yy —4x—y®

2y .

cos? x '

X

Y +4Axy :2xe‘xz\/_;

Xy +2y+x2y%e* =0;

1
yy' += y =sinx;

y'—ytgx:—g y*sinx.

3HallTH 3arajgbHUil PO3B’A30K AU(PEPEHLIATHHOTO PIBHSIHHS
MOBHHUX JU(epeHIiianax:

(2x°y? — y)dx+ (2x°y?

—Xx)dy =0;

2xcos’ ydx + (2y —x?sin 2y)dy =0;
(2x+ y?)dx+ (2yx+5)dy =0;
(10xy —8y +1)dx + (5x* —8x+3)dy =0;

[2x+ey

(3x%y?

dx + (1— EJ eydy
y

+2y? +6xy)dx + (2x°y +4xy +3x?)dy =0

[2xy+y2+ljdx+(x +2Xy 4+ = )dy 0;
X y

(BX%y +2xy® + 2y + 3y )dx + (X* + 2x°y + 2x +6xy)dy =0 ;



10.
11.
12.

13.

14.
15.

16.

17.
18.

19.

20.

21.
22.

23.
24.
25.

26.

27.
28.

29.

2xydx + (x> —y*)dy =0;

4y +y* +e)dx + (X* +4xy’ +e*Y)dy =0;
(2cos2x+4y)dx+(4x—2sin2y)dy =0;
2x(1—-3y?)dx +2y(2y* —3x*)dy =0;

2 _3X2
4

2—;(dx+ y
y

(sin y +2xy*)dx + (xcos y + 2x*y)dy =0;
2xcos’ ydx+ (2y —x’sin 2y)dy =0;

2x(1+«/x2 — y)dx—«/x2 —ydy=0;
(2x—3y)dx+(2y —3x)dy =0;
(3x%y +8xy® + 2y +3y?)dx + (x® +8x%y + 2x +6xy)dy =0;

dy=0;

——de+1dy:0;
X X

X+2y 2X—Yy

x2+y2 dX_X2+y2

(1+ y®sin 2x)dx — 2y cos* xdy =0

(2—9xy*)xdx + (4y* —6x%)ydy =0;

(cos x +3x°y)dx + (x* —y?)dy =0;

(2x+ y)dx+(x+2y)dy =0;

(cos y+ ycos x)dx+(sinx—xsiny)dy =0;

(2x+ y—fjdx+(2y+x—£jdy:0;
X y

e Ydx—(2y+xe)dy=0;

dy=0;

de+(y3+lnx)dy=0;
X

1 2X
—ZdX—deZO,
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3x% + y? 2x° +5y
: > dXx— —dy=0.



§2. NiHinHi andepeHuianbHi pPiBHAHHA BULWLMX NOPAAKIB

2.1. OCHOBHI NOHATTA Npo AudepeHUianbHi PiBHAHHA
BULLMX NopsakKiB

PiBHsIHHS BUTY

FOCY, YL Yy y®) =0 (2.2)
HA3UBAIOTh Oughepenyianvhum pisHaAHHAM N-20 nopsaoky (messnum
ougepenyianohum pisHsHHAM N-20 NOpPAOKY), N€ X — HE3aIeKHa
3MiHHa, Y = Y(X) — mykana Gyskuis, F — ¢pyHKIis, 110 3B’s13y€ 3MiHHI
X, Y Ta moxiaHi GyHkii y(X).
PiBusiHHS BUIY
yO =10 Y,y YY) (2.2)
HA3UBAIOTh  OUPEPEHYIAIbHUM — DIBHAHHAM,  PO38 S3AHUM  56HO
8I0HOCHO N-01 NOXIOHOI (HOpMATbHUM OughepeHyianbHUM PIBHAHHAM N-
20 NOPsOKY).

Po36’siskom  Ougpepenyianvrozo pisusnns (2.2) Ha JeIKOMY
iHTepBaii (a, b) Ha3uBaOTH N pasiB HemepepBHO aUPEPEHIIHOBHY HA
bOMY iHTEpBaJl PYHKIIO @(X), sIKa MiCIIs MiJCTAHOBKHY i1 Y PIBHSIHHS
(2.2) mepeTBOpIOE HOTO B TOTOXKHICTB 32 X € (a,h).

YmMoBu

y|X=><o =Yor y,|X:X0 =Yoo y" ox, yo(n_l) (2.3)

Ha3MBAIOTh NOYAMKOSUMU yMoeamu PiBHSHB (2.1) abo (2.2).
[TouaTkoBi yMOBH (2.3) MOXKHa 3aMUCATH TAKOXK Y BUTIISII

Y(6) = Yo, Y'(%) = Yo s o YT () =Yg
Ciopmymoemo 3adauy Kowi onsa pisnsinna (2.2): cepen ycix
po3B’si3kiB  piBHsAHHS (2.2) 3HaiiTh Takuit po3B’szok Y = Y(X),

X € (a,b), sxuii mpu X =X, € (a,b) cnpasmkye nouarkosi ymosu (2.3)

Teopema Komi (rmpo icHyBaHHSI Ta €IMHICTh PO3B’SA3KY 3ajaui

Komi). Axwo dyuxyin (X, Y, Y, ..., Y") i ii wacmunni noxioni no

(n-1)

apeymenmaxy, y',..., Y HenepepeHi 8 OesKill 8IOKpumiil oonacmi
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G cR™, mo 0aa Oosinbroi mouku (Xy, Yy, Yo,y 0) G icuye

eounuil po36’szox Y = Y(X) pisnanns (2.2), wo 3a00601bHsE€ NOUAMKOGI
ymosu (2.3).
DyHKIII0
y:¢(X1C1!C21"'1Cn) (24)

HA3UBAIOTh 3A2ANbHUM PO36 3KOM pieHanHs (2.2), SKIIO0 BOHA Ma€
TaKi BJIACTUBOCTI:

a) € PO3B’SA3KOM IILOTO PiBHSIHHS [UIS TOBLUIBHUX 3HaueHb ctamux C,,
C,, ..., C, 3 nesxoi MHOXXHHH TipocTopy R";
. . ’ (n-1) .
0) and NOBUIBHOI TOYKH (Xy, Yo, Yo »--Yg ) 3 JAEAKOI MHOKHMHH
l . .
npoctopy R™ icHyrots Taki sHauenns cramux C, C7, ..., C?, ms

SKUX PO3B’SI30K yz(p(x,Cf,Cg,...,Co) 3a[0BOJIBHSIE€ ITOYATKOBI

n
yMoBH (2.3).
3arajgbHUN PO3B’SI30K piBHAHHSA (2.2), 3aMMCaHUil B HESIBHOMY
BUTJIIAIL

®(x,C,,C,,...C,) =0, (2.5)

Ha3MBAIOTh 3A2ANbHUM IHMe2panom pieHsanus (2.2).

Yacmunnuii po3e’sasox (a0 uacmunnuyl inmecpan) 3HaX0AUMO
i3 3arabHOTO (2.4) (uum (2.5)), sAK110 V 1i#f piBHOCTI KOXKHIN JOBITBbHIN
cramiit C;, C,, ..., C  HagaTé KOHKpETHE YHCIIOBE 3HAUCHHSL.

2.2. Buan gudpepeHuianbHUX piBHAHb BULLMX NOPAAKIB Ta
3HaXOMKEeHHS IX pO3B’A3KiB

Axmo  3agady  Opo  3HAXOMKEHHS  BCIX  PO3B’A3KIB
Tu(EepeHIiabHOTO PIBHSHHS BIA€THCA 3BECTH J0 OOYHCIICHHS
CKIHYEHOTO YHCJIa IHTETPaiB 1 MOXIAHUX Bia BIMOMHUX (DYHKIIIH 1
anreOpaiyHUX omeparliid, T0 KaxyTh, MO OugeperyiaibHe pieHAHHS
iHmezpyemobcsa 6 keaopamypax (abo 3800umvcs 00 Keaopamyp).
3po3ymino, 1o AudepeHuiagbHe PIBHAHHA N-TO  MOPSAAKY
IHTETpyBaTHCA B KBaJpaTypax OyJe He 3aBXKIHd, 33 BUHATKOM JIHIIC
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JesKuX KiaciB audepeHIiaibHuX piBHSIHL. HaBemeMo Kiacu Takux

PiBHSHB.
1) PosriissHemMo piBHSHHS BUAY
y® =1f(x), (2.6)
ne T(X) — samama wemepepBHa (YHKLIs, fKa IHTErpyeTbCs B
KBaJIpaTypax.

3anurremo (2.6) y Burisiai

(n-1)
% =f(x), d (y(”’l)) = f (x)dx.

[nTerpyroun OCTaHHIO PIBHICTB, OIEPKYEMO
y" D ZI f (x) dx+C,, ne C, — crana interpyBanns. Jlaii 3HaiiieMo

d(y"?) (r-2)
T:(jf(x)dmcl), d(y ):(If(x)dx+C1)dx.
3Bimkn Yy = J.(I f(x) dx) dx+Cx+C,, ne C, — crama
IHTErpyBaHHS.

[Ticnst N-To KpOKY iHTErpyBaHHS, OICPKYEMO

C, .1« C .
y=I(....I(If(x)dx)dx...)dx+(n_1)!x +(n_2)!x +..+C,_,
(2.7)

ne C,, C,, ..., C, — crani interpyBanns; (2.7) — 3aranpHuil po3B’s130K

piBHsiHHS (2.6).

Mpuknap 2.1. Po3p’s3atu qudepeHiiiaabHe piBHIHHS
y“ =cosx.

Po3B’sAA3aHHA.

3anumieMo audepeHIiianbHe piBHAHHS Y BUTIISAIL

()
%:cosx, d(y(s)):cosxdx.
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[HTerpyrourM ocTaHHIO piBHicTh, Matumemo Y©® =sinx+C,.

3BiJicH 3amHIIIEMO (jji =sinx+C,, tobro d (y”) =(sinx+C,) dx.

X
Tomi Y"=-c0sX+Cx+C,. TlpoBoasun moxaibHI MipKyBaHHS,
XZ
matumemo Y =-Sinx+C, P +C,x+C,. 3arampHuil PO3B’30K

4

BUX1THOTO AM(epeHIiaTbHOTO PIBHSHHI MaTHME BUTIIS
3 2

y=cosx+C1%+C2X?+C3x+C4.

I1) PosrnsiHeMo piBHSHHS BUIY
F(x,y™)=0. (2.8)
[punycrtumo, mo piBHsHHA (2.8), ske 3amucaHe B HEsBHii
dopmi, 3Bectr a0 Burisaay (2.6) He moxna. Hexait piBusuus (2.8)
MO>KHA PO3B’S3aTH BIITHOCHO 3MIHHOI X

x=f(y™). (2.9)

IMicis samiam Z = Y™ piBusians (2.9) nabepe Burmsiny X = f(2),

sgigku dXx = '(z) dz . Bigomo, mo d(y"™) = y™dx , tomy maemo

d(y"?)=z-f'(2) dz,

y ) = I z-f'(z)dz+C,. (2.10)

Interpyroun piBasHHs (2.10) TUM camMuM MeTOJOM, IO i

piBasuus (2.6) i BpaxoByroun mopasy, mo dx = f'(z) dz, micranemo
PO3B’s130K piBHsHHS (2.8) B mapameTpuuHiii hopmi.

Mpuknap 2.2. Po3B’s3atu qudepeHiianbHe piBHIHHS

(y”)Z +2yﬂ =X.
Po3B’sA3aHHA.
Ockinbku 11€ piBHSHHS € BUrsiny (2.8), To 3poOumo 3amiHy

sminanx Z=Y". Tomi X=2°+2z.3sincu dx=(2z+2) dz.
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dy’

Ockinmpkn  y"=-—-, t1obro dy'=y'dX, To mixcTaBmsrOUM

3aminy, matumemo dy’ =z(2z +2)dz . Interpyroun 0CTaHHIO PiBHICTS,
OZIEPIKYEMO

y’=J.(222 +22)dz+C, = y’=§z3+z2 +C,.
. , dy ,
Ockinpku Y' = e tooTo dy = y'dx, To
X
dy:[EZS-FZZ +Clj(22+2) dz.
BinkpuBaroun 1y>KKy Ta 3BOASYH MOMIOHI JOAAHKH, OAEPIKYEMO
dy :(% z* +% 2° +27° +2C12+2C1j dz .
3Bigcm  y= j(g z* +% 2°+22° +2Cz+ ZCJ dz+C,. Toni

PO3B 30K AUQEPEHITIaTbHOTO PIBHSHHS 3aITUCYEMO B TTapaMeTPHYIHIN
dbopmi

x=2°+2z,
y=%z5+gz4+§zs+clzz+zclz+cz.

