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Let CP be the p-dimensional (p > 1) a complex vector space, |n|| =
n+ - tny, 2l =V0alP+. +zl? for n=(m,...,n,) € Z% and z =
(z1,...,2p) € CP, Ry =[0,+00). In the paper we consider the class of
analytic functions f, represented in the unit ball B, = {z € CP: |z| < 1} by

~+oo
power series of the form f(z) = Y. P(z); here Py(z) =ap € C, Pi(z) is a
k=0

homogeneous polynomial of degree k € 7.

We denote My(r) = max{|f(z)|: |z| =r} and m(r, f) = max{|Pc(z)|: k >0},
the maximum modulus and maximal term of series, respectively; r € [0,1).
In particular, the following statements are proved.:

1°. For every analytic function f € &/P, p > 2 and for any € >0 there
exists a set E=E (g, f) C (0,1) of finite logarithmic measure such that the
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1/2+
inequality M(r, f) < (r)ﬁs (ln <M>> 2 holds for all r € (0,1)\ E.

1—r
20, Let h be a contmuous positive increasing to +o on [0;1) functions such
that fol h(r)dr = +eo. If the function f € </P is unbounded, then there exists
a set Ey :=E(f,h) C (0,1) such that nM(r, f) < (1+o0(1))In (h(r)m(r, f))
(r—1-0, re(0,1)\E1), and h-meas Ey = [g o 1) h(r)dr < +oe.
Key words: analytic function of several complex variables; diagonal
maximal term; homogeneous polynomial.

1. Introduction
We use the following standard notation. Let C? be the p-dimensional (p > 1)
a complex vector space, Z/ = (NU{0})P, 2" =Z\" -2, ||n|| =n1+---+np,
2= ]z1*+ ...+ |z|? for n= (ny,...,n,) € Z% and z = (z1,...,z,) € CP,
R4 =[0,+e0). By &7” we denote of the class of analytic functions f: B — C,
(i.e., analytic functions of p complex variables in a ball B? := {z € CP: |z] <
1}, represented by power series of the form

+o0
2)=Y Plz), zeCP (1)

here Py(z) = ap € C, Pi(z) = Ljjn|=k 2" is a homogeneous polynomial of
degree k € Z.

From the one hand, it is well-known that every analytic function f in
the complete Reinhardt domain G with center at z = 0 can be represented in
G by the series of the form

f(2) = f(z1,- ;Zp Z an?". (2)

In[|=0

On the other hand, the domain of convergence of each series of form (2)) is

the logarithmically-convex complete Reinhardt domain with center z = 0.
Aball B,(r) :={z€CP: |z] :==/|z|?+... +|zp|? <r}, r € (0,+0), is

the logarithmically-convex complete Reinhardt domain with center z = 0.

For r > 0, k > 0 and an entire function f € /? of the form (1)) we denote
M(r, f) = max{|f(2)| : € By(r)}, my(r, f) = max{|P(2)] : 2 € By(r)}.

By the maximum modulus principle there exists a point 0 e 9B, (r)
such that my (r, f) = |Pi(z¥))|. The definition of B, (r) implies z¥) /r € IB,,
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hence, P (z¥)) = Py (s®)). Thus P (s®))| = max{|P(z)|: z€B,} =my (1, f)
and therefore s*) does not depend on r. So,

mi(r, f) = P (s")| (r>0, k>0).

According to [l define now the diagonal maximal term of

the series
m(r, f) < max{m(r, f) : k > 0} = max{rFmy (1, f) : k > 0}.

For entire functions of the form (), analogues of the classical Wiman
inequality were probably first established in the article [[1]. In the article [2],
analogues of the Bitlian-Goldberg inequality are established in the case where
deg P, = A; an increasing sequence of natural numbers is such that for the
counting function n(t) = Y5, <, 1 the following condition holds

(3p1 € (0,4)) (3t > 0)(Vr = 10):  n(t+/y(t)) —n(t —/w(t)) <™
for some functions y: R, — R from the class # of positive continuous
increasing on [0, +e0) functions such that

T dx
| < e
w  Y(x)

for some xp € (0,+c0). In this article, we will prove for analytic functions
f € &P of form (1) in the unit ball a number of analogues of the Wiman and
Kovari inequalities, as well as the inequalities from paper [3]].

