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THE TOTAL FIRST BOUNDARY VALUE PROBLEM FOR
EQUATION OF HYPERBOLIC TYPE WITH PIECEWISE
CONSTANT COEFFICIENTS AND ~-SINGULARITIES

For the first time a new formal solving scheme of the general first boundary value problem
for a hyperbolic type equation with piecewise constant coefficients and ~-singularities was
proposed and justified. In the basis of the solving scheme is a concept of quasi-derivatives,
a modern theory of systems of linear differential equations, the classical Fourier method and
a reduction method. The advantage of this method is a possibility to examine a problem
on each breakdown segment and then to combine obtained solutions on the basis of matrix
calculation. Such an approach allows the use of software tools for solving the problem.
MSC: 34B05.

Key words: quasi-differential equation, the boundary value problem, the Cauchy matrix, the
Dirac function, the eigenvalues problem, the method of Fourier and the method of eigenfunc-
tions.

DOI: 10.18524/2519-206x.2019.1(33).175549.

Introduction. Methods for solving nonstationary boundary value problems
can be divided into direct methods which basis includes the separation of variables
method, method of sources (Green’s function method), method of integral transforms,
approximate methods and numerical methods.

The scheme proposed in this article belongs to the direct methods for solv-
ing boundary value problems. In the basis of this scheme is the concept of quasi-
derivatives [10] that lets to bypass the problem of multiplication of generalized func-
tions.

First of all a mixed problem for the heat equation with piecewise continuous
coefficients by the general boundary conditions of the first kind [L1] was solved.

The general boundary value problems for hyperbolic equation with piecewise con-
tinuous on spatial variable coefficients and right parts was considered in [7].

This article examines the general first boundary value problem for a hyperbolic
type equation with piecewise constant coefficients and 6 - singularities. With the use
of the reduction method solving of such a problem is reduced to finding a solution
of the stationary inhomogeneous boundary value problem with the initial boundary
conditions and the mixed problem with the zero boundary conditions for an inhomo-
geneous equation.

M ain Results

1. M ain designations, formulation ofthe problem and supporting state-
ments. Let | be an open interval of the real axis R, [x0;xn] C | - segment of the
real axis; 0 = xo < x\ <x2< ... < Xj_i < Xj < Xj+i ... < xn-i <xn = 1- arbitrary

partition of the segment [x0;xn] of the real axis Ox into n parts.

Received X X. XX.XXXX ©OR. M. Tatsij, O. Yu. Chmyr, O. O. Karabyn, 2019



The total first boundary value problem, 87

Let’s declare the main designations:

Q - characteristic function of the interval ), that is
) 1, xG [xi,xi+i),
6i (x) = { . i, i+1) t=0n —1I.
0, x (/ [xi,xi+i),
n-1
Remark 1. Let aii, a2i, i = 0,n —1 be real numbers. If ai = N aiiti, a2 =
1=
n—i n—i n—i
~azi0i, then ai ma2 = ~ au maz2i0i. In particular, if a = ~ ai0i, then " =
i= i= i=
n-1
E.a Q.
=0 Q

Let’s declare BVI+c(l) as a class of continuous from the right functions, locally
bounded on I variation [2].

Let mi,i=0,n—1 Mi,i=1,n—1 Ai,i=0,n—1be positive real numbers, gi,
i=0,n—1si,i=1n—1- real numbers and Si = 5i(x —xi) - 5- Dirac’s function
with a carrier at the point x = xi GI. Let’s define

n— n— n—
m(x) = I§0 miOi + £_]_ Mi5(x —xi); A(x) = -0 Ai9f;
“hi n—i

f(x) = g(x) + s(x) = "0 9i$i + E  Si<hi(x —xi).
= =i
Note that if M (x) is an antiderivative for m(x), then m(x) = M '(x). We assume
here, that the function M (x) is extended arbitrarily (for example, zero) on the interval
1/[x0"; xn].
Let’s examine the general first boundary value problem for a hyperbolic type
equation

d2u d ( du\
m(x)(’j‘?2 = ’(‘jx:(A(x)q"J + J(x), xG (xo;xn), tG(0;+to), )

with the boundary conditions

uxo.) = yo(®), 0D:+1) @)
u(xn, t) = *n(t),

and the initial conditions

u(x, 0) = y>o(x),
X G [xo; xn], (3)

du i
adv(x>0) = viw,

where 2 0(t), *n(t)G(72(0;+to), ~0(x), y>i(x) are piecewise continuous on (x0;xn).

