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R . M . T a ts i j ,  O . Y u . C h m y r , O . O . K a r a b y n
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T H E  T O T A L  F IR S T  B O U N D A R Y  V A L U E  P R O B L E M  F O R  
E Q U A T IO N  O F  H Y P E R B O L IC  T Y P E  W I T H  P I E C E W I S E  
C O N S T A N T  C O E F F IC IE N T S  A N D  ^ -S IN G U L A R IT IE S

For the first time a new formal solving scheme of the general first boundary value problem 
for a hyperbolic type equation with piecewise constant coefficients and ^-singularities was 
proposed and justified. In the basis of the solving scheme is a concept of quasi-derivatives, 
a modern theory of systems of linear differential equations, the classical Fourier method and 
a reduction method. The advantage of this method is a possibility to examine a problem 
on each breakdown segment and then to combine obtained solutions on the basis of matrix 
calculation. Such an approach allows the use of software tools for solving the problem. 
MSC: 34B05.
Key words: quasi-differential equation, the boundary value problem, the Cauchy matrix, the 
Dirac function, the eigenvalues problem, the method of Fourier and the method of eigenfunc­
tions.
DOI: 10.18524/2519-206x.2019.1(33).175549.

I n t r o d u c t i o n .  M ethods for solving nonstationary  boundary  value problems 
can be divided into direct m ethods which basis includes the separation of variables 
m ethod, m ethod of sources (G reen’s function m ethod), m ethod of integral transform s, 
approxim ate m ethods and num erical m ethods.

The scheme proposed in this article belongs to  the direct m ethods for solv­
ing boundary  value problems. In the basis of th is scheme is the  concept of quasi­
derivatives [1 0 ] th a t lets to  bypass the problem  of m ultiplication of generalized func­
tions.

F irst of all a mixed problem  for the heat equation w ith piecewise continuous 
coefficients by the general boundary  conditions of the first kind [1 1 ] was solved.

The general boundary  value problem s for hyperbolic equation w ith piecewise con­
tinuous on spatial variable coefficients and right p a rts  was considered in [7].

This article examines the general first boundary  value problem  for a hyperbolic 
type equation w ith piecewise constant coefficients and 6 - singularities. W ith  the use 
of the  reduction m ethod solving of such a problem  is reduced to  finding a solution 
of the s ta tionary  inhomogeneous boundary  value problem  w ith the initial boundary  
conditions and the mixed problem  w ith the zero boundary  conditions for an inhomo- 
geneous equation.

M a in  R e s u l t s

1. M a in  d e s ig n a tio n s ,  fo rm u la t io n  o f  t h e  p ro b le m  a n d  s u p p o r t in g  s t a t e ­
m e n ts . Let I  be an open interval of the  real axis R, [x0; x n] C I  -  segment of the 
real axis; 0  =  xo < x \  < x -2 <  . . .  <  Xj_i <  Xj <  Xj+i . . .  <  x n - i < x n =  I -  a rb itra ry  
partition  of the  segment [x0; x n] of the  real axis O x  into n  parts.

Received X X . X X .X X X X © R . M. Tatsij, O. Yu. Chmyr, O. O. Karabyn, 2019



The total first boundary value problem, 87

L et’s declare the  m ain designations:
Qi -  characteristic function of the interval ), th a t is

, 1 , x G  [xi , x i+ i ) , _______
6i (x) =  { , [ i, i+1), t =  0 , n  — 1 .

0 , x  (/ [ x i , x i+ i ) ,

n-1
R e m a rk  1. Let a i i , a 2i , i =  0, n  — 1 be real num bers. If a i =  ^  a ii^i, a2 =

i= 0
n—i n—i n—i

a2i0i , then  a i ■ a2 =  ^  a u  ■ a2i0i . In particular, if a =  ^  a i0i , then  ^ =  
i= 0  i= 0  i= 0
n - 1
E  a- Qi.
= 0

L et’s declare B V l+c(I)  as a class of continuous from the right functions, locally 
bounded on I variation [2].

Let m i , i =  0, n  — 1, M i , i = 1 ,n  — 1, Ai , i = 0 , n  — 1 b e  positive real num bers, gi , 
i =  0, n  — 1, si , i =  1, n  — 1 -  real num bers and Si =  5i (x — xi ) -  5 - D irac’s function 
w ith a carrier a t the point x  =  x i G I .  L e t’s define

n—i n—i n—i
m (x) =  E  miOi + £ ]  Mi5(x  — xi); A(x) =  Ai9f;

= 0  = i = 0  
n—i n—i

f ( x )  =  g(x)  +  s (x) =  ^  9i$i +  E  Si< î(x — xi).
= 0  =i

fNote th a t if M (x) is an antiderivative for m (x), then  m (x) =  M '(x ). We assume 
here, th a t the function M (x) is extended arb itrarily  (for example, zero) on the  interval 
I/[x0'; xn].