2.3. OudbepeHuUianbHi PIBHAHHSA APYroro nopsiaky 3i
3MiHHMMM Ta cTanumun KoedilieHTamMum

2.3.1. INiHinHi ogHOpigHi andepeHuianbHi piBHAHHSA 3i
3MiHHUMMU KoedpilieHTamu
PiBHsIHHS BUTY
y'+a(x)y' +a,(x)y=0 (2.11)
abo

y'+a(x)y' +a,(x)y=f(x) (2.12)
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HA3UBAIOTh OupepenyianvHumu PIBHAHHAMU OpPY2020 NOPAOKY Y
Bunazky (2.11) — oonopionum, y sunanxy (2.12) — neoonopionum, ne

a,(x), a,(x), f(X) —nenepepsui pyukuii na (a,b).
Posrisinemo piBusiaHs (2.11). ®@ymkuiss Y =0 e maast HpOrO

PO3B’A3KOM, IKHUI Ha3UBAIOTh MPUBIAIbHUM A00 HYIb08UM. SHANIEMO
HETPHUBIAIbHI pO3B’s13ku piBHSIHHS (2.11).

Teopema 2.1. Sxwo ¢yuxyii Y,(X) ma Y,(X) — pose’ssxu
pisnsanns (2.11), mo pynxyis
y(x)=C, y,(x)+C, y,(X) (2.13)
€ maxooic po3s szkom pisusanns (2.11), oe C,, C, — dosinbui cmani.
BBeneMo MOHATTS MIHIKHOI 3aJ€KHOCTI Ta HE3aJIEeKHOCTL
GyHKITIH.
Oyukuii Y,(X) ta Y,(X) Ha3sUBAIOTH JiHIUHO HE3ANeHCHUMU HA

npomizcky (a,0), akiio ToroxkHiCTH

a y,(X)+BY,(x)=0 (2.14)
BUKOHYETBCS TOJI 1 TibKH Toi, ko @ = =0, ne «, [ — niiicHi
qucIa.

SIkmio (2.14) BUKOHYETBCS, KOJIM X04a O ojiHe 3 uncen « , [ He
nopisuioe Hymo, to Gynkuii Y;(X) ta Y,(X) HasuBaroTh ainitino
3ANEAHCHUMU.

Skmo  pynkuii  Y,(X) Ta  Y,(X) - HemepepBHi Ta
nudepeHIiiioBHl pa3oM 13 CBOIMH MOXIJHUMH 32 3MIHHOIO X, TO
BU3HAYHHUK BHTY

Yi Y,

i '
1 2

Ha3BEMO BUZHAYHUKOM BpoHcbkoz2o yux QyHkyiil.
Teopema 2.2. STxwo pyuxyii ¥,(X) ma Y,(X) — ougpepenyitiosni

W (Y1(X)a Y, (X)) =

i ninitino sanevcui na npomiocxy (a,0), mo ix eusnaunux Bpoucokozo
OOPIBHIOE HYIIO.
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Teopema 2.3. Axwo ¢yuxyii Y,(X) ma Y,(X) — ainitno
nesanesicni pose’ssku pienanns (2.11) na npomincky (a,b), mo ix

BUSBHAYHUK BpoHcbkoco 6 JHCOOHIt mouyi Yybo2co NPOMINCKY He
O00PIBHIOE HYTIO.

Teopema 2.4. Sxwo @ynuxyii Y,(X) ma Y,(X) — ainitino
nesanexcni na npomixncky (a,0) pose’asku pienanna (2.11), mo

@yuxyis (2.13) € 3acanvnum poss szkom pienanns (2.11).
3HaiiiemMo 3arajibHUi PO3B’ 30K piBHsHHS (2.11).

Hexait Y, =Y,(X) — HenynboBuii po3s’s30k piBusaHs (2.11).
Lleii po3B’sI30K MOXKHA 3HANTU LLIAXOM Mmigbopy y Burmsimi Yy = e,

abo y=ax+b, a6o y=ax’+bx+c, ge a,b, ¢ — HeBizomi crai, siki
3HAXOUMO MICIIs MiICTAHOBKY KX QYHKIIH y piBHsHHS (2.11).

Poss’si30k piBHsauHs (2.11) — ¢yHkuio Y,(X) 3Haxomumo 3
dopmynu Octporpaacbkoro — JliyBimis

Yi Y, B(x)
’ ' =€ ' B(X):_ (X) dx .
Yi Y2 _['5'1
) ()(IEB(X)dj
3igcu  Y,(X)=VY,(X)| | 5=——=0dx|. Tomi 3 Teopemu 2.4
e ¥ (X)

3araibHUN Po3B’s30K piBHsHHS (2.11) 3anmcyerbes y Burmsii (2.13),
ne Y, (X) ta Y,(X) 3uaiimeno Bumie. 3ayBaXkumo, 10 B piBHsHHI (2.11)

Ol HAWBUIIOI IOX1AHOI IIOBUHHA CTOSITH OJUHUIIS.

Mpuknap 2.3. 3Haiitu 3aradbHUN  PO3B’SI30K  JIHIHHOTO
OJTHOPITHOTO U (EePEeHIIaTbHOTO PIBHSIHHS
4
y"+
Po3B’sAA3aHHA.
3HaiiieMO YaCTMHHHMH pO3B’SI30K PIBHAHHSA Yy  BHIUIAIL

y,(X)=ax+b, ne a, b — mosimbui crami. ITizcraBumo Y,(X) B

X 4 _0
xi1) el

nudepeHiiagbHe PIBHSAHHS, 3HANUIIOBIIM HEpHIy Ta APYrY MOXIJIHI.
Toni b=0, a— noBinkHa crana. Hexait a=1, 1o Y,(X)=X.
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3HaiiieMO  YacTHHHUH  pO3B’s30K  piBHAHHA  Y,(X),
BUKOpHUCTOBYIOUN opmyiy Octporpaacbkoro — JliyBimis. OCKiTbKU

4x 2X +1
B(X):_j2x+l =— J(l— X+1jd X =In——, Toxi

2x+1
In

e & 2x+1
yz(x):xj' v dx :XUdej_ ( .z
1 2 11 11
_ dx———-=—2[ = Zdx|=
( (XD Ue“x e x J.ezx X j
1

er '

Takum 4YHHOM —  3arajJbHUN 03B’ 130K
) p

TQepeHITiaTbHOrO PiBHSHHS.

2.3.2. INivinHi ogHOpigHi andepeHuianbHi piBHAHHSA 3i
cTanummn KkoedidieHTamm

Hexaii B piBusuui (2.11) a,(x), &,(X) — ue Qynkuii, a crani

unca. [Toznaunmo a,(X) =P, a,(X) =0, xe p, q € R. Toxi piBHsHHSA
(2.11) naGepe BurmsLy

y'+py'+qy =0, (2.15)

SIKe Ha3UBAIOTb JIHIUHUM OOHOPIOHUM OUughepeHyianoHum pieHAHHAM

0py2o2o nopsaoky 3i cmanumu kKoe@iyichmamu. Jns po3B’si3aHHS

piBusiHHs (2.15) 3acTocoByroTh MeTon Eiinepa, sikuii mossrae B Tomy,
II0 JUTS IOTO PIBHSHHS CKIIAIAIOTh XAPAKMEPUCTNUYHE PIGHAHHSL
k?+pk+q=0. (2.16)
B pesymerari po3B’si3aHHS KBajApaTHOrO piBHSAHHA (2.16)
MaTHMEMO TaKi BUTIAJIKH:
I) Hexaii auckpuminant piBHsHHA (2.16) nmomaTHuid, TOMI
MaTUMeMO JBa pi3Hi Ta miiichi kopewi K,, K,. Toxmi uactunni
po3B’s13ku piBHSAHHSA (2.15) MaTUMYTh BUIJIST
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Yy (X) = e a Y2 ()= e
1 3TigHO 3 TeopeMorw 2.4, 3aranbHUN Po3B’s30K (2.15) 3amuriemo y
BUTJISLIL

y(x)=C, e“* +C, e'*. (2.17)

Mpuknap 2.4. 3uaiitu po3B’s30k 3a1a4i Kol
y"-8y'+15y=0, y(0)=0,y'(0)=2.

Po3B’a3aHHsA.

3anumieMo BiJNOBITHE XapaKTEPUCTHYHE PIBHSHHS

k?-8k+15=0,
sAKe 3a TeopeMoro Biera mae aiiicui Ta pisui kopeni K, =3, k, =5.

Tonmi, 3a ¢opmynoro (2.17), 3aranbHHiI PO3B’A30K BHXIiIHOTO
TQepeHITiaTbHOrO PIBHAHHS Ma€ BUTIISI

y(x) =Ce* +Ce*.
3naiinemo Horo noximny: y'=3Ce* +5C,e™.
Cnpasmxyroun ymosu Ko, st Busnauensst cramux C, C,
OTPUMYEMO CHCTEMY JBOX JIHIHHUX PiBHSIHB:
y(0)=C,e° +C,e’ =0,
{y'(O) =3C.e’ +5C,e° =2,
3Biaku 3Haxoaumo, mo C, =-1 C, =1.
OTtxe, po3B’s130k 3a7a4i Kot mae BUrsn
y(x) =—e* +e*,

Il) Hexait auckpuminant piBasHHs (2.16) Bix’emuwmid, TOA
mMariMeMo 1Ba KopeHi K, K,, siki € KOMIUIeKCHO-CIIpsKeHi, TOOTO
k =a+pi, k,=a—pi. Toni yactunni po3s’s3ku piBusHHs (2.15)
MaTHMYThb BUTJISIT

3,00 =€ 1a y, ()=

BpaxoByioun  Qopmyny Eitnepa €' =cost+isint Ta

Teopemy 2.4, 3araibHuI po3B’ 30K (2.15) MaTiMe BUIIIST
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y(x) =C,e* cos fx+C, e**sin fBx. (2.18)

Mpuknap 2.5. Po3e’s3atu qudepeHiiaibHe piBHIHHS
5y"+6y +5y=0.
Po3B’aA3aHHA.

XapakTepuctnune piBHsHHS Mae Burmsin SK2+6K+5=0.

3Bigcu Kk = —§+£i . k= —g—gi . BuxopucroByroun (2.18),

3alUIIeMO 3arajJbHUM pPO3B’SA30K IU(EPEHIIaIbHOTO PIBHAHHA Y

3
—=X

3
sursimi Y(X)=Ce ® cosgx+C2e 5 sin%x.

I11) Hexait nuckpuminanT piBHsiHHS (2.16) mopiBHIOE HYyJIHO,
TOJI MarMMEMO [Ba KopeHi, ski € oamakosi, to6ro K =k, =k

(kpaTHUN KOpiHB). YacTHHHI PO3B’A3KU Y IIbOMY BHIIAJIKy MATUMYTh
BUTJIS]T

kx kx
y,(X)=¢e" 1a y,(Xx)=xe".
3rizHo 3 TeopeMoro 2.4 3aranbHH Po3B’s30K piBHAHHS (2.15)
MaTHUME BUTJIS]T

y(x) =C,e” +C,xe. (2.19)

Mpuknap 2.6. Po3B’s3atu qudepeHianbHe piBHIHHS
y"+10y'+25y =0.
Po3B’sA3aHHA.
Xapakrepuctuune piBHstHHS Mae Burmsig K°+10k +25=0.
3gimcn K =k, =-5. 3rizso 3 (2.19), 3zaraneHHii po3B’A30K

. . _ —5x -5x
nudepeHLianbHOro piBHAHHA MatuMe Burisy y(X) =Ce™ +C,xe™".

2.3.3. NiHinHi HeogHOpiaHI AndepeHuianbHi piBHAHHA
Posrnsinemo HeogHOpinHE nuepeHiianbie PIBHAHHS JIPYTroro
TOPSIIKY
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y' +a(x)y'+a,(x)y=f(x), (2.20)
ne a(x), a,(x), f(x) —uenepepsui Qpyukuii va (a,b).
[Tpuramaemo, 10 PiBHSIHHS BUIY
y' +a(x)y'+8,(x)y =0, (2.21)
HA3WBAETHCS BIMOBITHUM 0OHOPIOHUM OUGhepeHYiaIbHUM DIGHSHHSM.

BcraHoBHUMO CTPYKTYpY 3arajibHOro po3s’si3ky piBHsHHs (2.20).

Teopema 2.5. 3acanvmum pose’siskom (2.20) € cyma tioeo
00BIILHO20  YACMUHHO20 PO38’A3KY MA  3A2ANbHO20  PO38 A3KY
8I0N0BIOHO20 0OHOPIOH020 pieHanns (2.21).