The method of reduction for finding a solution of the problem is described in
detail in [1,12] for example. In accordance with this method we can find a solution
to the problem as a sum of two functions

u(x, t) = w(x, t) + v(x, t). @)
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Let’s choose one of the functions for example w(x, t) in a particular method, then
the v(x, t) function will be defined clearly.

2. Building the function w(x,t). Let’s define a function w(x,t) as a solution
of a boundary value problem

XCwx,)x" = - f(x) )

Wixg’,t)) = "o, te P;+to). (6)
w(X,,, ) = *n(t),

Note that a variable t is considered as a parameter here.
In the basis of the solving method of the problem (5), (6) is the concept of quasi-
derivatives [9].

— w o\ — 0
Let’s introduce the vectors W = ( , where w[l] = Xwx, G = (
\w W j \-g (x) 1
. ( 0\ n-1_. ) o o ) ]
Si= | 1,5 = Si «Si. Using these definitions, the quasi-differential equation

i=1
(5) simplifies to the equivalent system of differential equations of the first order

Wij=1]0 ~ )ew*G*S. ©)

As a solution of the system (7) we take a vector function W(x, t) that belongs
to the BV+ (1) class by the x variable and fulfills the system (7) in a generalized
sense [9].

Boundary conditions (6) can be written down in vector form

P «W(x0,t) + Q *W (xn,t) = r(t), 8)
where P = {I (A), Q= {0 0\), T(t) SAO(VE/)
\0 0 \i 0) \M t),

Let wi(x, t), wflx, t) and gi(x) be defined on the interval [x*;x"1). Let’s define

w(x, )= E wi(x, t)6i. 9)
i=0

On the [x*;x”1) interval the system (7) is represented as

LD G AT I C P .

where sOc 0.
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Let’s examine a homogeneous system that corresponds to the system (10)

Wil =1 ~ 11 W
<$/x v V \vur

The Cauchy matrix Bi(x, s) of such a system is represented as

B,(z.,)= 11 ~ (- (11)
X
where bi(x, s) = f y:dz =
S
Let’s define (for an arbitrary k > i)
. *Bi(xi+i,xi). (12)

B (xk,Xif=f Bk-i(xk,xk-i) ¢Bk-2(xk-i,xk-2)e..
The structure (11) of the matrices Bi (X, s) allows us to define the structure of
the matrix (12) _
(1 T xmi
m=i A,
\° 1

besides that B (xk, xk) =fE, where E is an identity matrix.
The solution of the system (10) on the interval [x*; Xj+i) is

X
Wi (x,t) = Bi(x,xi) *Pi + J Bi(x,s) *Gi(s) ds =
X
_ Z Q.(z-z*)2\
= Bi(x,xi)sPi+ | y* 2A 1|, (13)
\~9i(x - Xi)J

where Pi is a yet unknown vector [L1].
Similarly on the interval [xi-i;Xj)

X
Wi-i(x,t) = Bi-i(x,xi-i) *Pi-i + Bi-i(x,s) *Gi-i(s) ds =
Xi-1
_ -q _i(x-x"-i)
= Bi-i(x,xi-i) *Pi-i + | 2X*1
—Di-i(x —xi-i)"
At the point x = Xi the conjugation condition has to be fulfilled that is
Wi(xi,t) = Wi-i(xi,t) + Si [13]. As a result we get a recurrence relation
X
(14)

Pi = Bi-i(xi,xi-i) *Pi-i + Bi-i(xi,s) *Gi-i(s) ds + Si.
Ki- 1
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By the method of mathematical induction from (14) the following is received
i
Pi = B(xi,x0) *Po* £ b ( xi,xk)Zk, (15)
k=0

a, - adfe 1)2 jin
where Zk = f Bk~i(xk,s) mGk- 1(s)ds + Sk S e L
&1 —9k—1(xk —xk_1))  \—Sk

a&f
k = Ton—1, note that Zo= T, Sn= T; Pois the initial (unknown) vector.
In order to find P o the boundary conditions (8) should be used, where we define

W (xo,tf= Po, A
(xn,%) n—(xn,” Bn_l(xn,xn_l)Pn— + Xﬁjl Bn_1(x» »~ mGn_I(5)d$
n—1

Bn—i(xn,xn—1)B (xn—l,xo)?o + Bn—(xn,xn—l) I(_1B(xn—1, xk)?k+
XA _ _ - _
+ J_ Bn—i(xn,") mGn—(0d$ B(xn,xo0)Po+ ) 1B(xn,xk)Z k.