L e t’s examine the general first boundary  value problem  for a hyperbolic type 
equation

d 2u d (  d u \  
m ( x ) ^ 2  =  ^ : ( A(x) ~q^ J  + J ( x ), x G  (xo;xn),  t  G ( 0 ;+ to ) ,d t 2 dx  

w ith  the boundary  conditions

( 1 )

u(xo, t) =  ÿo(t),  

u(xn ,  t) =  ^n(t ) ,
t  G [0 ; + ^ ) (2 )

and the initial conditions

u(x,  0 ) =  y>o(x),
du 
dtdU (x>0) =  v i W ,

G [xo; xn], (3)

where ^ 0(t), ^ n (t)G(72 (0 ;+ to ) , ^ 0 (x), y>i(x) are piecewise continuous on (x0 ;x n ).
The m ethod of reduction for finding a solution of the problem  is described in 

detail in [1,12] for example. In accordance w ith this m ethod we can find a solution 
to  the problem  as a sum  of two functions

u(x,  t) =  w(x,  t) +  v(x,  t). (4)

x
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L et’s choose one of the  functions for exam ple w(x, t) in a particu lar m ethod, then 
the v(x,  t) function will be defined clearly.

2. B u ild in g  th e  f u n c t io n  w(x, t).  L e t’s define a function w(x, t) as a solution 
of a boundary  value problem

(X(x ) w x ,)x ' =  -  f  (x) (5)

w(xo, t) =  ^o(t) ,
( 0 , )  t e  [0 ; + to ) .  (6 )

w (x„, t) =  ^n(t ) ,

Note th a t a variable t  is considered as a param eter here.
In the  basis of the solving m ethod  of the problem  (5), (6 ) is the  concept of quasi­

derivatives [9].

—  (  w  \  — (  0
L et’s introduce the  vectors W  =  , where w [1] =  Xwx , G  =

\ w W j  \ - g  (x) I

_  (  0 \  _  n - l _
Si  =  I 1 , 5  =  Si  • Si. Using these definitions, the quasi-differential equation

i=1
(5) simplifies to  the equivalent system  of differential equations of the  first order

W j  =  | 0  ^  ) • W  *  G  *  S . (7)
0 0

As a solution of the system  (7) we take a vector function W ( x ,  t) th a t belongs 
to  the B V +  (I)  class by the x  variable and fulfills the system  (7) in a generalized 
sense [9].

B oundary conditions (6 ) can be w ritten  down in vector form

P  • W ( x o ,  t) +  Q • W ( x n , t) =  r ( t ) , (8 )

/ l  (A / 0  0 \  _  ( ^o(t)
where P  =  I ) , Q =  I ) ,  T ( t )  1 w

\ 0  0)  \ i  0)  \ M t ) ,

Let wi(x,  t),  w f \ x ,  t) and gi(x)  be defined on the  interval [x * ;x ^  1). L e t’s define

w ( x,  ) =  E wi(x,  t)6i. (9)
i= 0

On the [x * ;x ^  1) interval the  system  (7) is represented as

; ■ ) '  - ( : :  ) ( : > )  * ( - : . )  * (  • ^  - ■x

where s0d=  0 .
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L et’s examine a homogeneous system  th a t corresponds to  the system  (10)

Wi I =  I ^  l l  Wi 

<$/ X v V  \W[11 ^
The Cauchy m atrix  Bi(x,  s) of such a system  is represented as

B , ( z . , ) =  I 1  ^ ' l  , (11)

X
where bi(x, s) =  f  y :dz  =  .