Hexaii Y.(X) — yactunuuii po3s’s3ok piBusuus (2.20), Y,(X) —
3arajbHUMN po3B’sA30K piBHsHHSA (2.21). Tomy, 3rigHO 3 Teopemoro 2.5,
MaeMO

y(X) = Yo (X) + y.(x) . (2.22)

Omxe, 00 3HAlTH 3arajnbHUi po3B’s30K piBHAHHA (2.20) y
Burisiai (2.22) tpeba Hacamiiepel 3HAWTH 3arajlbHHUN PO3B 30K
BIJITIOBITHOT'O OJHOPIAHOTO piBHSAHHS (2.21) Ta AOBUIBHUN YaCTUHHHIMA
po3B’s30k piBHsHHA (2.20). Sk 3HAXOAWUTH 3aralbHUl PO3B’I30K
oJHOpiaHOTO piBHSHHSA (2.21) roBopmiiock Buile. [lono BimmrykanHs
9acTUHHOTO Po3B 3Ky Y.(X) piBusnus (2.20) — nuTaHHs CKIagHime.
Haenemo MeTonu, 3riiHO 3 SKUMHU MO>KHA HOTO CIIPOCTUTH.

YactuaHuii  po3B’sa30k  Y.(X)  miHIHOrO HEOmHOPiZHOTO
piBHsiHHs (2.20) mIyKaTHMEMO 3a JOIOMOTOK Memody eapiayii
ooginvrux cmaiux (memooy Jlazpanoica). 3rimHO 3 MM METOIOM,
YaCTUHHUHN po3B’sa30K VY.(X) IIyKaTuMeMo i3 3araabHOrO PO3B’ 3Ky

MiHifHOTO OJHOpiAHOTO piBHAHHS (2.21), ane 3amicTs cramux C;, C,
OyzeMo mucaty HeBiioMi (QYHKIIT BiJ He3alIeKHOi 3MIHHOI X, TOOTO
Y- (X) =, (X) - Y1 (X) + 9, (X) - Y,(X) , (2.23)
ne Y,(X), Y,(X) — po3s’s3ku pisusuus (2.21).
Oyukiis (2.23) € yacTHHHUM po3B’si3koM piBHsHHS (2.20), a1st
sxoi Gpynkuii ¢ (X), ¢,(X) 3Haiinemo i3 cuctemu piBHAHB
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{ @1 () Y1 (X) + @5 (X) - Y, (x) =0,
P{(X)- Y1 (X) + @, (X) -y, (X) = F(X).

BusnauHUKOM 11i€1 cCHCTEMU € BU3HAYHUK BPOHCHKOTO BiTHOCHO
dyuxuiin Y, (X), Y,(X). Ockinbku ¢yuxiii Y,(X), Y,(X) e niniiino
HE3JIC)KHUMHU, TO BU3HAYHUK BPOHCHKOTO HE JOPIBHIOE HYJIO, a

cucremMa  pi 7 ’ () == Y2 T )
pIBHSHb Ma€ €IUHUH pPO3B’A30K ¢ (X) = ,
WY1 Y2)
! _ ylf (X) 53 03
@, (X) = —2——"—, AKuii 3HalIeHO 3a JonoMororw Merony Kpamepa.
WY1 Y,)

®yukuii @,(X), @,(X) 3HalizeMo micist iHTErpyBaHHS BiIHOCHO
3minHOI X. [TincraBusum 3uaiineni ¢,(X), ¢,(X) y (2.23), orpumaemo

YACTHHHUI PO3B’SI30K HEOAHOPIIHOTO PIBHAHHS Y. (X) .

Mpuknap 2.7. Po3p’s3atu qudepeHiiiaabHe piBHIHHS

eX
y'=2y'+y=—.
X
Po3B’A3aHHA.
1 xpok. 3HalgeMo 3arajJibHU pPO3B’SI30K  OJHOPITHOTO

AuepeHIiaTbHOTO  PIBHSHHS y'-2y'+y=0.  Cknagemo
xapakrepucriune pisasaas K> —2k +1=0. 3sizcn k, =k, =1. Toxi,
srimHo 3 ¢dopmynoro  (2.19), 3arajpHUI pPO3B’S30K JIIHIHHOTO
OJIHOPIAHOTO  MU(EpEeHIIaTbHOTO  PIBHSHHS ~ MaTUME  BHIJIS
Yo (X) =Ce* +C,xe".

2 Kpok. 3HalIeMO YaCTMHHUH pO3B’SI30K HEOJHOPIIHOTO
X

. . e
nuepenianbEoro piBHsHHA Y ' —2Y'+Y=—, BHKOPHCTOBYIOUU
X

METO/1 Bapiailii J0BUIbHOI cTanoi. CKIageMo CUCTEMY
0
e xe* [ @(X) )
=le
e* e x+) N\e(¥)) | =
X
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BuxopucroByroun popmynu Kpamepa, 3naitnemo

o o 0 xe*
= < y = ZX, A].: eX . :—ezx’
e’ e (x+1) — e'(x+1)
X
e* 0 .
AZ = eX = e— .
e —| X
X

. . A , A, 1 .
3Biacu ggl(x):Kl:_l, (pz(x):f:;, Toxi ¢, (X)=—X,

@, (X)=InX. Takum YHHOM, YACTHHHUH pPO3B’S30K JIHIHHOTO
HEOJHOPIMHOTO JU(EPEHIIAIbHOTO PIBHAHHS MaTHME BUIJISI
Y. (X) =—xe* +xe*Inx.

3 kpok. BuxopucroBytoun ¢opmyay (2.22), 3anuimieMo
3arajibHUM PO3B’S30K JIHIMHOTO HEOTHOPIIHOTO AU(EpEeHIIaTbHOTO
piBusiHHS Y(X) =Ce* +C,xe* —xe* +xe*Inx.

Hexaii y piBasuni (2.20) ¢yuxuii a,(X), a,(x) — crai.
[Mosnaunmo: & (X)=p, a,(X)=q, xe p,qeR. Toxi piBusuus (2.20)
THEPEMHUIIEMO:

y'+py' +aqy=f(x). (2.24)

3HaiiIeMO YACTHHHHN PO3B’30K HEOJHOPIAHOTO DIBHSIHHS
(2.24) memooom nesusnauenux koegpiyicnmis. Binirykanus po3B’ 3Ky
piBusHHs (2.24) moxua cnpoctutH, skmo ¢yakiis f(X) mae

cneyianbHull 6u2A0.
Po3risiHEMO Taki BUIIAIKK:
1) Hexaii pynkuis f(X) mae Burmsn

f(x) =e"P,(x), (2.25)
ne ueR, P (X) — mHOrowien creness N, TOAi MOKYTh OyTH Taki

BapiaHTH:
a) YUCIIO A/ HE € KOPEHEM XapaKTePUCTUUHOTO PIBHIHHS
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k?+pk+q=0. (2.26)
Toni piBusiHHS (2.24) Mae YaCTHHHUIN PO3B’SI30K BUTJISTY
V.(X) =R, (X)e" = (a, +a,x+...+a,x")e’”, (2.27)
ne R (X) — MHOrOuseH crerneHs N 3 HEBH3HAYECHUMH Koe(ilieHTaMu

ay, &, ..., a,. Ockinpku (2.27) € po3B’si3koM piBHAHHA (2.24), TO

nigcrasisroun (2.27) y piBusHHs (2.24) 3 IpaBOO YaCTHHOIO BUIJISTY
(2.25) ta npupiBHIOWYM KOC(DILlIEHTH TPH BIAMOBIHUX CTEIEHSIX X Y
JiBIM Ta MpaBiii YacTUHAX, OTPUMYEMO CHCTEMY aireOpaiuHux

piBHSHB BiZIHOCHO HeBizoMHX Koedimientis muorowiena R (X), 3

SKOI BU3HAYA€EMO KOC(iLlI€HTU 8y, &, ..., &, .

Mpuknap 2.8. Po3p’s3atu qudepeHiiiaabHe piBHIHHS

y' =3y +2y =e¥(2x+7).

Po3B’A3aHHs.

1 kpok. 3HalgeMo 3arajJlbHUM pO3B’SI30K  OJHOPITHOTO
TQepeHIiaTbHOrO PIBHSIHHS

y"=3y'+2y=0.

CxiageMo  XapakTepucTH4YHe piBHsHHA  (2.26), TOOTO
k?—-3k+2=0. 3sincu k=2, k,=1. Toui, BpaxoBytwouu (2.17),
3arajlbHUM pPO3B’A30K JIIHIKHOTO OJIHOPITHOTO AH(EpeHIiaTbHOIo
piBHsAHES 3amucyeMo y Burs Y, (X) = Ce* +C,e° .

2 Kpok. 3HaWAEeMO YaCTUHHHUM PO3B’SI30K HEOIHOPITHOTO
T(epeHIiaTbHOrO PIBHAHHS

y' =3y +2y =e¥(2x+7)
METOJIOM HEBU3HAUYEHUX KOE(DIIIIEHTIB.

Ockinbku mpasa wactuna f(X) =€ (2x+7), ne u=3 (ue €
KOPEHEM XapaKTePUCTUYHOTO piBHAHHSA), P (X) =2X+7 — MHOrO4IeH
HEpIIOTro CTEMNeHs, TO YACTUHHHUM PO3B 30K IIYKATUMEMO Y BHUIJIA]
v.(X) =(ax+b)e*™, me a, b — meimomi koedimientn. Hesimomi

Koe]illieHTH 3HAXOAUMO, IiACTABISI0YH V., Y. Ta Y. B HEOAHOPIIHE
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nudepeHIiaiibHe PIBHSIHHS Ta MPUPIBHIOIOYN KOE(IIIEHTH 31iBa Ta
CIpaBa IMpH BIAMOBITHUX BETUYUHAX

xe™ 9a-9a+2a=2,
e¥: 9b+6a-9-3a+2b=7.
3igcu a=1, b=2. Toxai y.(X)=(x+2)e*.
3 kpok. BuxopucroByroun ¢opmyny (2.22), 3anumemo
3arajJbHUN PO3B’SI30K JIIHIHHOTO HEOIHOPIIHOTO AMGEpPEHIIIaTbHOTO
piBusinEs Y(X) = Ce* +C,e™ +(x+2)e*.

0) uncio 4 30iraeThCs 3 OHUM i3 KOPEHIB XapaKTePHUCTUIHOTO

piBHsiHHS (2.26), TOOTO € MPOCTUM KOPEHEM IIbOTO PiBHSHHS, TOJI
YaCTHHHUI PO3B’SI30K PiBHAHHS (2.24) OyneMo MyKaTH y BUTIISII

Y.(x) = X R, (x)e"". (2.28)

Mpuknap 2.9. Po3s’s3atu qudepeHiiiaabHe piBHIHHS
y" -3y’ +2y =5e*.

Po3B’A3aHHs.

1 xpok. 3HaiiiemMo 3araJbHUH pPO3B’A30K  OIHOPITHOIO
T epeHIiaTbHOTO PIBHSHHSA

y"=3y'+2y=0.

CxnazeMo xapaktepuctuuse pisHsuas K°—3K+2=0. 3sigcu
k,=2, k,=1. Toxi 3aransHHUil PO3B’SI30K JTiHIHHOTO OIHOPIZHOTO
mudepenuiansHoro piBusHHs Y, (X) =Ce* +C,e”*.

2 Kpok. 3HaWAEMO YAaCTUHHHUM PO3B’SI30K HEOIHOPITHOTO
T(epeHIiaTbHOrO PIBHAHHS

y" -3y’ +2y =5e*.

Ockinbku mpaBa uactuna f(X) =56, me u=2 (e xopeHeM
XapakTepucTHaHoro pisHsuHs), P (X)=5 — MHOrouneH Hyab0BOTO
CTENEeHs, TO YAaCTUHHUH pO3B’A30K HIYKATUMEMO Y BHIJIII
Y. (X) = xe?*a, ne a — HeBimoMuii koeimient. Hepimomuii koedirieHT

n

3HAXOAUMO, IMHACTaBiso4d Y., Y. Ta Y. B HEOJHOpiIHE
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nudepeHIiaiibHe PIBHSIHHS Ta MPUPIBHIOIOYN KOE(IIIEHTH 31iBa Ta
CIpaBa IMpH BIAMOBITHUX BETUYUHAX

xe”: 4a-6a+2a=0,
e™: 4a—3a=b.
3Bigcu a=5. Toxi Y.(X)=5xe™.
3 kpok. 3anmmemo 3aralbHUN  PO3B’A30K  JIIHIHHOTO
HEOHOP1THOTO nudepeHIiaTbHOTO PIBHSIHHS
y(x) =C,e* +C,e* +5xe>.