Xn— =.
n

Then [P + QB(xn,x0)]JPo + Q  B(xn,xk)Zk = r, and as a result
k=1

Po= [P+ Q mB(xn,xo)]-1 mft =Q + B ( (16)
\ k=1
Let’s evaluate
1 1
1 1 Am(xm+1,xm)
[P+ Q mB(xn,x0)]— m=o0
0 1
10 1 1
1 1 where an = bm (xm+1,xm) = XA Xm, aod=f 0;
& &l
r—Q~" B(xn,xk)Zk = X
=1
x"2,B(xn,xk) B k—1(xk, S) mGk—1($) d$+ Sk 17)
fel \Zk-
Let’s write down the right side part (17) in a matrix form
xk _ _ Il bk_i(xk,s) 0
f Bk-i(xk,s) *Gk-i(s)ds * Sk= [ 1 ds+
Xk-1 Xk-1 \0 1 -gk—/
/ \
— f  bk—(xk, s) mgk—lds
Ok— def I ~%1(xk) c
+ - Z

— f 9k—dds —sk 4;-1 (xf) —Skt
%k— /
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n-1
3k (xk) E 1 k"m(xm+"xm)
k=1 4 -1(xk)- Ski k=l 0 1
1K) IkETl brkeaqxk) + aB8aexk) —sky « EX xm+A xm)
AP (xk) —sk ! £ (4l (xk) —sk) /
Thus, we receive
r —Q” B(xn,xk)zZk X
k=1
n—1
E, [Ik—(xk)+ (fk—Z(xk) —sk) s E (xm+1,xm)
< kil k
£ kLK) —sK)
~o(t)
n— (18)
"An(t) _kE‘l (h —1(xk) + (4 —1(xk) —sk) « E ) (xm+1,xm)
Let’s substitute (18) to (16)
10
Po X
@ @)
"o(t)
X
\r‘n(t) _kEl (h —1(xk) + (4 —1(xk) —sk) s E ) (xm+1,xm)
= m=
"o(t)
L . (29)

el (-"k—L(xk) + (Ik—1(xk) sk) -m:k’\m(xm+l,xm)

Based on the formulas (13), (15), (19), after performed transformations an image
of the vector function Wi(x,t) on the interval [x"x”"+i) is received

Wi(x, t) = Bi(x, xi) m"B(xi, xo) mP o+ B(xi, xk)Zf}j + j Bi(x, s) mGi(s) ds =

-1
1 bi(x,xi)”~ jl il obi(x, xi)i ol I(bm(xm+1,xm)\_—

] i Zk+
,0 1 I \0 11 o+]j0 1 ) EL 1
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+ 111 ®C Wds= 11 h(2°Z')+ " 0+
0 1 0 1

1 bi(X*Xi) (kizl tlk-l Xk) + (1 ILI] 1(xk) —sk)m_}( (%m+1’°/om);;“N

0 1 £ (/KTi(xK) -
g I OK)

( X \
-/ 6i(X"s) m& ds 1 bi(XXi) + ffi\
+ "0+
_ 0 1
V /
P ke o + 0B aexk) —sk) iglk’\m(/‘m+1'&m)NN
m= y

k=1 \ +

£ (keI - 1) /

BOCX) £ (4-AA) - ij
iCX) £ ( ) - SK) + ij(x) 20)

\ 0

The first coordinate of the vector Wi(x,t) in (20) is indeed the searched function
Wi (X’t). Therefore

Wi(X’t) = ~o(t) + (bi(X’Xi) + (Ti) mAn(t)—102 1 —L (bi(X’Xi) + ai) x

X 1A ACIK=L(K) + ("k—1("k) sk) A~ AAm(*m+1"%m) | | +
\k=1 \ m=k 33

+'y U LIk—=(xk) + ("k™i(XK) - sk) E - &n(*m+1’&m) +
k=1 \ m=k /
%
+bi (X°Xi) A (ik—Axk) - SK) + li(x). 1)
k=1
By substituting the expression (21) into (9), the solution on the whole interval
[x0;xn] is received.
3. Building the function v(x,t).
Let’s write down a mixed problem for the function v(x,t). Substituting (4) into
(1) and considering that the function w(x,t) fulfills (5), an inhomogeneous equation
is received

d2v d f dv\ d2w
m(x)~Q2 - ~QM~(X) = -m(x) * xe (xo;Xn)” 16 (0;+ TO). (22)
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Let’s substitute (4) into the initial conditions (3). Initial conditions for the func-
tion (x, ) are received

(23)

where $o(x)d y>o(x) -w (x, 0), $i(x)dH <Ci(¥) - (x,0).
Since the function w(x, t) fulfills the boundary conditions (6), then from (4) the
boundary conditions for the function v(x, t) will be the following

v(xo,t) = 0,
tGQ;+"). (24)

v(xn,t) =0,

Therefore under the condition that the solution w(x, t) of the problem (5), (6) is
known, the function v(x, t) is the solution of the mixed problem (22)-(24).
4. The Fourier method and the eigenvalue problem.
4.1. Expansion by eigenfunctions.
Let’s examine the corresponding homogeneous equation for the equation (22)