S
L et’s define (for an a rb itra ry  k  >  i)

B ( x k , X i f = f  B k- i ( x k, x k- i )  • B k- 2( x k- i , x k- 2) • . . .  • B i ( x i+i , x i ) .  (12)

The s tructu re  (11) of the m atrices Bi  (x, s) allows us to  define the structu re  of 
the m atrix  (1 2 )

/  fc-iI 1 Xm+i
A„m=i

\ °  1
f

besides th a t B ( x k, x k ) =  E,  where E  is an identity  m atrix.
The solution of the system  (10) on the interval [x*; Xj+ i ) is

X

W i  (x , t )  =  B i ( x , x i )  • P i  +  J  Bi (x , s )  • Gi(s)  ds =

Xi

_  Z Q. (z-z*)2 \
=  B i ( x , x i ) • P i  +  I y* 2A* I , (13)

\ ~ 9 i ( x  -  Xi) J

where Pi  is a yet unknown vector [1 1 ].
Similarly on the interval [xi - i ; Xj)

X

W i - i ( x , t )  = B i - i ( x , x i - i )  • P i - i  +  B i - i ( x , s )  • G i - i ( s )  ds =

_  - q  _ i (x-x^- i )
=  B i - i ( x , x i - i )  • P i - i  +  | 2X*-1

—9 i - i (x — x i- i )^

At the point x  =  Xi the  conjugation condition has to  be fulfilled th a t is 
W i ( x i , t )  =  W i - i ( x i , t )  +  S i [13]. As a result we get a recurrence relation

Xi

P i  =  B i - i ( x i , x i - i )  • P i - i  + B i - i ( x i , s )  • G i - i ( s )  ds +  S i . (14)

Xi- 1

Ki- 1
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By the m ethod of m athem atical induction from (14) the  following is received

i
P i  =  B ( x i , xo) • P o *  £ b (  x i , x k) Z k, (15)

k=o

where Z k =  f  B k ~ i ( x k , s) ■Gk- 1(s )ds  +  S k 
&k — 1

a, -, _æfc- 1 )2 \ i nyk-1 2\u 1 \ , I 0

, — 9k — 1( x k — x k_l)  )  \  — Sk
______  _ _ _ d&f _ _

k  =  1 ,n  — 1, note th a t Z o =  0, S n =  0; P o is the  initial (unknown) vector.
In order to  find P o the boundary  conditions (8 ) should be used, where we define

W  (xo, t f =  P  o, ^

(xn , '̂) n — 1 (xn , '̂) B n_ l  (xn , x n_  1)P  n— 1 +  J  B n_ 1 (x^  ^  ■ G n _ l ('5) d$
Xn-1

_ n— 1 _
B n—1 (xn , x n — 1)B  (xn— 1 , x o ) P o +  B n — 1 (xn , x n— 1) B ( x n— 1, x k ) Z k +

k = 1
x^ _ _ n _

+  J  B n—1 (xn , ^0 ■ G n— 1 ( ^0 d$ B ( x n , x o )P  o +  B ( x n , x k)Z  k.
xn—i k=1 

_ n _ _
Then [P +  Q B ( x n , xo)]Po +  Q B ( x n , x k )Z k =  r ,  and as a result

k=1

P  o =  [P +  Q ■B (xn ,xo)] —1 ■ r  —1 ■ f r  — Q ± B (
\  k = 1

L e t’s evaluate

[P +  Q ■ B ( x n , xo)] —

1
1 ^m(xm+1, x m)

m=o 
0 1

1 0
1 1 

&n &n l

1 1
where an =  bm (xm+1 , x m ) =  Xm+\  Xm, a od=f  0 ;

r  — Q ^  B ( x n , x k) Z k =  
fc= 1

(16)

x ^ 2 , B ( x n , x k )
fc= 1

B k — 1( x k, S) ■ G k — 1($) d$ +  S k
\Zk-

L e t’s w rite down the right side p a rt (17) in a m atrix  form

xk _ _ / 1  bk_i ( x k, s )
f  B k- i ( x k, s) • G k- i ( s ) d s  *  S k =  /  I

Xk-1 Xk-1 \ 0 1

+

/ \
— f  bk—1 ( x k, s) ■ gk—1 ds 

%k — 1

— f  9k —1 ds — s k 
%k — 1

def I ~̂ k—1( x k )

/
4 ;- 1 (x fc) — S k t

0

-gk—1/ 

=  z  k

ds+

(17)

1

1

x
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3-k—l ( x k )
n - 1

k= 1 4 - 1 (xk ) -  S k i  k = 1
E

1 ^m(xm +^ x m )

0 1

k- 1 ( x k)

 ̂-̂ k— 1 (xk ) — sk ! 