Let . be a class of positive continuous on R := [0, +e0) the functions
[(t) such that [(1) — oo (t — +o0). By .2} we denote the subclass of L such
that [(¢) 1 oo as x — oo,

2. Some estimates for integral of small parameter.

Let .#(v) be the class of the functions F: (—e0,0) — R, defined by
the Laplace-Stieltjes integral of the form

Flx) = /R a(u)e™v(du), 3)

where Vv is a countable additive measure on the c-algebra #(RR. ) of Borel
sets on R (Borel measure) such that v({x: 0 <x < b}) < +oo for any b > 0,
and the function a: R, — R, be a measurable function. Denote by supp v the
support of the measure v, i.e. the closed set E =: supp Vv such that v(R\ E) =
0and v({u e R: lu—up| < r}) >0 for any up € E and r > 0. For x € R and
F € 7(v) we set

Wi (x) = sup{a(u)e™: u € supp v}, u*(x)=sup{a(u)e™: ucR}.

ISSN 2304-7399. Ipukapnarcekuii Bicauk HTII Yucno. — 2026. — Ne 22 (83). — ¢.917



12 MATEMATHKA TA MEXAHIKA

Note that analogues of Wiman'’s inequality for Laplace-Stieltjes integrals were
previously established, for example, in the articles [4-6].

Let 74 be the class of positive local integrable on (—eo,0) non-decreasing
unbounded functions /g (x) such that f91 ho(x) dx = +oo, 7] be the class of
positive local integrable on (0, 1) non-decreasing unbounded functions £ (r)
such that fol hy(r) dr = H-oo.

First, we formulate one statement from paper [3]] containing an estimate
of the exceptional set in the inequality for the derivative of functions from
the class (V).

We need the following auxiliary statements.

Lemma 1.1 (3], Lemma 1). Letty € (—o0,0) and go(x) be positive differenti-
able non-decreasing on (ty,0) function, y € %, and hy(x) be positive local
integrable on [t;0) function such that j;g ho(x) dx = +oo. Then there exists a
set Eo C [to;0) such that [ ho(x) dx < +oeo and

Vx € [t0:0) \ Eo:  gp(x) < ho(x)y(go(x)).

For a Lebesgue measurable set E C (—e,0), its logarithmic measure is
the quantity
dx

WE) = —.
CChy M

Proposition 1.1 ([5])). Let F € % (V) and the following condition is satisfied
(Je1 > 0)(3ep > 0)(Va > 0)(Vb € (0,a]):  v(a—b,a+Db] <cib+cy. (4)

Then for each € > 0 there exists a set E C (—o0;0) of finite logarithmic
measure, that is, mj,(E) < +oo, such that for every x € [—1,0)\ E

Fx) < K0 (m(’“‘*(x)))l/m. (5)

e x|

We prove now the following proposition.

Proposition 1.2. Let h € .7 be a function such that h(x) > 1 (x € [x1,0)) for
some x] € (—o0,0). IfF € #(Vv), condition () is satisfied and ty € (—oe,0)
be such that InF (ty) > ug, uo(Inug)> = 2c5. Then, there exists a set Ey 1=
E(F,h) C (—e0,0) such that

F(x) <21, (x)ho(x)g(x) (Ing(x))*  (Vx € [x0,0)), glx) =F(x), (6)

for xy = max{xj,f}, and ho-meas Ep := [ ho(x)dx < oo,
Ey

(V x € (t0,0) \ Eo): InF(x) <2In (ho(x)s(x))
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From Proposition [I.2] we obtain the following corollary.