B) YHCIO A — JBOKPaTHUH KOpiHb XapaKTEPHCTUYHOTO
piBHsiHHS (2.26), TONI YaCTHHHUI PO3B’sA30K piBHSIHHSA (2.24) Oynemo
IIyKaTH Y BUTJISAI

Y.(X) =Xx* R (x)e”*. (2.29)

Mpuknap 2.10. Po3s’s3atu audepeHitianbHe PiBHAHHS

y' -4y +4y =T7e*.

Po3B’sai3aHHsA.

1 kpok. 3HaiizeMo 3aragpbHUil PO3B’S30K  OJHOPITHOTO
JT(epeHIiaTbHOrO PIBHAHHS

y'—4y'+4y=0.

Cxanemo xapakrepucriane pisasaas K —4K+4=0. 3igcn
k,=k,=2. Tomui, BpaxoBytoun (2.19), 3saranpHuii po3B’SI30K
JIHIMHOTO OAHOPITHOTO NU(EPEHLIATBHOTO PIBHIHHS 3alUCYEMO Y
Bursi Y, (X) =Ce” +C,xe™.

2 Kpok. 3HaiIeMO YaCTHHHUU pO3B’SA30K HEOIHOPITHOTO
T(epeHIiaTbHOrO PIBHAHHS

y' -4y +4y =Te*.

Ockinbku npaBa actuna f(X) =7€”, ne 1 =2 (e qBOKpaTHHM
KOpEHEM XapakTepucTuyHoro piBusHHsA), B (X)=7 — muorounen
HYJIOBOTO CTETICHSI, TO YACTHHHHI PO3B’ 30K NIYKAaTUMEMO y BHTJISIII

Y. (X) = x%*e**a, ne a — HeBiTOMHUIA koedinient. HeBimomuii koedirieHT

! n

3HAXOAUMO, TIACTaBIAOUd Y., VY« Ta V.
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nudepeHIiaiibHe PIBHSIHHS Ta MPUPIBHIOIOYN KOE(IIIEHTH 31iBa Ta
CIpaBa MPH BiAMOBIIHUX BEIMYMHAX

x’e”: 4a-8a+4a=0,

xe”:  8a-8a=0,

e 2a=1.
3Bigcu a=23,5. Toxi V.(x) =3,5x%e*.

3 kpok. 3anmmemo 3aralbHUN  PO3B’A30K  JIIHIHHOTO

HEOHOP1THOTO nudepeHIiaTbHOTO PIBHSIHHS
y(x) =C,e* +C,xe” +3,5x%e*.

1) Hexait pynkuis f(X) mae Burisn
f(x) =e”*(P,(x)cos Sx+Q, (X)sin #x), (2.30)
ne P,(x), Q,(X) — mHOrouNeH cremens N Ta M BiAnoBiaHo, &, f —

niWcHI YyncIa.
Topni yacTuHHMIA PO3B’s130K (2.24) mykaTUMEMO Y BUIJISII

y.(x) = x°e“* (R (x)cos Sx+T, (x)sin Bx), (2.31)
ne R.(X), T,(X) — wmuorowienum cremeHs K 3 HEBH3HAYECHUMH
koedinientamu, k — HaiiBummii crenins muorowtenis P, (X), Q. (X),
tooto K=max{n,m}, s — «kpartnicte «a+pfi, [k KopeHs
XapaKTePUCTHYHOTO PiBHAHHS (2.26).

Mpuknap 2.11. Po3p’s3atu audepeHItiaabHe piBHIHHS
y"—2y'+2y=6€" CosX.

Po3B’sA3aHHA.

1 kpok. 3HaiizemMo 3aragbHUil pO3B’S30K OJHOPITHOTO
T epeHIiaTbHOTO PIBHAHHSA

y'-2y'+2y=0.

Cxnazemo xapakrepuctudse pisasuas K —2K+2=0. 3icu
k,=1+1, k, =1—1. Tonui, BpaxoByrouu (2.18), 3aranbHuii po3s’ 130K
JHIAHOTO OJIHOPITHOTO TuepeHIiaTbHOTo PIBHSIHHSA
Yo(X) =Ce*cosx+C,e*sinx.
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2 KpoK. 3HaWJAeMO 4YacTHHHUM PO3B’SI30K HEOIHOPITHOTO
JTuQepeHIiaTbHOrO PIBHAHHS

y"—2y'+2y=6e"cosx.
Ockinbku mpaBa yactuHa wmae Buriag  (2.30), ToOTO
f(x)=6e*cosx, me wu=1+i (e KOpeHEM XapaKTEPHCTHYHOTO
piBasiHHs), B (X) =6 —MHOrOWIeH HyIbOBOTO CTEIEHS, TO YaCTHHHUIA
PO3B’S30K ITYKaTHMEMO y BHTJISIL (2.31), TOOTO
Y.(X) = x(ae*cosx+be*sinx), me a, b — HeBimomi KoedimieHTH.
Hesinomi koedilicHTH 3HAXOMMMO, MiJACTABIAYM Y., Y. Ta Y. B
HEOJHOpimHE  audepeHIiaTbHe pPIBHAHHA Ta  HPUPIBHIOIOYA
koe(diIieHTH 371iBa Ta CIpaBa MpH BIAMOBIAHUX BEJIMYUHAX
xe“cosx: 2a-2b-2a+b+a+b-a=0,
xe*sinx: 2b-2b+2a-b-a+b-a=0,
e* CoSX: —2a+a+b+a+b=6,
e*sinx: —2b—-a+b+b-a=0.
3Biacu a=0, b=3. Toxi Y.(x)=3xe*sinXx.
3  Kpok. 3amumieMo 3arajJbHUN  pO3B’A30K  JIHIHHOTO
HEOHOPITHOTO JT(epeHIiaTbHOTO PIBHSHHS
y(x) =Ce* cosx+C,e*sin x+3xe*sinx .
3ayBaXMMoO, 10 METOJ MiJ00py YAaCTUHHOTO PO3B’S3KY
piBHsHHS (2.24) MOXHA 3aCTOCYBATH JI0 TUX PIBHSHB, IO € JTIHIHHUMHA
i3 cranumu koedirientamu Ta crnemianbHoro Qynkmieo f(X). ds
IHIIMX PIBHSIHb KOPUCTYIOThCS MeToA0oM Jlarpan»a (Bapiarii cTanux).

YactuaHuii  po3B’sa30k  Y.(X)  miHIMHOrO HEOMHOPiZHOIO

piBHstHHS (2.20) MOXHA TaKOXK IIYKATH 3a TIOMOMOTOI0 Menody Kowi,
3riJHO 3 AKUM YaCTMHHHUH po3B 130K Y.(X) HEOTHOPIiTHOrO piBHAHHS
(2.20) nonaeTbes y BUTIISIII

y.(X) = j K(x,5)f (s)ds, (2.32)
Xo
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ne K(X,8) — ¢ynkuis Komi oxgHopimHoro mudepeHiiaibHoro
piBasHHS (2.21), siIKa Ma€ Taki BIIaCTHBOCTI:
a) pynxkuis K(X,S) € po3s’sa3kom qudepenuiansHoro pisasuus (2.21)
3a 3MIHHOIO X;
0) K(x,8) mns x=s cnpasmkye ymosu: K(s,5) =0, K/ (s,s)=1.

Slkmo QynnamentansHa cucrema po3s’sskiB Y, (X)  Y,(X)
oxHopimHoro aumdepenmianbHoro piBHsHHA (2.21) Bimoma, TO
¢ynkuiro Komi K(X,S) MoxHa mogatu y BUIisi

K(x,5) =C,(5)y,(X) +C,(s)y,(x), (2.33)

ne koediunientu C,(s), C,(S) mizbuparorh Tak, 100 BUKOHYBAIKCH
BiactuBocTi ¢yHkuii Komri.

3ayBaxumo, IO I HEOJHOPITHOTO audepeHIiaTIbHOrO
piBasuus Burisay (2.24), ne ¢ymkuis f(X) — nenepepsna Ha
JIeAKOMY iHTEepBaji AilcHOI oci, po3B’ 30K Y.(X) MoOXHa mojatu B
3aMKHEHil Gopmi. [Tpu oMy ciTijt pO3TIITHYTH TPU BUITAIKH:

e p?-49<0. Toxi
\/4q p’ (x—5)

K(x,s) = 4q e (2.34)

1 YaCTUHHUHN PO3B’A30K y*(x) piBHSHHS (2. 24) Ma€ BUTJISIAL

Y. (x) = W X{ \'q P (x—s) f(s)ds, (2.35)

1€ X, — JOBLIbHA TOUYKA 3 iHTEepBally JIHCHOI OCI;

VP )

\/p —4q
2

° p2 —4q > 0. Tomi

K(x,s) =

, (2.36)
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a YaCTHHHHUI PO3B’A30K AudepeHIiaabHOro piBHIHHSA (2.24) B 1IbOMY
BUITAJIKY Ma€ BUITIAAL

X bhg  [pio

V. (%) =+Ie L NP =G G e)ds.  (237)
VP —4q 5% 2

e p°—4q=0. B 1poMy BHIAIKY

Pix-s)

K(x,s)=(x—s)e 2 (2.38)
1 YaCTUHHUI PO3B’SA30K NU(EpPEHILIANLHOTO piBHIHHS (2.24) MaTHMe
BUTJISL

V(%) = j (x—s)e 27 £ (s)ds. (2.39)
Xo

Mpuknapg 212. 3HaiiTu YaCTUHHUUN PO3B’SI30K

nudepeHIiaIbHOTO PiBHSIHHS
X

"_oy 4y =
y yry x* +1

merongoM Komri.
Po3B’sa3aHHA.
3HaiiieMo (yHIaMEHTaJIbHY CUCTEMY PO3B’s3KiB BiJIMOBIIHOTO
OJIHOPIHOTO AU(PEPEHIIAIBHOTO PIBHSIHHS
y'-2y'+y=0.
Xapakrepuctnune  piasaEs K2 —2K+1=0 g1 1poro
nudepenianbHoro pisHsHHs Mae kopeni K =K, =1. Tomy ¢ynxuii
y, =€", Y, = Xe* yTBOPIOIOTh (hYHAAMEHTAJIbHY CUCTEMY PO3B’sI3KiB
OJIHOPITHOTO TU(PEPEHIIIATIBHOTO PIBHSIHHS.
Bukopucrosyroun (2.33), 3anumemo pyukiio K(X,S) :
K(x,s) =C,(s)e* +C,(s)xe*,
ne koedimientu C,(S), C,(S) mizbuparots Tax, o6 BUKOHYBAIKCH
BiactuBocTi ¢pynkuii Ko, a came:
K(s,s)=0: C,(s)e* +C,(s)se’ =0,
Ki(s,s)=1: C,(s)e’+C,(s)(e’ +se’)=1.
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Po3B’s13aBIu 11f0 TiHilHY BigHOCHO HeBimomux ¢ynkuiit C,(S),
C,(S) cucremy piBHSHB, OTPHMAEMO €IMHHUI PO3B’SI30K:
C,(s)=—se”, C,(s)=e".
Orxe, pynkuiro K(X,S) mMoxHa nmomaTu y BULIsI
K(X,8) =—se"° +xe* " =(x—5)e* " .(2.40)
IMoknamaroun y dopmyni (2.32) X, =0, 3amuimemo po3s’si30k

Y.(X) y Burmani popmynau (2.39), To6T0

S

¢ e tX—5s
(X)=| (x=5)e""*. ds = e¥ds =
y-() b[( ) s?+1 £52+1

=e" @ Szilds—ff SZS—I—ldSJ =e* (x.arctg S —%In(s2 +1)j

0
=e* (x-arctg x—%ln NDS +1J :

B npuknani 2.12 mokHa Bukopuctat popmysty (2.38), 3a sikoro
¢ynkuis Komi ogHOpimHOrO mudepeHIiaTbHOTO pIBHSIHHSA Mae

X

0

surinan K(X,s)=(X—s)e*°, ockineku P=-2, To6TO 36iraeThbes 3
(2.40), sixy MH 3HAXOAMIHU, PO3B’A3YIOUH CUCTEMY JIIHIHHUX BiTHOCHO
sminanx C,(S), C,(S) piBHsHb, 110 €, B3araii KaKydu, TPYIOMICTKOIO
nporieayporo. Tomy 3acrocyBanus popmyiu (2.38) mist 3HAXOHKEHHS
¢ynkuii Ko — nouiisHime.