Thus, we receive

k= 1
I  n (  [1] n— 1 AN

E  [ I k —1( x k ) +  (Ik — 1( x k ) — s k ) • E  (xm +^ x m) j

[1] 
k—1

k=1
£  ( 4 — 1 (xk) — Sk)

b  —  1 V / /

r  — Q ^ B ( x n , x k  )Zk
k= 1

k= 1
E  [ Ik  — 1( x k ) +  ( -fk-—1(xk ) — s k ) • E  (xm+1 , x m )

n —1

k= 1
£  (/k —1 (xk) — s k)
I— 1 '  '

^o(t)
n—1

'^n(t) — E  ( h  — 1( x k ) +  (4 — 1 (xk) — sk ) • E  (xm+1 , x m )
k= 1

L e t’s substitu te  (18) to  (16)

(18)

P  o
1 0

Gn Gn )

^o(t)

\ k=1
r̂ n (t ) — E  ( h  — 1( x k ) +  ( 4  — 1 (x k) — sk ) • E  (xm+1 , x m )

1

m= k

^o(t)

k= 1
(-^k—1 (x k ) +  ( Ik — 1( x k ) s k) • ^m(xm+1 ,x m)

1

m= k

. (19)

Based on the formulas (13), (15), (19), after perform ed transform ations an image 
of the vector function W i (x, t) on the interval [x^x^+i) is received

W i ( x ,  t) =  Bi(x ,  xi) ■ ^ B ( x i ,  xo) ■ P o +  B(x i ,  x k )Zf} j  +  j  B i (x ,  s) ■ Gi(s) ds =

1 bi(x, x i )  ̂ j  1 j 1 bi(x, x i ) i  ̂

, 0  1 I \ 0  1 1 o +  j 0  1 ) É 1

—1
1 bm(xm+1, x m ) \ —

k i Z  k +
0 1

k X

X

X

kX

k

X

X
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+ 1 I 1 ■ C , W ds  =  I 1 h' (Z’Z' ) +  ■ P o+
0  1 0  1

+
1 bi(X’Xi) 

0 1

(  i (  [i] 1 AN
[ I k - 1  (Xk ) + (I k- 1( x k ) — s k ) (%m+1’ %m )

k = 1 \  m=k y

£  (/k 1l i ( x k ) -  
k = 1 v '

+

/
(  X \

-  /  6j(X’ s) ■ & ds
+

V
-  /

/

1 bi (X’Xi ) + f f i \
• "  o+

0 1

+

I  i (  [1] i~ 1 NN
£  \ I k - 1 (Xk ) + (I k - 1( x k ) — sk ) £  ^m(^m+1 ’ &m )
k=1 \  m=k y

£  ( J k - i (xk) -  +  / ] 1](^ ) 
u _ i  V /

+

k = 1 /

+
6j(X’Xj) £  ( 4 - ^ ^ )  -  Sk)  +  ij(x )

(2 0 )

\ 0

The first coordinate of the vector W i ( x , t )  in (20) is indeed the searched function 
Wi (X’t).  Therefore

Wi(X’t) =  ^o(t)  +  (bi(X’Xi) +  (Ti) ■ ^ n(t)---- 1 0 ? ! ---- L  (bi(X’Xi) +  ai) x

x I ^   ̂ ( Ik — 1(^k  ) +  (^k — 1(^ k ) sk ) ^   ̂ ^m(^m+1’ %m) I I +
\k=1 \  m=k J  J

+  'y '  I I k—i( x k) +  (^k^ i(Xk) -  s k) E  &m (^m+1’ &m ) +
k = 1 \ m=k /

%
+bi (X’Xi) ^  ( i k —A x k ) -  Sk)  +  I i(x) .

k = 1
(2 1 )

By substitu ting  the expression (21) into (9), the solution on the  whole interval 
[x0; x n] is received.

3. B u ild in g  th e  fu n c t io n  v (x , t ) .
L et’s w rite down a mixed problem  for the  function v (x , t ) .  Substitu ting  (4) into 

(1) and considering th a t the  function w ( x , t )  fulfills (5), an inhomogeneous equation 
is received

d 2v d f  d v \  d 2w
m (x ) ~Q̂2 -  ~ Q ^ \ ^ ( X) =  - m (x ) ’ x  e  (x o; Xn)’ 1 6  (0 ; + TO). (2 2 )
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L et’s substitu te  (4) into the initial conditions (3). In itial conditions for the  func­
tion ( x,  ) are received

Since the function w(x ,  t) fulfills the  boundary  conditions (6 ), then  from (4) the 
boundary  conditions for the  function v(x,  t) will be the following

Therefore under the  condition th a t the solution w(x,  t) of the  problem  (5), (6 ) is 
known, the  function v(x,  t) is the  solution of the mixed problem  (22)-(24).

4. T h e  F o u r ie r  m e th o d  a n d  th e  e ig e n v a lu e  p ro b le m .
4 .1 . E x p a n s io n  b y  e ig e n fu n c tio n s .