Corollary 1.1. Let h € 5%, F € %(v) and condition (4) is satisfied. If the
function F is unbounded , then there exists a set Ey := E(F,h) C (—oo,0) such
that hy-meas Ey < +o and

InF(x) < (1+0(1))In (ho(x)te(x)) (x— =0, x€ (=1,0)\Ep), (7
in particular, ho(x) . (x) — +oo (x — —0).
Proof of Proposition [1.2) Denote g(x) = InF(x). Then g'(x) = F'(x)/F(x).
Hence, for a = 2g’(x) we obtain
F(x)— / _ alwpev(du) = / _alupe"v(du) <

1

F
< —/ ua(u)e™v(du) <
a Ju>a

Hence,
F(x) < 2/ a(u)e™v(du) <2u.(x)v(2¢ (x)).
u<a

But, by condition (), v(2¢'(x)) < ¢18’(x) + c2, thus,

Fx) < 20 (x)(c18'(x) ).
By Lemma |1.1) with go(x) = g(x), w(u) = u(Inu)?/c; —ca/cy, there exist a
set E C (—o0,0) such that g'(x) < hio(x) <g(x)(1ng<x))2 e —ca /cl) for all
x € (tp,0) \ E and [ ho(x)dx < 4oo. Therefore,

F() < 241,(3) (ho(x)(x) (Ing()* + €2 = eaho(x) )

Since, ho(x) > 1 (Vx € [x1,0) for some x; < 0, thus ¢; — c2hg(x) <0 (Vx €
[x1,0)) and

Vx € [x,0)\E:  F(x) <24 (x)ho(x)g(x) (Ing(x))?,
where xo = max{xj,#}. O
Proof of Corollary 1.1} From inequality (6] in Proposition we obtain
InF(x) <In2+1In <u*(x)h0(x)g(x) (lng(x))2> (x€[x,0)\E). (8
But, the function F is unbounded. Therefore,
In2+In <g(x)(1ng(x))2> —o(InF(x)) (x— —0).

Applying this inequality in (8]), we obtain asymptotic relation (I3). N

ISSN 2304-7399. Ipukapnarcekuii Bicauk HTII Yucno. — 2026. — Ne 22 (83). — ¢.917



14 MATEMATHKA TA MEXAHIKA

3. Wiman’s type inequality for analytic functions ion the unit ball and
diagonal maximal term.
Based on Proposition we will first prove the following statement.

Theorem 1.1. For every analytic function f € &/, p > 2 and for any € > 0
there exists a set E = E(8 f) € (0,1) of finite logarithmic measure, i.e.,
In—meas E = || ENO,1D) T < 1°° such that the inequality

m(r, f) m(r f)\\V/2re
o = (20 o
holds for all r € (0,1) \ E.

Proof of Theorem 1.1} Let (P;) be a homogeneous polynomial of deg P, = k,
2=rs=(rs1,...,r5p) € Bp(r), ()<r< 1. Hence, s € B,,. So, we have f(z) =
Y70 Pe(s). Since, my(1, f) = 1P (s%))| = max{|P(z )| z € B,}, we obtain

M) = max{11 ) € B0} = maxdl ) s € By) <
~+o0
< Y Amax{|A(s)]: seBp}—Zr"mk LN HE). (0
k=0

Let v(E) = ZSk( ), where 8, (E)=1for A €E, 63 (E)=0forA ¢ E

for every bounded set E CRy. We put a(u) =my(1,f) for u=k, a(u) =0
forue R\ Zs;.
Then

F(x):=H(e") = /R a(u)e™v(du), pp(e’)=pu(x) (x<0). (11)

Here F is a function, for which condition (4)) of Proposition [I.1] holds. We
put r = ¢* and denote E = ¢£1. Now from Proposition [1.1]it follows

M(r,f) — ( ,f) ( ) < |‘uTI(+Z <ln (“T)Er)>>l/2+s _

_ L (¢¥) (11’1(“H(ex)>>]/2+8 _ m(r, f) <ln<m(r’f)>>l/2+£' (12)

|1 & |1 &

for all x € (—o0,0) \ E1, min(E1) == [g,n-10) % < oo,
It is easy to see that 1 —r < |x|. So, from inequality we obtain that
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inequality (9)) holds for all r € (0,1)\ E. Since, |Inr| ~1—r~|x| (r—1-0)
and

dr dr dlnr
/ < o0 <— = / < oo <—>
EN@,1) 1 =71 En(i/e) r(L=r)  JEn(1je) 1 =7

dx dinr
my(Ey) =/ — =/ < +oo.
Ein(=1,0) [x|  JEA(1/e,1) [In7]

So, In—meas E = fEmOl) ~ < oo O

In exactly the same way as we obtained Theorem from Corollary
we obtain the following statement.