3ayBaxumo, 1o merogoM Ko MoxHa oTpuMaru ToH camMuit
YaCTUHHHUN PO3B’A30K, 110 1 MeTooM Jlarpanxka. Tomy BuOip MeTOy
BIIIYKaHHA YAaCTUHHOTO PO3B’SI3KYy HEOAHOPLAHOIO JIIHIKHOTO

IuQepeHIiabHOr0  PIBHSAHHS — 1€ ClpaBa 1HAWBITYalIbHOTO
BII0/I00AHHS.
Mpuknan 2.13. 3HaiTH YaCTUHHUN PO3B’S30K
JTuQepeHIiaTbHOrO PIBHAHHS
y"+4y=CosX.

Po3B’A3aHHA.
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Ockimeku P=0, =4, p*—49=-16<0, o pynxmis K(X,S)
1718 BignosigHoro ogHopignoro pisasuus Y'+4y =0 3a ¢popmymnoro
(2.34) mae Bursia
K(x.s) = sin2(x—s) ’
2
a vacTMHHMH po3B’s30k  Y.(X)  BuXigHOro HEOIHOpPiZHOIO

nuQepeHIiaTbHOro PiBHIHHSA MOXHA mogaTtu y ¢hopmi (2.35), To6To
1%sin2(x—s) 1%, . _
(X) == | ———%-cossds == | (sin(2x—3s) +sin(2x—s)) ds =
V-0 =2 [—— 8!(( )+sin(2x—s))

0
X

= %(%cos(Zx—Bchos(Zx—s)) :g(cosx—cos 2X) .

0

TeopemuyHi numaHHs

1. Jatn Bu3HaYeHHA MU EepeHIIaTbHOTO PIBHIHHS N-TO MOPSAKY.

2. 1o Ha3MBarOTH pO3B’SI3KOM AM(EPEHIIaTHHOTO PIBHSIHHS N-TO
NOPAIKY?

3. ChopmymoBatnt  3amauy Komi g audepeHuianbHOTo
PIBHSIHHSI N-TO MOPSIIKY.

4. ChopmymroBatu  Teopemy Komi mis audepeHIiiaisHOTO
PIBHSHHS N-TO HOPSIIKY.

5. [Ilo Ha3MBaIOTh 3arajlkHUM PO3B’SI3KOM JAU(DEPEHLIATBHOTO
PIBHSIHHS N-T0 MOPSIAKY?

6. Omnucatu cxemy po3B’si3yBaHHS AU(EpPEeHI1aTbHOIO PIBHSIHHS
suny Y™ = f(X).

7. Onucatu cxemy po3B’si3yBaHHS AU(EpEeHI1aTIbHOIO PIBHSIHHS
sy X=f(y™).

8. Onucatu CTPYKTYpYy 3arajJibHOrO PO3B’SI3KY  JIIHIHHOTO
OJTHOPITHOTO MU(EePEHITIATEHOTO PIBHIHHSL.

9. Jlatu BU3HAuYEHHS TiHIHHO He3aleKHUX (JIIHIKHO 3aJIeKHUX )
GyHKIIH.

10. [ITo HasuBarTh BU3HAYHUKOM BpoHCHKOTO?

11. Sk Bu3HauHUK BpoHCHKOr0 MOB’s13aHUM 3 MOHATTSIMHU JIIHIHHOT
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12.
13.

14.

15.

16.

17.

18.

HE3JIC)KHOCTI (JIIHIMHOT 3aJIeKHOCTI) DYHKITIN.

Hagectu ¢popmyny Octporpaacekoro — JIiyBisiis.

Sk 3HaXOMUTH 3araJiIbHU PO3B’SI30K JIIHIKHOTO OJTHOPIAHOTO
TuQepeHIiaTbHOr0 PiBHAHHS 31 CTAIUMH KoedillieHTaMHu y
BUITAJIKY TIHACHUX pI3HUX KOpEHIB BIZIIIOBITHOTO
XapaKTEPUCTUIHOTO PiIBHSIHHS?

SIK 3HAXOAMTH 3arajbHUN PO3B’A30K JIHIMHOTO OAHOPITHOTO
nudepeHIialbHOrO PIBHAHHS 31 CTAIMMH KOeQilliEeHTaMH Y
BUNAJKy  TIHCHMX  KpaTHMX  KOPEHIB  BiANOBIAHOTO
XapaKTEPUCTUIHOTO PiIBHSIHHS?

SIK 3HAXOAMTH 3arajbHUN PO3B’SA30K JIHIMHOTO OAHOPITHOTO
TudepeHIiaNbHOr0 PIBHAHHA 31 CTAMMMU Koe(illieHTaMH Y
BUNIAJIKY KOMILIEKCHO-CIIPSDKEHUX KOPEHIB  BiIIMOBIIHOTO
XapaKTePUCTUYHOTO PIBHSIHHS?

Sk 3HAXOAUTHU YaCTUHHUN PO3B’ 30K JIHIAHOrO
HEOJTHOPITHOTO  JU(EpPEHITIAIBHOTO  PIBHSHHS  METOJIOM
Bapianii cranux (meron Jlarpanxka)?

Sk 3HAXOAUTHU YaCTUHHUN PO3B’ 30K JIHIAHOrO
HEOJTHOPITHOTO  JU(EPEHITIAIBHOTO  PIBHSHHS ~ METOJOM
HEBU3HAUYEHUX KOoe(]ilieHTiB?

Ik 3HAXOJUTH YaCTUHHUHU PO3B’A30K JMHIKHOTO
HEOJIHOPITHOTO AU(EpeHLiaTbHOro piBHIHH MeTo1oM Komi?

3aedaHHs Onsi camocmiliHoi po6omu

3HalTH 3aralbHUN  PO3B’SA30K JIHIHHOTO JU(EPEHIIaTbHOTO

PIBHSIHHSI IPYTOT0 NOPSIAKY, TOHU3UBIIHN CTEIIHb [[LOTO PIBHSHHSL:

1.
3.

y"=2+sin5x; 2. y'=e"-3;

y'=(2x+3)°-7; 4, y"=cosTX-T7;
o1, 6. Yy =6"7?+8;

Y= 1 . 8. y'=-3+sin(3x—2);
(2x+5)*

y'=e"?+2; 10. y"=(-x+5)°+3;

63



11.

13.

15.

17.

19.

21.

23.
25.

27.

29.

y"=4c0s4x+2;

yn — 53x+5 _7’

" 1 .
y :—Z—ECOSGX,
y' = (-3x-2)* +1;

!/= 7 _2

J7x+5

" 1 .
Y=g &
y'=e>*+5;
y":L-i-lO'

J-2x+5
yrr — 4—2x+5 _3’

y” — _3 _ 64eZ+8X ,

12.

14.

16.

18.
20.

22.

24,
26.

28.

30.

" 1

S —Y
y (2x+4)®
yﬂ_ 36 +3.

Jex—1
y”:2—2x+3+9;
y"=6-4sin(2x+3);
y” :e—573X _4’

1.

"=-3-=sin6xX;
y 3

Y =12(-3x+4)* +7;
y" =c0s(2x—5)+4;

yrr _ 6 +
(3x—4)°
y"=5-9sin(3x—4).

Il. 3naiiTu 3aranbHUI PO3B’A30K JIIHIHHOTO OJHOPIIHOTO PIBHSHHS
TPETHOTO MOPSAKY:

=

2y"—-6y"+17y' =0;
5y"-6y"+5y"'=0;
Sy"—-4y"+4y'=0;
18y" -6y"+y'=0;
5y"-12y"+20y'=0;

. 5y"-8y"+5y'=0;

5ym_8y”+4yl — O;
8ym_4y”+ y/ :0 ’

. y"—4y"+5y'=0;

y"—2y"+5y'=0;

2
4.
6
8

10.
12.
14.
16.
18.
20.

m

2y"-2y"+y' =0;
5y"-2y"+y'=0;
2y"-2y"+5y'=0;
y"—2y"+2y'=0;
100y" -12y"+y'=0;
y"-12y"+100y' =0;
y"-8y"+20y'=0;
10y" -2y"+y'=0;
y"-2y"+10y' =0;
Sy"-4y"+y'=0;



21.
23.
25.
27.
29.

y"+4y"+29y'=0; 22. y"-4y"+8y'=0;
y"+6y"+13y'=0; 24, y"-4y"+13y'=0;
y"+6y"+10y'=0; 26. y"-8y"+17y'=0;
y"+4y"+20y =0; 28. y"—-6y"+25y'=0;
y"+2y"+50y' =0; 30. 4y"+8y"+5y' =0.

3HanTu PO3B ’SI30K 321,[[3,‘-11 Kommi JJIA JIHIAHOTO OI[HOplZ[HOFO

,I[I/I(bepeHI_IlaJ'IBHOFO pIBHAHHA  2-TO  TOPAAKY 31  CTalIUMHU

KoeQilli€eHTaMHU:

1. y"+3y'—4y=0, y(0)=8, y'(0)=-12
2. y"-10y'+25y=0, y(0)=2, y'(0)=13.
3. y'-6y'+5y=0, y(0)=8, y'(0)=24.
4. y'+4y'+4y=0, y(0)=-3, y'(0)=7.
5. y"-8y'+15y=0, y(0)=10, y'(0)=40.
6. y'-2y'+y=0, y(0)=2, y'(0)=1.

7. y'+7y'-8y=0, y(0)=10, y'(0)=-
8. y'-6y'+9y=0, y(0)=2, y'(0)=7.
9. y"-6y'+8y=0, y(0)=10, y'(0)=30.
10. y"-8y'+16y =0, y(0)=-1, y'(0)=1.
11. y"+5y'+6y=0, y(0)=2, y'(0)=-5.
12. y"-12y'+36y =0, y(0)=5, y'(0)=31.
13. y"—4y'+3y=0, y(0)=2, y'(0)=4.
14. 9y =6y +y=0, y(O) =1, y(0)
15. y"-5y'+4y =0, y(0)=4, y'(0)=10.
16. 4y"—4y'+y=0, y(0)=1, y'(0)=g.
17. y"+3y'+2y=0, y(0)=4, y'(0)=-6.
18. 16y"-8y'+y=0, y(0)=2, y(O)_g
19. y"+y' —-6y=0, y(0)=4, y'(0)=-2
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20. y"-14y'+49y =0, y(0)=3, y'(0)=25.
21. y"-9y'+14y =0, y(0)=2, y'(0)=9.

22. 25y" 10y +y =0, y(0) =2, y'(O)Z%
23.y"-8y'+12y=0, y(0)=6, y'(0)=24.
24. 36y"+12y'+y =0, y(0)=-3, y’(O):—g,

25. y"+y'-12y =0, y(0)=6, y'(0)=-3.
26. y"-16y'+64y =0, y(0)=3, y'(0)=29.
27. y"+5y'-14y =0, y(0)=6, y'(0)=-15
28. y"+18y'+81y =0, y(0)=-2, y'(0)=11.
29. y"—6y'-7y=0, y(0)=8, y'(0)=24.

25

30. 49y"+14y'+y =0, y(0)=-3, y(o)—_7

IV. 3maiitm 3aranpHuil  pO3B’SI30K JIIHIHHOTO HEOAHOPITHOTO
nudepeHIialbHOTO PIBHSIHHS!

1. y'+2y -3y=12e">; 2. Y42y =de™;

3. y'-5y +6y=3*; 4. y"-3y' =9%>;

5. y'+4y' -5y=30e""; 6. y"—25y=50e";
7. y'+4y' =16e 8. y"—100y=200e'"";
9. y"-8y'-9y=10e"; 10. y"-5y' =25e*;
11. y" -6y +8y=8¢e"*; 12. y"-16y =32e*;
13. y"+6y =36e°"; 14. y"+6y —7y=56e"";
15. y"—36y =72e*; 16. y'—7y =49%™;
17. y"+2y' -8y =12¢*; 18. y"—4y=8e%;
19. y"+8y =64 20. y"—9y' =8>
21. y"+3y' -4y =20e™" 22. y"—49y =98 "*;
23. y' -3y +2y=2e* 24. y"—64y=128e%;



25. y"+10y’ =100e™%%; 26. y"-9y=18¢%;
27. y"-T7y'+6y=30e"; 28. y'-y=2¢";
29. y"—7y +10y =15¢>; 30. y"-8ly=162e".

V. 3Haiiti po3B’s30k 3amadi Komri aisa JTHIHHOTO HEOIHOPIIHOTO

TuQepeHIiaTbHOro  piBHAHHSA ~ 2-TO  TMOPAAKY 31
koedirienTamu:
1. y"+4y'-12y=8sin2x, y(0)=0, y'(0)=0;

© ©OoNo kDN

[
= O

12.