L e t’s examine the  corresponding homogeneous equation for the equation (22)

where w is a param eter, e is a constant, X ( x )  is a yet unknown function [1 ], th a t 
fulfill the  boundary  conditions (24).

L e t’s substitu te  (26) into the equation (25). Quasi-differential equation is received

L e t’s substitu te  (26) into the conditions (24). The following boundary  conditions 
are received

As a solution of the equation (27) consider an absolutely continuous on the interval 
[x0 ;x„] function X (x) th a t fulfills it in a generalized sense [9].

The problem  (27), (28) is the eigenvalue problem . The properties of the  eigenval­
ues wk and the eigenfunctions of the problem  (27), (28) are described in detail in [8]. 
In particular, it is established th a t all eigenvalues wk > 0 [5]; eigenfunctions X k (x, wk) 
are orthogonal w ith the weight m (x )  =  d M (x):

(23)

where $ o (x )d==/  y>o(x) - w ( x ,  0 ), $ i ( x ) d==/  <£>i(x) -  (x, 0 ).

v(xo, t) =  0 , 

v ( x n , t) =  0 ,
t  G [0 ; + ^ ) . (24)

(25)

Now le t’s find its nontrivial solutions

v(x,  t) =  sin(wt +  e) • X ( x ) , (26)

(A(x)X '(x ) ) ' +  w2m ( x ) X  (x) =  0. (27)

X  (xo) =  0, 

X  ( in )  =  0.
(28)

X-n
J  X i ( x ,  Wi) • X j ( x ,  Wj) d M (x) = 0 , i =  j

X q
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\\Xk II2 = J  X l ( X ’Uk) d M  (x).  (29)
X0

If F (x )  is an absolutely continuous function th a t has different analytical expres­
sions on each of the intervals [#*; x*+i), th a t is the  function allows the image

.2—1
F (x) =  ^  Fi(x) ■ 0i (3°)

i= 0

on the interval [xq; x n], then  its expansion by the  eigenfunctions ( x , ^ k) is the 
following

^ (^ ) 3̂ (^ , ^ k  ) , 
k=i

where the Fourier coefficients Ffc are com puted by the formulas

F k =  1 2 I  F (x)  ■ X k( x , u k) dM (x ) .  (31)
\\x k || J

X q

In tegration of the function F (x )  is perform ed as the  R iem ann-Stieltjes integral 
w ith respect to  the  m(x) ,

/ H f  f
F (x )  d M ( x )  = ^ 2  mi  F ( x )  dx  +  ^  Mi ■ Fi(xi) .

X0 i=o X  i=1

Functions of the  type (30) are in tegrated  the following way [9]: if

n—1 n—1
Fi(x)  =  ^  F a ( x )  ■ 6i, F2(x) =  Y ,  F2i(x ) ■

then
n— 1 Xi+1

/ Fi(x)  ■ F^(x) d M  (x) =  Y ,  m ii ■ m 2i /  Fli (x) ■ F2i (x) dx+
=0Xo Xi

n 1

+  Y  M 1i ■ M 2i ■ F 1i(Xi) ■ F2i (Xi), (32)
1

y  n - 1 Xi+1
\\Fk ||2 = J  Fk:(x ) d M (x ) =  Y  m ki J  F ki(x )dx+

-1

+  E  M 2i ■ F K X)  k ^  1 . (33)
i=1

The expression (32) is the  dot product of the functions F 1 (x) and F2(x). The 
expression (33) is the  norm  square of the  function F k (x).
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L et’s define
n — 1

X k  (x,t^ k ) ^   ̂X ki ( x , &k) ■ $i- (34)
i= 0

Then for the Fourier coefficients Fk and for the X k  (x) from the (31) and (29) the 
following is received

1 f n —1 Xi+1 n— 1 \
Fk .. |"j"2 I ^  y !̂ i  i Fi (x) ■ X ki ( x , ^ k ) dx  +  ^   ̂M i ■ Fi (x i ) ■ X ki (xi , ^k  ) I , 

X k =o = 1

-| 3-”i+ 1 -|n— 1 + n— 1
wx k f = ] C m ki [  x ki( x , ^ k ) d x + j : m i • x i (x i , ^ k ) .

o

4 .2 . C o n s t r u c t io n a l  a p p ro a c h  to  b u ild in g  e ig e n fu n c tio n s .