Proposition 1.3. Let h € 77, f € o/P. If the function f is unbounded, then
there exists a set E| := E(f,h) C (0,1) such that

InM(r, f) < (1+o0(1)In (h(r)m(r,f)) (r—1-0, re (0,1)\Ey), (13)

and h-meas E1 = g, 1)h(r)dr < +ee. In particular, h(r)m(r, f) = +eo (r —
10, rd Ey).

Proof of Proposition [1.3] From asymptotic relation in Corollary [I.1] wi-
th ho(x) = h(e*), using and (I1)), at r = ¢* we obtain

InM(r,f) =InM(e*, f) =InF(x) < (140(1))Iln (ho(x)/.t*(x)) =
=(1+o(1))In(ho(x)uu(e)) (x— —0, x € (—1,0)\ Ep). (14)

Denote again E] = exp{Ep}. Then from asymptotic relation we obtain
InM(r,f) < (1+o0(1))In(h(r)u(r,f)) (r—1-0, re(0,1)\Ey),

and also
h—meas(E / dr</ h( )dlnr:/ h(e“)dx =
Ey
/ ho(x)dx = hop — meas(Ey) < +oo.

]

The following statement indicates that € in the exponents of the power
in the inequality (5)) cannot, generally speaking, be replaced even by 0.
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Proposition 1.4 ([5]). For each measure v such that

(Vx € (—0,0)): /R exp{ux}v(du) < +eo

+

and
(Je1 > 0)(3cr > 0)(Va > 0)(Vb € (0,a)):  v(a—b,a+b] > c1b+ca, (15)

there exists a function F € .#y(Vv) such that

lim F(x) (“*(x)(1n<“*(X)>>l/2)_l > 0. (16)

x——0 ’X’ ’X’

Remark 1.1. It seems plausible that from this statement we can obtain a simi-
lar statement for analytic functions in the unit ball. We add that we managed
to implement a similar approach in paper [2] for entire functions of form ().

Author Contributions. A.Yu. Bodnarchuk and O.B. Skaskiv have contri-
buted in the conceptualization,methodology, validation, writing. V.O. Basovs-
kyi and O.M. Trusevych has contributed in the investigation and writing-
original draft, preparation.

Acknowledgments. The research of A.Yu. Bodnarchuk and O.B. Skaskiv
was funded by the National Research Foundation of Ukraine (project “Newest
complex probabilistic methods forstudying asymptotic properties of analytical
solutions of differential equations representedby multiple random series and
integrals and their potential applications”, 2025.07/0427, 0126U002547).

References

1. LF. Bitlyan, A.A. Goldberg, Wiman-Valiron's theorem for entire functions of several
complex variables, Vestn. Leningrad univ. ser. mat., mech. and astr. 2 (13) (1959), 27-41.
(in Russian)

2. A.O. Kuryliak, O.B. Skaskiv, S.I. Panchuk, Bitlyan-Gol'dberg type inequality for
entire functions and diagonal maximal term, Mat. Stud., 54 (2) (2020), 135-145.
doi:10.30970/ms.54.2.135-145

3. O. Skaskiv, A. Kuryliak, Wimans type inequality for analytic and entire functions
and h-measure of an exceptional sets, Carpathian Math. Publ., 12 (2) (2020), 492-498.
doi:10.15330/cmp.12.2.492-498

4. Skaskiv O.B. On certain relations between the maximum modulus and the maxi-
mal term of an entire Dirichlet series, Math. Notes., 66 (1999), no. 2, 223-232.
doi:10.1007/BF02674881

5. L.Ye. Ovchar, O.B. Skaskiv, On the estimates of the Laplace integrals on the small
parameter, Carpathian Math. Publ., 3 (1) (2011), 106-111. (in Ukrainian) https://
journals.pnu.edu.ua/index.php/cmp/article/view /3960,/4570