13.
14.

15.

16.

17.

y"+6Yy'+9y=10sinx, y(0)=0, y'(0)=0;
y"—=2y'+y=4(sinx+cosx), y(0)=1, y'(0)=0;
y"+y=2cosx,y(0)=1, y'(0)=0;
y"+4y=sinx, y(0)=0, y'(0)=1;
y"+5y'+6y=12cos2x, y(0)=1, y'(0)=3;
y"+6Yy'+9y=10sinx, y(0)=0, y'(0)=0;
y"+64y =2sin8x+cos8x, y(0)=0, y'(0)=0;

y'+2y'+y=-2sinx, y(%jzo, y'(%jzo;

. y"+225y =2sin15x+3cos15x, y(0)=0, y'(0)=0;

. y"+y=3sin4x+2cos4x, y(%j:(x y’(%j:();

y" +169y =sin13x+cos13Xx,, y(%) =0, y’(%j =0;:

y"+2y'+5y=10cosx, y(0)=0, y'(0)=1;
2y"-10y'+13y =sinx, y(0)=1, y'(0)=0;

"+324y =18sin18x, z =0, '£j=0;
y" +324y y[m] y(ls

" +81y =—sin9x+3cos9x ., y| = |=0, '1j=0;
y"+4y' 12y =8sin2x, y(0)=0, y'(0) =0;

CTaJINMMH
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18. y"+9y =c0s3x, y( j 0, y(%)

19. y"+36y = 24sin6x—-12cos6X, y(%j =

/_\\

oy

;/
o

20. y"—25y = 25(sin5x +c0s5X) , y( jzo y’(%) 2;

21. y"—4y'+15y =sinx+2cosx, y(0)=0, y'(0)=0;
22. 2y"-10y'+13y =sinx, y(0)=1, y'(0)=0;
23. y"+y=sinx+cosx, y(0)=0, y'(0)=0;

24. y"+y =sin2x+cos2x, y(0)=0, y(O)_é
25. y"—y=-sinx+2cosx, y(0)=0, y'(0)=0;
1 11
26. y"—5y'+6y=3cos3x, y(0)=-——, y'(0)==—;
y' =5y +6y= y(0) 20 y()26

27. y"+9y =sin3x, y(0) =1, y'(0)=3;

28. y"+4y'+3y=sin2x, y(0)=0, y'(0)=0;
29. y"+16y=16cos4x, y(0)=1, y'(0)=4;
30. y"+25y=sin5x, y(0)=1, y'(0)=5.

V1. 3Haiitu po3B’sa30k 3amadi Komri asis JiHIHHOTO HEOIHOPITHOTO

TQepeHIiaTbHOrO PIBHAHHS 2-T0 MOPSAAKY METOI0M Bapialii cTanux
a6o meronom Koumi:

1. y"+4y=8ctgx, y| Z |=5, ’fj:4;
yeay-see, o 25, v 2

y(0)=0, y'(0)=0;

4
2. "—6y'+8y=
y Y Y 1+e

3x

3.y -9y +lgy=_*
1+e

y(0)=0, y'(0)=0;

2 2

4, y+7ry— ,y(05) 1, y(05)——
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

ge—3x
3 _ e—3x !

"+y=A4ctgx, z =4, ’fj:4;
eyt o Z)-a. v(3

(5o o(e)
sin3x’ | 6 ’ 6 2’

9
y+9y—— y(0)=1, y'(0)=0;
cos3

y' -3y = y(0)=4In4, y'(0)=3(3In4-1):

y"+9y =

y'=3y'+2y= 1_X, y(0)=1+In2, y'(0)=14In2;
3+e

16 Vs V4
"+16y = Ly = =3,y | = =21,
VY = Gnax y(sj y(sj "
1
y'—3y'+2y = —, ¥(0)=1+3In3, y'(0)=5In3;
2+e

g5
sin2x’ "\ 4 ’ 4 ’

X

14 ! e ’ .
y'=3y'+2y= —, ¥(0)=0, y'(0)=0;
l+e

y'+4y =

1
y'+y=—-,y(0)=1, y'(0)=0;
COS X
14 ’ 9e3X ’ .
y'+3y'=——, y(0)=In4, y'(0)=3-3In2;
1+e
1 1 X 1
"tZy=Zctg=, =2, V(7)==
y 4y 1 92 y(7) y'(7) 5

n 1
y+—

1 !
—¥(0)=2, y(0)=0;
7% C0S —
X
—-2X

4e
y'+6y +8y = +ezX,y(O) 0, y'(0)=0;

—X

y:

"_y!: e 7)(’
2+e

y y(0)=In27, y'(0)=In9-1;
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20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

70

T T
"+4y' =4ctg2x, y| — |=3, V| = |=2;
v +ay =acig2x, y( % )=3. v/( |
2X

y(0)=0, y(0)=0;

l+e

y"-6y'+8y=4

—X

14 1 e ! .
y"+3y +2y=—2 —, y(0)=0, y'(0)=0;
+€e

y'+4y =

. y(0)=2, y'(0)=0:
05 2x y(0) y'(0)

n 8 ’
y'+16y=—+, y(0)=1, y'(0)=0;
Ccos4x

yrr_3yr+2y —

—, Y(0)=1+In2, y'(0)=14In2;

3+e

T T
"+y=2ctgx, y| = |=1, V| = |=2;
foy=aame ()1 v(2)

”+7Z'2 _ 7[2 1 _1 yr(lj_ﬂ_z
y Y anax N\ 2) T 2T

1 1. X 1
”+_ :—Ct _, :2, ’ :_;
y 4y 1 92 y(7) y'(7) >

T T
"+4y=8ctg2x, y| — |=5, V| = |=4;
v +ay=segzx. o £ )5, y( %]
—4x

14 1 4e !
y"+6y +8y:—2 — ¥(0)=0, y'(0)=0.
+e



§3. Cucrtemu 3pnyanHux gucpepeHuianbHUX PiBHAHb

3.1. OCHOBHi NOHATTA NPO CUCTEMMU 3BUYAUHUX
AvndepeHUianbHUX PiBHAHb
Hopmanvroto cucmemoro 36uuatinux ougepenyiaibHux pieHsaHb
(HC3/{P) Ha3UBalOTh CUCTEMY BUIY

i = .06 Yoo Vo),

Yo = £,(6 Yireen Vo) 3.1)

yr: = fn (X1 yl""’ yn)
TOOTO, SIKIIO B JIiBif YacTHHI piBHSAHB cucTteMu (3.1) CTOSITH MOXimHi
MEPIIOTrO MOPSIAKY, a MPaBi YACTUHU PIBHSHBb HE MICTATH MMOXITHUX.
Po3z6’siskom HC3/IP (3.1) Ha3uBaroTh HaOip QYyHKITi

y1 = q’l(x) ' y2 = ¢2(X) LA yn = (Dn (X) '
SIKU MCIs MICTAaHOBKH HOTO Y BC1 PIBHSHHS CHCTEMH IEPETBOPIOE TX
Y TOTOXKHICTb.
Po3p’si3oxk  HC3/IP y Oararbox BHIIQJAKax OTPUMYIOTh Y
HESIBHOMY BUTJISIII

Dy (X, Yy, Yoreens ) =0,

@, (X, Y1 Yares Yn) = 0.
Taky cucreMy CHIBBIIHOIIEHb HA3UBAIOTb IHMESPALOM CUCMEMU
pisnsans (3.1).
Habip pynxkuiit
V1= (%Cpes Gy Y, =2 (6. Gy G ) s ¥, =90, (XCl 1, Gy
HA3UBAIOTH 3a2anbHum po3e siskom HC3/IP (3.1), skio:
a) IpU KO’KHOMY JIOITycTUMOMY Habopi 3HaveHb cranux Ci, Co, ..., Cp
OTPUMYEMO PO3B’SI30K CUCTEMH PIBHSIHB;
0) OyIb-AKHil pO3B’SI30K CHUCTEMH DIBHSIHb OTPUMYETHCS 3 LBOTO
HaOopy QYHKIIIH TpH TIEBHUM YHHOM BHOpaHUX 3HaUeHHsIX cTanmX Ci,

C2, ceey Cn.
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Teopema Komi (mpo iCHyBaHHSI Ta €IMHICTHL PO3B’SI3KY).
Axwo 6 Oesikiii obracmi G @yuxyii (X, Y, ¥y, Y,), 1=1n,

cucmemu (3.1) nenepepeni pazom 3 ycima ceéoimu noxiomumu —-,
j
i,j=1n, mo ona 6yov-axoi mouxu (X°,¥.,¥s,...Y)eG icuye

eounuti posze’sazox Y, (X), Y,(X), ... VY,(X), skuu cnpasdocye
nOYamKo6i yMOGU.:
RO =Y Y () =Y Vo (X)) =Y, (32)

3aoaua Kowi ons HC3/[P (3.1) dopMysroeThCst Tak: 3HAWTH
po3’siz3ok HC3/IP (3.1), mio cripaBmkye novatkosi ymou (3.2).
CucreMy CIiBBiAHOIIEHb BUIY

yl, = a11(X)y1 +312(X)y2 +"'+a1n(x)yn + f1(X)a
y; = aZl(X) Y, +ay (X)yz ..t ay, (X) Yo+ fz (%), (3.3)
yr'1 = a‘nl(x) yl +a‘n2(x)y2 +"'+ann (X)yn + fn (X)v

HA3UBAIOTh HOPMANbHOIO JIHIUHOIO cucmemor oupepenyiaivHux
piensansb N-20 nopsaoky (HJIIC/[P).
Bukopucrasuim no3HaueHHs

Y Vi f,(x) a;(x) ... a,(x)
y=| :[,y=l:|, fxX)= |, AX=| o
v, y, f, (%) 8,00 . a,()
cucremy (3.3) MOXKHA 3aITUCATH Y MATPUYHOMY BUTIISIT
y' =AMy +f(x). (34)

Po3p’si30k cucremn (3.4) Oymemo 3amucyBaTH y BEKTOPHIHN
dopmi
?.(X)
y=0(x), e p(x)=| :
2. (X)
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Skmo f(X)=0, 1o cucremy piBuaas (3.4) Ha3uBaOThL
HOPMAIbHOIO JIHIIHO O0OHOPIOHOIO CUCEMOI0 OupepeHyiaibHUux
pienane (H/IIOCHP), sxmo x f(X)#0 — nopmanvnoro ninitinoro
HeoOHOPIOHOI cucmemoro oupepenyianvuux pisuans (HIIHC/P).

Teopema (mpo cTpyKTypYy 3arajbHoro po3s’sasky HIOCP).
Hexaii Y'(X), Y*(X), ..., Y"(X) — cykynuicmo N niniiino nezaneicnux
poss’askie HIIOCIP Nn-2o nopsoky. Tooi 3aeanvrutl po3e 130k maxkoi
cucmemu pieHAHb MA€ GULTIAO

y=Cy () +C,y* () +..+C,y"(x), (3.5)
oe C1, C, ..., Ch — 0dosinbui cmanni.

Teopema (npo cTPyKTYpY 3arajibHoro po3s’sizky HITHC/IP).
Hexau Y,(x,C,C,,....C.) — zacanrvnuii poss’szox HJIOCHP n-co

nopsoky, a Y.(X) — wacmunnuil po3eé s30k eionosionoi HIIHC/IP n-2o

nopsaoky. Tooi 3acanvnuti po3e’sazox HJ/IHC/[P n-co nopsoky mae
sus0

Y =Y(%C,Cyy ., Cy) Y. (%)

3.2. HopmanbHi niHinHi ogHOpiAHI cuctemm
andepeHuianbHux piBHAHb (HITOCOP) apyroro nopsaaky 3i
cTanumu KkoedidieHTamum
Cucrema CriBBIJHOLLIEHb BUAY
!
{Y1 =ayy ta,y,,
’
Yo =8uY1+85Y,.
Ha3UBAlOTh  HOPMANbHOIO  JNIHIUHOW — OOHOPIOHOIO — CUCMEMOIO
ougepenyianvHux  pieHaHb ~ Opy2020  NOPAOKY 31 CMAIUMU
Koegiyienmamu.
3HalIeMO 3arajlbHUM po3B 430K Takoi cucteMu. [lepmum

€TarioM 3HAaXO/DKEHHS 3arajJbHOr0 pO3B’SA3KY 1€l CHCTEMH €
pO3B’sI3yBaHHS, TaK 3BaHOrO, XapaKTEPUCTUYHOIO PIBHSIHHS, IO

a, au]
aZl a'22

(3.6)

OyayeTbes 3a eleMeHTaMu MaTpuil A= [

Anre6paiuHe CriBBITHOLIEHHS BUTIIATY

73



2
det(A— A1) =| %2 |_o, 3.7)

8y ayy —A
e I —  OJUHHYHA ManI/H_UI, HAa31UBAKOTH xapakmepucmuinum

pisHAnHAM, 10 Bianoimae cucteMi piBHsSHB (3.6). KopeHi piBHAHHS

(3.7) Ha3uBaIOTH GrACHUMU 3HAYEHHAMU Mampuyi A.