_  ( x \
Let ’ s introduce a quasi-derivative X  W =  X X ' a vector X  =  I I and m atricesW

/  0  /  0  o \
A k =  k I , C k =  I . Now le t’s reduce a quasi-differential

\ - m k J  0 J  \ - M k J 1 0J
equation (27) to  the  system  of the  first order differential equations

(n - 1 n—1 \
Y  Akdk  +  Y ,  Ck S(x  - x k ) ■ X .  (35)

k= 0  k= 1  )
Similarly to  the paragraph  2.2, the solution of the  system  (35) is considered to  

be a vector function X (x, w) G B V+C(I)  th a t fulfills it in a sense of the theory  of 
generalized functions.

L e t’s w rite down the corresponding system  on the interval [xj, x i+1) in a following
way

X j  =  (Aj +  Cjdi) • X j ,  i =  0, n  — 1.

It is known [9] th a t the jum p  of the system ’s solution a t the point x  =  x i is 
A X j(x j) =  Cj X j_ i(x j) .

This gives an opportun ity  to  reduce the  problem  to  the  equivalent problem  of the 
system  of impulsive differential equations [6 ]

—1
X  ' =  Y A k°k ■ X ,  (36)

k=o

X i (x i ) X i —1(x-i) Ci X ■l—1(x^) 

and the following boundary  conditions

P X  (xo) +  Q X  ( x n ) = 0 .  (37)

The system  is exam ined in detail in [9]. L e t’s note the m ain properties of the 
system:
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•  th is system  is proper (namely, it is clearly defined in a sense of the theory  of 
generalized functions), because the following condition is valid

2

Cl
0  0 \

i —M k u 2 0
0  0 \ 

0 0

•  the fundam ental m atrix  (analog of the  Cauchy m atrix  on the whole interval [xo; x„]) 
has the  following structu re

B (x ,  xo, u p Y .  B i (x ,  xi,  u ) ■ B( x i ,  xo, u ) ■ 6i
n—1

(38)

___ _____
where B ( x i , x o,w) =  n  Cj • B i - j (x i - j+i ,  x i—j , w) , Ci (E  *  C j) , i 1, n  1,

j=o
B (x i ,  x^, w)<—  E .

W ith  a direct verification le t’s ascertain th a t the  Cauchy m atrix  Bi(x ,  s, w) of the 
system  (36) on the interval [x*;x*+i) is the  following

cos a.i(x — s)
Bi (x ,  s, u )

sin ai{x — s) 
\i&i

—\iO,i sin a i (x — s) coso.i(x — s)
where ai  =  u  / .

L e t’s define

B ( x n , x o , u )
def ! b n ( u )  b n ( u )

(39)
 ̂&2 l(w) &22(w),

The nontrivial solution X ( x , w )  of the system  (35) can be found as

X ( x ,  u ) =  B (x ,  x o, u )  ■ C , where C  = is some nonzero vector.
C2

The vector function X ( x , u )  has to  fulfill the  boundary  conditions (37). T h a t is

P  ■ B(xo,  xo, u ) + Q ■ B ( x n , xo, u ) ■C =  0 ,

taking into consideration th a t B ( x o, x o,w)  =  E,  the  following equation is received

P  + Q ■ B ( x n , x o , u ) ■C =  0 . (40)

In order for the nonzero vector C  to  exist the validity of the following condition 
is necessary and sufficient

det P  +  Q ■ B ( x n ,x o , u ) 0 . (41)

L e t’s concretize the left p a rt of the  characteristic equation (41), taking into con­
sideration the m atrices P , Q and (39)

det P  +  Q ■ B ( x n , xo, u ) =  det
1 0 \  I 0  0  \  I bn (u) 612 (u) 

1 0 0 / \ l  0 / \b21(u) b n  (u)
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=  det =  bu(w) .
1 0

^ i i ( w)  6 i2 (w)y 

L et's  make the following proposition.

R e m a rk  2. Characteristic equation of  the eigenvalue problem is the following

M w ) = 0 .  (42)

As known [8 ], the  roots wfc of the characteristic equation (42), th a t are also eigen­
values of the problem  (27), (28), are positive and different.

In order to  find the nonzero vector C  le t’s substitu te  wfc w ith w into the  equation 
(40). Then the following vectorial equality  is received

1 0

Kbii(^fc ) bi2(uk ),

th a t is equivalent to  the system  of equations

C1

, C 2 t

C 1 = ° ,

b u (^ k ) ■ C 1 +  b12(^ k ) ■ C2 =  °.
(43)

Since the determ inant of th is system  b12(w) =  0, then  the system  (43) has the 
following solutions C 1 = 0 ,  C2 6  R \{0} . By introducing, for exam ple C2 =  1,

_ ? 0 \  _  _
C  =  | I is received. Note, th a t the vector C  doesn’t  depend on wk. Let X k (x,tx>k)W
be a nontrivial eigenvector th a t corresponds to  the value of wk.