ISSN 2304-7399. Ipukapnarcekuii Bicauk HTIIL Yucno. — 2026. — Ne 22 (83). — ¢.917


https://doi.org/10.30970/ms.54.2.135-145
https://doi.org/10.15330/cmp.12.2.492-498
https://doi.org/10.1007/BF02674881
https://journals.pnu.edu.ua/index.php/cmp/article/view/3960/4570
https://journals.pnu.edu.ua/index.php/cmp/article/view/3960/4570

MATEMATHKA TA MEXAHIKA 17

6. A.O. Kuryliak, I.LE. Ovchar, O.B. Skaskiv, Wiman s inequality for Laplace integrals, Int.
Journal of Math. Analysis, 8 (8) (2014), 381-385. doi:10.12988/1jma.2014.4232

Received by Editorial Board April 6, 2026
Accepted by Editorial Board April 23, 2026

HEPIBHICTH THUITY BIMAHA I JIIATOHAJIbHUA
MAKCUMAJIbHUM YIEH

B.O. Bacoscbkun'!®, A.I0. BoaHapuyk!®, O.5. CkackiB'*®,
O.M. TpyceBuy>

Uvsiscoruii nayionanshui yHigepcumem imeni Isana Opanka;
79000, eéyn. Yuisepcumemcoka, 1, Jlvsis, Yrpaina,
2 JTvgigcoKuil oeporcasHull yHisepcumem Oe3neKu HCummeoiinbHOCMI
79000, syn. Knenapiscvka, 335, JIvsis, Ykpaina
e-mail: basovskyvitaliy1993@gmail.com, S8andriyllll@gmail.com,
olskask@gmail.com, o.trusev@ldubgd.edu.ua

Hexati CP — p-gumipnuui (p > 1) xomniekchuil 6eKmopHuil npocmip,
Inl| =n1+ - +np, 2 =V]aP+...+ |zl 012 n=(ny,...,n,) € ZE ma
2= (21,...,2p) € CP, Ry =[0,400). B cmammi posensidaemvcs Kia auani-
muynux gyuxyit f, npeocmasnenux 6 oounuunii kyni B, = {z € CP: |z] < 1}

~+o0
cmenenesum psoom euensidy f(z) = Y. PB(z); mym Py(z) = ap € C, B (z) -
k=0

00nopionuti noninom cmenens k € Z.. Ilosnauumo Ms(r) = max{|f(z)|: |z| =
r}im(r, f) =max{|P(z)|: k> 0} — maxcumyym mooyns i MmaxcumanoHuii uien
paody, 6i0noeiono. B cmammi, 30xkpema, 006e0eH0 HACMYNHI MBEPOIHCEHH:
10, JTna xoxcroi ananimuunoi gynxyii f € /P, p > 2 i ons dosinerozo € > 0
icnye muoocuna E = E(g, f) C (0,1) ckinuennoi nocapughmiunoi mipu i maxa,
ot m(r.f) mirf) V) /2TE :
wo Hepignicmo M(r, f) < (—rree <ln< 12 )) BUKOHYEMBCS OJIsL BCIX
re(0,1)\E.
20, Hexaii h — nenepepsna 0odamua 3pocmaioua 0o ~+oo na [0;1) gynxyis
maka, wo fol h(r)dr = +eo. Axwo gyuxyia f € /P — neobmescena, mo icnye
mnoxeuna Ey = E(f,h) C (0,1) maxa, wo h-meas Ey = [, ¢ 1) h(r)dr < oo
ma InM(r, f) < (14 0(1))In (h(r)m(r,f)) (r—1-0, r € (0,1) \ E}).
Knrouoei cnosa: ananimuuna gpynkyis 6i0 6azamvox KOMNJIEKCHUX 3MIH-
HUX, 0Ia2OHANbHUL MAKCUMATbHUL YlIeH, OOHOPIOHUU NOJIIHOM.

ISSN 2304-7399. Ipukapnarcekuii Bicauk HTII Yucno. — 2026. — Ne 22 (83). — ¢.917


https://doi.org/10.12988/ijma.2014.4232
https://orcid.org/0009-0001-4119-2892
https://orcid.org/0009-0003-9935-7498
https://orcid.org/0000-0001-5217-8394
https://orcid.org/0000-0002-8746-1576

	Introduction