(25)

Now let’s find its nontrivial solutions
v(x, t) = sin(wt + e) *X(x), (26)

where w is a parameter, e is a constant, X(x) is a yet unknown function [l], that
fulfill the boundary conditions (24).
Let’s substitute (26) into the equation (25). Quasi-differential equation is received

(A)X'(x))' + w2m (x)X (x) = 0. (27)

Let’s substitute (26) into the conditions (24). The following boundary conditions
are received
X (xo0) = 0,
(28)
X (in) = 0.

As a solution of the equation (27) consider an absolutely continuous on the interval
[x0;x,] function X (x) that fulfills it in a generalized sense [9].

The problem (27), (28) is the eigenvalue problem. The properties of the eigenval-
ues wk and the eigenfunctions of the problem (27), (28) are described in detail in [8].
In particular, it is established that all eigenvalues wk > 0 [5]; eigenfunctions X k(x, wk)
are orthogonal with the weight m(x) = dM (x):

Xn
3 Xi(x, W) Xj(x, Wj) dM(x) = 0, i=]j

Xaq
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WXKI2 = 3 X1(X’UK) dM (x). (29)
X

If F(x) is an absolutely continuous function that has different analytical expres-
sions on each of the intervals [#* x*+i), that is the function allows the image

21
F(x) =" Fi(x) m0i (3°)
i=0

on the interval [xg;xn], then its expansion by the eigenfunctions (x,7k) is the

following
AN (A) i? (/\’/\k )’

where the Fourier coefficients Fic are computed by the formulas
Fk = 1 2 1 F(x) X k(x,uk) dM(x). (31)

Wk

Integration of the function F(x) is performed as the Riemann-Stieltjes integral
with respect to the m(x),

Hf o f R
4 F(x) dM(x) = 2 mi F(x) dx + ~  Mi mFi(xi).
i=o X i=1

Functions of the type (30) are integrated the following way [9]: if

n—1 n—l
Fi(x) = ~ Fa(x) m6i, F2(x) = Y, F2i(x) m
then - il
/ Fi(x) mFA(x) dM(X) = Y, mii mm2i / Fli(x) mF2i(x) dx+
X0 =0 X
n 1

+Y lM 1i mM 2 wF 1i(Xi) mF2i(Xi), (32)
y n-1 Xi+1

WRk|2 =3 Fke(x) dM(X) =Y mki J Fki(x)dx+
-1
+E MAWKX)  kr1 o (33)
1=

The expression (32) is the dot product of the functions F1(x) and F2(x). The
expression (33) is the norm square of the function Fk(x).
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Let’s define
n—l

Xk (x,t"k) A AXKi(x, &k) mbi- (34)
i=0
Then for the Fourier coefficients Fk and for the Xk (x) from the (31) and (29) the
following is received

1 fn—1 X+1 n—1 \
Fk . f21~ yMio 0 Fi(x) sXki(x, k)dx + ~ *"Mi wFi(xi) mX ki (xi,"k) I,
Xk =0 =1
n— 3ixl n—4
w kf=]1C mki [ xki(x,"k)dx +j: mi ex i (xi,"k).
0

4.2. Constructional approach to building eigenfunctions.

X\
Let’sintroduce a quasi-derivative X W= XX' avectorX = WI and matrices

/ 0 / 0 o\ Lo .
Ak = k1,Ck=1 . Now let’s reduce a quasi-differential
\-mkJ 01J \-M kJ1 0J
equation (27) to the system of the first order differential equations
-1 n—1 \
Y Akdk + Y, CkS(x - xk) =mX. (35)
=0 k=1 )

Similarly to the paragraph 2.2, the solution of the system (35) is considered to
be a vector function X (x, w) G BV+l) that fulfills it in a sense of the theory of
generalized functions.

Let’s write down the corresponding system on the interval [xj, xi+1) in a following
way

Xj = (Aj+ Cjdi) Xj, i=0,n—1

It is known [9] that the jump of the system’s solution at the point x = xi is
AXj(xj) = Cj Xj_i(x]).