R e m a rk  3. The eigenvectors o f  the system of  differential equations (35) with 
boundary conditions (37) have the following structure

X k  (x,Uk  ) =  B ( x ,x o ,U k  ) k e  N.

C o se q u e n c e  1. The eigenfunctions X k  (x,Wk) as the first  coordinates of  the 
eigenvectors X k ( x , W k ) can be written down as

X k ( x , U k ) =  ( 1  0 )  ■ B ( x , x o , U k ) ■ 1 | , k  =  1, 2, 3 , . . . .  (44)

In particular, since the  X k ( x , u k) is (34), then  from (38) and (44) follows th a t

Xk i (x ,  Uk) =  ( l  ° )  ■ Bi(x ,  Xi, Uk) ■ B (x i ,  x o , ^ k ) i =  °, n  — 1. (45)
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5. B u ild in g  a  s o lu t io n  to  t h e  m ix e d  p ro b le m  (22 ) - (2 4 ). In order to  solve 
the problem  (22) - (24) le t’s apply the eigenfunctions m ethod [12], w hat m eans th a t 
the problem 's solution can be found in a following form

TO
v ( x , t )  =  ^ T k (t) ■ Xk(x ,U k) ,  (46)

k=1

where T k (t) are unknown functions th a t will be later defined.
Since is in the  right side of equation (22) le t’s expand it in to  the FourierQQ

series by the eigenfunctions X k( x , u k) of the  boundary  problem  (27), (28)

d 2w
d t 2 £ > k o  ■ Xk(x ,Wk) .  (47)

k=1

S ubstitu ting  (46) into the equation (22) and considering (47), the  following equa­
tion is received

to
//

m (X) ■ T k//(t )  ̂X k (X, ^ k  ) = ^ 2  Tk (t) ■ (X(x')Xk F(x,Uk  )) ! -
k=1 k=1

- m ( x )  ■ E Wk(t) ■ Xk (x ,Uk) .
k=1

Considering th a t the  eigenfunctions X k ( x , u k) satisfy the equation (27), we get 
an equality

TO
m (X) ■ ^  T k!! O  ■ x k (x ,Uk ) =  - m ( x ) ^ 2  ■ X k (x,Uk )Tk ( t ) -  

k=1 k=1

TO
- m ( x )  ■ E Wk(t) ■ Xk (x ,Uk) ,-rn(

k=1

5 3  [T k!!(t ) +  ^k  ■ T k(t) +  ^ k ( t ^  ■ m(x )  ■ X k ( x ,  Uk) =  0. (48)
k=1

L et’s m ultiply the right and left p arts  (48) by X j ( x , W j ) and integrate by the 
variable x  on the interval [xo; x n ). Considering the eigenfunctions’ orthogonality  we 
get each of the differential equations

T k " (t ) +  u k ■ T k (t ) =  - Wk(t )’ k  =  1’ 2’ 3’ . . . .  (49)

The general solution of each of the differential equations (49) is

t
1

Tk (t) =  ak cos i^kt +  dk sin W k t -------sin Wk (t -  s) ■ w k. (s) ds, (50)
^k  J

o

where ak, dk are unknown constants [3].
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L et’s declare I ( t )  =  - 1  f  s i n u k (t — s) ■ Wk(s) d s . Note th a t 1(0) =  0, 

/ ,t(0) =  0[4j .  0
In order to  find the constants ak, dk le t’s expand the right p arts  of the  initial 

conditions (23) into the  Fourier series by the eigenfunctions X k ( x ,w k)

$q(x) =  • x k( x ,w k),
k=1

* l ( x )  =  ' X k  ( x , ^ k  ),
k=1

where $ofc, ^lfc are the  corresponding Fourier coefficients.
From (50) follows th a t

T k (0) =  ak ,

Tk '(t) =  —ak^k  sin Ukt  +  dkWk cos Ukt — It ' ( t) ,

(51)

(52)

(53)

Tk , (0) =  dku k . (54)

Taking into account (46), (51) and the first condition in (23) the following is
CO CO

received: ^  T k (0) ■ X k ( x ,w k) =  ^ 0fc ■ X k ( x , w k). Now using (53) we receive
k=l k=l

Tk (0 ) =  ak =  $ofc.