Po3B’si3ytoun piBHsAHHA (3.7), 3HAXOAMMO BIIACHI 3HAYCHHS A
mMatpuii A, BIiANOBiAHI iM BIacHI BEKTOpUM V 3HAXOJUMO i3
CHIBBIIHOIIIEHHS

(A-Al)v=0. (3.8)

MOoKUBI Taki BUTIAIKU:

1. Sxwmo 4j, j=1,2 — nilicHi Ta pi3Hi KopeHi piBHsAHHA (3.7), TO M
Bi/mOBinar0Th po3s’s3ku Buay y! =vie™ cucremu (3.6), me V! —
BJIACHUH BEKTOp MaTpulli A, 0 BiJMOBIJa€ BIACHOMY 3HAUCHHIO
Aj. 3HaWIIOBIIM IS KOXXHOTO BIJIACHOTO 3HAYECHHS PO3B’S30K
cucremu (3.6) y 3a3HauCHOMY BHIJISII Ta MPOCYMYBABILU
oTpuMaHi po3B’s3ku 3a Gopmyioro (3.5), omepkUMO 3araabHUI
po3B’s30k cuctemi (3.6).

2. SMxmo A ,=a=xiff — KOMIUIEKCHO CHPSDKEHI BIACHI 3HAYECHHS
MaTpulli A, TO iM BIANOBIAAIOTH PO3B’SI3KH y1 = Re(vle“) Ta
y2 = Im(Vle)“X) , Je V! — BiacHuii BekTOp MaTpuii A, MmO
BIIMOBi/Ia€ BIIACHOMY 3HAYEHHIO A1. 3HAWMIOBIIM JJISI KOKHOTO
BJIACHOTO 3HA4YeHHs po3B’s30K cuctemu (3.6) y 3a3HaucHOMY
BUIJISIII Ta MPOCYMYBABIIM OTPUMaHi pO3B’s3KH 3a (hopMyIoro
(3.5), omepxumo 3aranbHUN po3B’ 30K cucTemu (3.6).

3. Skmo A1 = A2 = A kopinp piBHsHHS (3.7), TO ifomy Biamosinae
po3B’s130k cuctemiu (3.6) BuIY

(ylj: (aljx{bl) . (39
Y, a, b,

Hesinomi koedinienTu nrykaemo, migcraBusiim (3.9) y cucremy
(3.6). [iBa koedinientn y popmyii (3.9) OyayTs TOBUTBHUMHU.
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Mpuknag 3.1. 3nHaiité 3aragbHUl PO3B’SI30K  OIHOPITHOI
cucTeMH U epeHIiaIbHUX PIBHIHbD

{w=2w+9n,
Y2 = Y1+2Y,
Po3B’aA3aHHsA.
3HaiiieMo BIIaCHI 3HAYCHHS MATPUIll CUCTEMHU
2-14 9
=0, (2-1)>-9=0,
1 2-2
A=-1,1,=5.

3HaiiieMo BIAMOBIIHI BIIaCHI BEKTOPH.

Hns A =-1:

S

Toni i3 cmiBBinHOmeHHs (3.8) matumemo V;;, +3V;, =0, To0TO

Vy; =—3V,,. Sxmo V;, =1, To BmacHuil BeKTOp, IO BiAmOBimae A,

1 Vi -3
HaOyze Buny V- = (Vlzj 2( 1 j
Hast A, =5:
A i) =£—3 9 }(1 —3}
1 -3)\0 O
Toni i3 criBBinHOmEeHHS (3.8) MaTuMemo V,, —3V,, =0, T00TO

V,, =3V,,. Sdxmo V,, =1, To BracHuil BekTop, 10 BiAMOBinae A,,

V. 3
6 VZ — 21 — .
HaOyze BUNY (VZJ (J

-3 3
3Bigcn y' = ex( 1 j Yy =e> (J

OTtxe, 3 popmynu (3.5) 3aranbHui PO3B’SA30K CUCTEMHU MAaTHUME
BUTJISIT
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-3 3
e Deli
Y, 1 1

ne C1, C2 — noBinbHI cTail.

Mpuknap 3.2. 3HaiiTH 3arajbHUA PO3B’SI30K OJHOPITHOL
cucTeMu Iu(epeHIiaIbHUX PIBHIHbD

{y{=2y1—5yz,
Y, =5y, —6Y,.

Po3B’A3aHHA.
3HaiiieMo BIIacHI 3HAYCHHS MaTPHII CUCTEMHU

2-4 -5
=0, A*+41+13=0,  A,=-2+3i.
5 —-6-4 '
3Haii1IeMO BIAMOBIHI BIIACHI BEKTOPH.
Jost 4 =—2+3i:

nogp_[478 5 ) (5 —4-3
A _( 5 —4—3ij (o 0 j

Toni i3 cniBBinHOWIEHHs (3.8) MaTumemo SV, +(—4-3i)v,, =0,

4+3i : . o
TOOTO V; = Tvlz. Sxkmo V,, =5, T0 V;; =4+3i. Toxi BnacHuit

v 4+ 3i
BEKTOD, 10 BiATOBiae A , HaOyne BUIY V= (VM) :[ 5 j )
12

Kpim Toro, 3a popmynoro Einepa
4+3i . 4+3i
viet* = [ c je(z*e’"x = [ . jezx (cos3x+isin3x) =

o (4c053x —3sin BXJ o (4sin 3x +3c0s 3xj
=e +ie :

5c0s3x 5sin3x

3Bigcu

J e (4 cos 3x —3sin 3xj e [4sin 3x +3cos 3Xj
5c0s3x ’ 5sin 3x '
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OTxe, 3 popmynu (3.5) 3aranbHuil PO3B’A30K CUCTEMH MaTHME
BUTJIS

A Ly [ 4C0S3X—3sin 3x oy [ 4SIN3X +3c0s 3X
= Cle +Cze . ’
Y, 5cos3x 5sin 3x

ne C1, C2 — noBinbHI cTail.

Mpuknap 3.3. 3HaiiTH 3arajgbHUA PO3B’SI30K OJHOPITHOL
cucteMu qudepeHIiaTbHUX PiBHSIHb

{yl' =3y, +2Y,,

Yy ==2Y, +Y,.
Po3B’A3aHHA.

3HaiiieMo BIIacHI 3HAYCHHS MaTPHII CUCTEMHU

3-1 2
=0, (A+1)?=0, A=4,=-1.
Lo aey=0n a=2,

TakoMy BiIacHOMY 3HaYCHHIO BiOBiIa€e po3B’s130k Buay (3.9), ToOTO

CHEAE

3Bixcu Yy, =(aXx+b)e™, vy, =(a,x+b,)e ™.
[TincraBnsieMo Y, Ta Y, y BUXIIHY CUCTEMY
(3, ~ax—b)e ™ =-3(@x+h)e” +2(ax+b,)e ™,
{ (a,—a,x—b,)e™ =-2(ax+b)e " +(a,x+h,)e ™.

Hesizomi koedilieHTH 3HaX0IUMO MPUPIBHIOIOUU KOE(DILIEHTH
3I1iBa Ta CTpaBa MpH BiAMOBIAHUX BETHUYWHAX

xe*: —a =-3a+2a,,
e*: a-—-b=-3b+2b,
xe*: -—a,=-2a+a,,

e*: a,—b,=-2b+b,.
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3Bincu & =4a,, a +2b —2b, =0. Ockinbku qBa KoedimieHTH OyTyTH
noBineauME, TO BizbMemo b =C,, a =2C,, ne Ci1, C2 — noBinbHi
crami. Tomi @, =2C,, b, =C, +C,.

OTtxe, 3 popmyinu (3.9) 3aranbHUil PO3B’A30K CUCTEMU MAaTHUME

BUTLIAT
n)_[ 2Cx+C ),
y,) (2Cx+C,+C,) '

ne C1, C2 — noBinbHI cTail.

3.3. HopmanbHi niHinHi HeogHopIAHI cuctemun
andpepeHuianbHux pisHAHb (HITHCOP) apyroro nopsaaky 3i
cTanmmm KoedilieHTamun

Cucrema CriBBiTHOIIECHb BUAY

{ Vi=8uYs+apY, + LX),
Yo =85, +85Y, + f,(X).
HA3UBAIOTh HOPMANILHOK  JIHIUHOKW — HEOOHOPIOHOI — CUCIEMOI0
oughepenyianohux — pigHsAHbL ~ O0py2020  NOPSAOKY 31 CMAIUMu
Koegiyienmamu.

3HaiiieMo 3arajJlbHUM pO3B’SI30K TaKOi CHCTEMH METOJIOM
BUKJTIOYCHHS, TOOTO 3BeeHHsAM cucteMu (3.10) 1o oaHOTrO JiHIHHOTO
HEOJTHOPITHOTO JU(EPEHIIaIbHOTO PIBHSIHHS JIPYroro MOpsKy 3i
CTAJIMMH KOe(illiEHTaMH.

OnumemMo aJropuT™M MeTOAy BHUKJIIOYEHHSI 3HAXOKEHHS
3arajgbHOro po3B’s3ky cucremu (3.10). IpomudepeHitiroemo mepiie
piBusiHs cuctemu (3.10)

Yy =ay Yy +a,y, + f(x). (3.11)

incrasumo B (3.11) BUpas y, 3 APyroro piBHAHHS CHCTEMH
(3.10), maemo

Y1 = 8 Y1+ 8, (8 Ys +85,Y, + (X)) + 1,(X). (3.12)

Bupasumo Yy, 3 mepmoro piBHsaHHA cuctemu (3.10) i

(3.10)

mijicraBuMo 1iei Bupa3s B (3.12), maemo
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ylﬂ = a11y1’ +a,ay, +a, (yﬁlt —a, Y, — fl(X)) +a, fz (X) + fl!(x)'
3BIBIIM MOMIOHI YiIEHHU, MPUUAAEMO A0 AUQPEPEHIIATHHOTO PIBHIHHS
JPYyroro nopsaxy Juid GyHkuii Y,
Y1 —(a, +ay,)y; — (8,8, —a,3y,) Y, =—a,, f,(X) +a, f,(x) + f(X).
(3.13)

3a TeopeMoro 2.5 3HalieMo 3araabHUN PO3B’SI30K Y, PIBHAHHSA
(3.13). IlizcTaBUBLIM 3arajbHHUNl PO3B’A30K Y, Ta HOro MoxXigHy B
nepure piBHsHHA cuctemu (3.10), orpumaemo po3s’s3ok Y,. Ilapa

KIIHA Y, Ta 1 € 3arayibHUM po3B’s13koM cuctemd (3.10).
1 2

Mpuknag 3.4. 3naiitu po3B’s30k 3axavi Komri
Y1 =Y1+Y, —COSX,
Y, =—2Y, — Y, +COS X +Sin X,

yl(o) =1, yz(o) =-2.

(3.14)

Po3B’sai3aHHsA.
3HaiiieMo  3araJbHUN  PO3B’A30K  CHUCTEMH  METOJIOM
BUKIOUeHHs. [IpoaudepeniiiroeMo nepiue piBHIHHSA CUCTEMU
Y, =Y, +Y,+SinX (3.15)
[TincraBumo Y, 3 apyroro piBasiHHSA cuctemu (3.14) y (3.15), maemo
Y, =Y, —2Yy, - Y, +C0oSX+2sinx. (3.16)
Bupasumo Y, 3 nepmoro piBHsHHs cuctemu (3.14) i migcraBumo e
Bupa3s B (3.16)
y, =Y, —2Yy, —(y; — Y, +COS X) +COS X+ 2sin X.
3BIBLIM MOJI0HI WIEHHU, MpHiiieMo 10 Tu(EepeHIIaTbHOTO PIBHIHHS
JPYroro nopsiky BiTHOCHO QyHKILIT Y,
y,+Y, =2sinx. (3.17)
3rifiHo 3 TeopeMoro 2.5, 3aranbHuil po3B’si30k piBHsHHSA (3.17) €
CyMa MOro JOBIJIBHOTO YaCTHHHOTO PO3B’s3Ky VY.(X) Ta 3araibHOro

PO3B’SI3KY BiAMOBIAHOTO OJHOPIJHOTO PiBHSIHHS Y, (X) , TOOTO

79



yl(X) =Y (X) + Y. (X)

BukopucroByroun ¢opmyny (2.18) nynkry 2.3.2, 3HaX0IMMO

3araJlbHUHA PO3B’SI30K OJTHOPITHOTO PIBHSHHS
Y,(X) =C, cosx+C,sinx,
ne C,, C, — noBisbHi crai.