Analogically from (46), (52) and the  second condition in (23)
O O

T k, (0) ■ X k( x , u k) =  J ]  $ i k  ■ X k ( x , u k) is received. Using (54) we find
k=1 k=1

$
Tk (0) =  dkwk =  $ i fc or dk =  — .

Thus, finally a solution of the mixed problem  (22) - (24) is received in a form of 
the series

7(x , t) =
k=1

$ q k COSWfct +-----— s in ^ fc t-------f  sinWfc (t — s ) •Wk(s) ds
wk wk J

Xfc(x , ) .

n—1
Considering (34) and th a t v(x,  t) =  vi(x,  t) • 9i, where Vi(x, t) are defined on

the interval [x*; x j+ 1  ), we receive
i=Q

i ( x , t ) =
k=1

$Qk c o s ^ k t  +-----— s in ^ fc t-------f  sinw&(£ — s) • Wk(s ) ds
Wfc wk J

(55)

so

X
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where the functions X ki ( x , u k) are com puted by the formula (45).
Considering (21), (55) the solution of the problem  (1)-(3) is received

n— 1
u ( x , t )  =  ^ 3  [Wi(x,t) +  Vi(x,t)\  ■ 9i.

i=o

C o n c l u s i o n .  The expansion by the eigenfunctions theorem  is adapted  for the 
case of differential equations w ith piecewise constant (by the spatial variable) coeffi­
cients.

Explicit formulas for finding the solution and its quasi-derivatives for any partia l 
interval of the  m ain interval th a t are valid for a rb itra ry  finite num bers of the first 
type break points of the  earlier referred coefficients are received.

This scheme of problem  exam ination was considered in a case of rectangular 
C artesian  coordinate system . However, it rem ains valid in a case of any curvilinear 
orthogonal coordinates. The advantage of th is m ethod is a possibility to  examine the 
problem  on each breakdown segment and then  using the m atrix  calculation to  w rite 
down an analytical expression of the  solution. Such an approach allows the  use of 
software tools for solving the problem.

The received results have a direct application to  applied problems.
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Тацій Р. М., Чмир О. Ю., Карабин О. О.
П е р ш а  д и с к р е т н о - н е п е р е р в н а  к р а й о в а  з а д а ч а  д л я  р і в н я н н я  Г І П Е Р Б О Л ІЧ Н О Г О  

т и п у  з  к у с к о в о  -  с т а л и м и  к о е ф і ц і є н т а м и  т а  ^ - о с о б л и в о с т я м и

Резюме

Вперше запропоновано та обґрунтовано нову формальну схему розв’язування загальної 
першої крайової задачі для рівняння гіперболічного типу з кусково-сталими коефіцієн­
тами та ^-особливостями. В основу схеми розв’язування покладено концепцію квазіпо- 
хідних, сучасну теорію систем лінійних диференціальних рівнянь, а також класичний 
метод Фур’є та метод редукції. Перевагою методу є можливість розглянути задачу на 
кожному відрізку розбиття, а потім за допомогою матричного числення записати ана­
літичний вираз розв’язку. Такий підхід дозволяє застосовувати програмні засоби до 
процесу вирішення задачі та графічної ілюстрації розв’язку.
Ключові слова: квазідиференціальне рівняння, крайова задача, матриця Коші, фун­
кція Дірака, задача на власні значення, метод Фур’є та метод власних функцій .

Таций Р.М., Чмырь О.Ю., Карабин О.О.
П е р в а я  д и с к р е т н о - н е п р е р ы в н а я  к р а е в а я  з а д а ч а  д л я  у р а в н е н и я  г и п е р б о л и ­

ч е с к о г о  т и п а  с  к у с о ч н о - п о с т о я н н ы м и  к о э ф ф и ц и е н т а м и  и  ^ —о с о б е н н о с т я м и

Резюме

Впервые предложена и обоснована новая формальная схема решения общей первой 
краевой задачи для уравнения гиперболического типа с кусочно-постоянными коэффи­
циентами и ^-особенностями. В основе схемы решения лежит концепция квазипроиз­
водных, современная теория систем линейных дифференциальных уравнений, а также 
классический метод Фурье и метод редукции. Преимуществом метода является возмож­
ность рассмотреть задачу на каждом отрезке разбиения, а затем на основании матрич­
ного исчисления объединить полученные решения. Такой подход позволяет применить 
программные средства к процессу разрешения задачи и графической иллюстрации ре­
шения.
Ключевые слова: квазидифференциальное уравнение, краевая задача, матрица Коши, 
функция Дирака, задача на собственные значения, метод Фурье и метод собственных 
функций .
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