BukopucroByroun ¢popmyny (2.31) nynkry 2.3.3, 3HaXOIMMO
YAaCTMHHHHA  PO3B’SI30K  HEOJHOPIJHOTO  PIBHSAHHSI  METOJOM
HEBU3HAUYEHUX KOe(]ilieHTIB

Y.(X) = x(acos x+bsin x),
ne a, b — HeBimomi KoedirieHTH.
Hesinomi koe}illieHTH 3HAXOAUMO, IiACTABIAOYU Y, Ta Y. B

HEOJHOpimHE  audepeHIiaTbHe PIBHSAHHA Ta  HPUPIBHIOIOYA
Koe(dilieHTH 371iBa Ta CIipaBa MpH BIAMOBIAHUX BEJIMYUHAX
Xcosx:. a—-a=0,

xsinx: b-b=0,
cosx: 2b=0,
sinx: -2a=2.
3Biacu a=-1, b=0. Toxi Y.(X)=—-XCOSX.
Otxe,
y,(X) =C, cosx+C, sin X —XCOS X.

3Bigcu Y, (X) =—C,sinx+C, cos X —CoS X+ XSin X.
Bupasumo Yy, 3 mepumoro piBHsHHA (3.14), mincraBuBHIM
pO3B’A30K Y, Ta HOro moxiiHy
Y, (X) =C,(—sin x—cos x) + C, (Cos X —sin X) + X(CoS X +Sin x).
[Tapa dpyHKIIH
Y, (x) =C, cosx+C, sin X—XCOS X,
Y, (X) =C,(-sin x—cos x) + C, (cos X —sin x) + X(Cos X +sin X).
€ 3araJIbHUM po3B’si3koM cuctemu (3.14).

Jns 3Haxo/pkeHHA po3B’sA3Ky 3anaul Komrl BukopHcTaeMo
II0YaTKOBI YMOBH, TiIcTaBUBIIH iX y (3.18). Maemo

(3.18)
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10.

¥, (0)=C, =1, - C =1
y,(0)=-C,+C, =-2, C,=-1
OTxe, po3B’s3koM 3amaui Ko cucremu (3.14) € mapa dyHKIrii
Y,(X) = (1—x)cosx—sinx,
Y, (X) = (X—2)cos X + xsin X.

TeopemuyHi numaHHs

Jlatn BHU3HAYEHHS HOPMAJBbHOI CHUCTEMH IU(epeHLiaTbHUX
PIBHSHB.

[lo Ha3uBarOTb  PO3B’SI3KOM  HOPMAJIBHOI  CHUCTEMH
TuQepeHITiaTbHIX PIBHSIHB?

[ITo Ha3uBaIOTh 3arajibkHUM PO3B’SI3KOM HOPMAJIbHOI CHCTEMU
nudepeHIiaTbHIX PiBHSIHB?

CdopmymoBatn 3amauy Komri a1 HOpManbHOI CHCTEMH
nuQepeHIiaTbHIX PiBHSIHb.

Onucatu CTPYKTYypy 3arajbHOrO pO3B’SI3Ky HOpPMAaJIbHOT
JHIMHOT OAHOPITHOI CHCTEMH TU(EepeHIIaTbHIX PIBHSHb.
Onucatu CTPYKTypy 3arajbHOIO PpO3B’SI3Ky HOpPMAaJIbHOT
JHIAHOT HEOTHOPITHOT cUCTEMU AU(EpPEHIIaTbHUX PIBHIHb.
Jlatu BU3HAUEHHsS! HOPMAJIbHOI JIIHIHHOI OJJHOP1IHOI CHCTEMH
JuepeHlialbHuX PIBHAHb N-TO  TMOPSAKY 31  CTaIuMH
KoedillieHTaMHu.

Sk 3HAaXOAMTH 3arajJbHUNl PO3B’SI30K HOPMAJIBHOI JIIHIMHOI
OJTHOPiIHOT cucTeMH JU(EpeHIiaIbHUX PIBHSIHb JIPYTrOro
HNOPSAIKY 31 CTAIMMU KOe(]il[leHTaMHM Y BHUIAJKY AIMCHHUX
PI3HUX KOPEHIB BiANOBIAHOTO XapaKTEPUCTUYHOTO PIBHSAHHSA?
Sk 3HAaXOAWTHU 3arajJbHUN PO3B’SI30K HOPMAJBHOI JIIHIMHOI
OJTHOPIHOT cHuCTeMH JU(epeHIliabHIUX PIBHIHb JPYroro
MOPSAIKY 31 CTaTUMH Koe(ili€eHTaMH Yy BUNIAJKY KOMIUIEKCHO-
COpPSOKEHUX KOPEHIB  BIJMOBITHOIO  XapaKTEPUCTUUYHOTO
piBHSAHHA?

SIK 3HaXOIWTH 3arajlbHUM pPO3B’SI30K HOPMAJIbHOI JIIHIHHOT
OJIHOPIIHOT cHucTeMU Ju(epeHLIaTbHUX PIBHAHb JIPYroro
HOPSZIKY 31 CTAIMMU KoedillieHTaMH Ha BUITaJJ0K 301y KOPEHiB
BIJIMOB1THOTO XapaKTEPUCTHIHOTO PIBHIHHS?
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11.

12.

JlatTn  BW3HAUGHHS  JIHIWHOI  HEOMHOPIAHOI  CHUCTEMU
TuQepeHIiaTbHUX PIBHSAHD JAPYroro MOPSAKY 31 CTauMH
koedirieHTamu.

Onucatd anropuTM METOJy BHUKIIOYCHHS 3HAXO/KCHHS
3arajJbHOTO PO3B’S3KY JIIHIMHOI HEOAHOPITHOI CHCTEMH
TuQepeHIiaTbHUX PIBHSIHD JAPYroro MOPSAKY 31 CTaMMH
koedirieHTamu.

3ae0daHHs Onsi camocmiliHoi po6bomu

|. 3HaliTu 3aranbHUil PO3B’S30K HOPMANBHOI JiHIAHOI OAHOPIAHOT
cucTeMH Au(epeHIiaTbHuX PIBHSAHD JPYrOro MOPSAKY 31 CTaIMMHU
koedirienTamu:
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L {y{=4y1+y2, ) {y{=yl—3yz,
Yo ==2Y;+ Y, Y5 =3, + Y,
{y{=4yl—yz, A {y{:2y1+3yz,
Y = Yy +2Y,; Y=Y +ay,;
{y{=y1+5y2, 6 {y1’=3y1+9y2,
Y; ==Y, —3Y,, . Yy ==Y, —3Ys;
{y1’=5y1+4y2, o {yl’=yl—2yz,
Yy =2y, +3Y,; Y=Y

| {y{——Syl Yz, 10.{y£=y1+3y2,
Yo =Y1— Yo Yo =3Y; + Ys;
.{y{=y1—5yz, " {yl’——3y1—2yz,
Yo=Y = Yas Yy =2+ Y,;
_{y£—2y1+8y2, “ {y1’=2y1—5y2,
Yo = Y1 +4Y,; Y, =5y, +2Y,;
.{y{—2y1+yz, 6. { Yi =Y, +5Y,,
Yo ==Y, +4Y,; Yo =TY,+3Y,;



17.{y§=3y1—5y2, 18.{3@ Y, —2Y,,
Y, :5y1+3y2’ Y, :2y1+5y2;
19, {yf’:4yl+6yz’ 20. {yl A=Yy
Y, :4y1+2y2 yz _y1+4y2;
1. { )’/1’:4y1+y2, 29 { '£:y1+4y21
Y, ==Y, +6Y, Y; =2y, +3Y,;
’3 {yf=3yl—7yz, o {yf':Syl—yz,
Y, :7y1+3y2’ Y, :y1+3y2’
- {y{:5y1+8y2, o6 {yf’:4yl 6Y,,
y; =3y, +3Y,; Y, =6y, +4Y,;
21{%_2”_b’ 2&{ﬂ:2m+3n,
yz y1+4y2’ Y2:8y1+4y2'
- {yf=5y1—6yz, 20, {y{ =12y, - y,,
y, =6y, +5Y,; y; =Yy, +10y,.

Il. 3Haiitu po3B’s30k 3amaui Komri 1as JiHINHOI HEogHOPIAHOI
CUCTEMH AM(epeHIlaTbHUX PIBHAHb JPYroro MOPSAKY 31 CTaIUMH
KoedillieHTaMu:

. {y{=4yl+y2—ezx, ) {y{=2y1+3y2+28inx,

. y£:_2y1+y2+82x, . Y; =Y, +4Y,,
y,(0)=0, y,(0)=1,; y;,(0)=1, y,(0)=0;

3 y, =5y, +4y, +e", 4 y, =Y, +3y, —5C0sX,

" lyL =2y, +3y, +xe¥, |y, =3y, +y, +sinx,
yl(o)zo’ y2(0)=1; y1(0)=11 yz(O)ZO;

: {yl 2y, +8y, +e ™ 6 {yl Y, +5y, +e%,
yz_y1+4y2’ y2:7y1+3y2_293x,
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yl(o) =0, yz(o) =1;

7 {yl 2y1+3y2+2e

Y, =Y, +4y, +3e",
y,(0)=0, y,(0)=1,;

9 y, =Y, +4y, +sinx,
|y, =2y, +3y, —CosX,

yl(o) =0, yz(o) =1,

" {yl Y, +Y, —3e™,

y, =8y, +y, +e¥,
yl(O)ZO, y2(0)=1;

1 {y{=3y1+9y2+1,

Yy =Y, +3Y, + X,
y1(0)=0, yz(O):]-;

15 {y{=—3y1—yz+x,

Yo=Y =Y, —¢€%,
yl(O)ZO, y2(0)=1;

7 {y{=4y1+6y2,

y, =4y, +2y, —¢e",
yl(O)ZO, y2(0)=1;

L {yl' =-Y, +5y, +2x,

Y, =Y, +3Y,,
yl(o) =0, yz(O) =1;

yl(o) =1, yz(o) =0;

o y, =4y, +6y, —2e%,
|y, =4y, +2y, +e”,

¥,(0)=1, y,(0)=0;

y, =3y, +3y, +5e*,
yl(o) :1, yz(o) :0;

L0, {y{=5y1+8yz+ex,

12 {yl’=4yl+yz+29“,
"y, =10y, +y, —e*,
yl(o):]'! yz(O)ZO;

14 y, =Y, +5Yy,—-2sinX,
" |y, =y,—3y, +cosX,

¥,(0)=1, y,(0)=0;

16 y, =Y, +Y,+2sinx,
" |y, =—4y, -3y, +CosX,

yl(o) =1, yz(o) =0;

Y, :8y1+yza
yl(o):]'! yz(O)ZO;

20. {y1:=—5y1—4y2, .
Yy, =-2y, -3y, ¢,
y,(0)=1, y,(0)=0;



’1 {yl’ =6y, +3y, +X+2,
y; =8y, —5Y,,
yl(o) :0, yz(o) =1,

’3 {y{=y1—2yz+><+3,
Y, =2y, +5Y,,
y;:(0)=0, vy,(0)=1;

’5 {y{=3y1+2yz+e“,
" |y; =3y, +4y, +1,

¥,(0)=0, y,(0)=1;

- {y1’=3y1+2y2,
' ' 3x
y2:y1+4y2+e )

yl(o) =0, yz(o) =1;

29 {yl’=6yl+2y2+3x,
Y=Y TY,,
y,(0)=1, y,(0)=0;

- {y{=3y1—2y2,

y, =2y, +8y, —e*,
yl(o) =1, yz(o) :0;

” {yl’ =5y, +2y, +sinx,

Y, =Y, +6Y, +C0sX,
¥:(0) =1, y,(0)=0;

o6 {yl’ =5y, +2y, +2sin X,

Y, =3y, +6Y,,
yl(o) =1, yz(o) =0;

- {y{=4y1+2y2,

Yy, =3y, +5Y, —C0S X,
yl(o) :1’ yz(o) :0;

20, {yl’ =y, +2y, +sinx,

Yy, =3y, +2Y, —COSX,
y,(0)=0, v,(0)=1.
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