This gives an opportunity to reduce the problem to the equivalent problem of the
system of impulsive differential equations [6]

X "= Y Akk mX, (36)

Xi(xi) Xi—(xd) Ci X #L(x")
and the following boundary conditions
P X (x0) + QX (xn)=0. (37)

The system is examined in detail in [9]. Let’s note the main properties of the
system:
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» this system is proper (namely, it is clearly defined in a sense of the theory of
generalized functions), because the following condition is valid

2
0 0\ 0 0\

i—Mku2 0 00

Cl

e the fundamental matrix (analog of the Cauchy matrix on the whole interval [xo;Xx,,])
has the following structure
n—1
B(x,xo,u p Y . Bi(x, xi, u) mB(xi, X0, u) m6i (38)

where B(xi,xo,w) = n Cj *Bi-j(xi-j+i, xi—,w), Ci (E* Cj), i n 1,
j=o
B(xi, x", w)<— E.
W ith a direct verification let’s ascertain that the Cauchy matrix Bi(x, s, w) of the
system (36) on the interval [x*;x*+i) is the following

. cos a.i(x —s) sin z\iii({gz;—s)
Bi(x, s, u) where ai = u /
—\i0,isinai(x —s) c0s0.i(x —s)
Let’s define

def 'bn(u) bn(u)
B(xn,xo,u) (39)
l(w)  &2(w),

The nontrivial solution X(x,w) of the system (35) can be found as

X(x, u) = B(x, xo,u) mC, where C = iS some nonzero vector.
Cc2

The vector function X(x,u) has to fulfill the boundary conditions (37). That is
P mB(Xx0, X0, u) + Q mB(xn,xo0,u) mC =0,
taking into consideration that B(xo,xo,w) = E, the following equation is received
P + Q mB(xn,xo,u) mC=0. (40)

In order for the nonzero vector C to exist the validity of the following condition
is necessary and sufficient

det P + Q mB(xn,xo,u) 0. (41)

Let’s concretize the left part of the characteristic equation (41), taking into con-
sideration the matrices P, Q and (39)

1 0\ 10 0\ 1bn(u) 612(u)
10 0/ \I 0/ \b2i(u) bn(u)

det P + Q mB(xn,xo0,u) = det
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10
= det = bu(w).
Afi(w)  Bi2(w)y
Let's make the following proposition.
Remark 2. Characteristic equation of the eigenvalue problem is the following

Mw)=0. (42)

As known [8], the roots wfc of the characteristic equation (42), that are also eigen-
values of the problem (27), (28), are positive and different.

In order to find the nonzero vector C let’s substitute wic with w into the equation
(40). Then the following vectorial equality is received

1 0 C1
Koii(*c) Dbi2(uk), ,C2t

that is equivalent to the system of equations

cl=°,
(43)
bu(*k) mC1+ bl2(*k) mC2 = °.

Since the determinant of this system b12(w) = 0, then the system (43) has the
following solutions C1 =0, C2 6 R\{0}. By introducing, for example C2 = 1,

20\
C-= F received. Note, that the vector C doesn’t depend on wk. Let X k(xtx>k)

be a nontrivial eigenvector that corresponds to the value of wk.

Remark 3. The eigenvectors of the system of differential equations (35) with
boundary conditions (37) have the following structure

Xk (x,Uk) = B(x,x0,Uk) ke N.

Cosequence 1. The eigenfunctions Xk (x,Wk) as the first coordinates of the
eigenvectors Xk(x,Wk) can be written down as

Xk(x,Uk) = (1 0) mB(x,xo,Uk)ml |, k=123,... (44)

In particular, since the X k(x,uk) is (34), then from (38) and (44) follows that

XKi(x, UK) = (I °) mBi(x, Xi, UK) mB(xi, x0,k) i=°n—1 (45
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5. Building a solution to the mixed problem (22) - (24). In order to solve
the problem (22) - (24) let’s apply the eigenfunctions method [12], what means that
the problem's solution can be found in a following form

TO
v(x,t) = N Tk(t) mXk(x,Uk), (46)
k=1
where Tk(t) are unknown functions that will be later defined.

Since is in the right side of equation (22) let’s expand it into the Fourier
series by the eigenfunctions X k(x,uk) of the boundary problem (27), (28)

d2w

i E:I ko mXk(x,Wk). (47)

Substituting (46) into the equation (22) and considering (47), the following equa-
tion is received

meom TR X KOGAK) = A2 Tk (1) m(X(x)XK R, UK)) I-
k=1 k=1

-m(x) IE Wk(t) mXk(x,UKk).
k=1

Considering that the eigenfunctions X k(x,uk) satisfy the equation (27), we get
an equality
TO

m (X) w*

TKIO m K(,UK)= -m(x)A2  mX k(x,Uk)Tk(t)-
k=1 k=1

-1(x) -g WK(t) mXk(x,Uk),
k=1

53 [Tki(t) + ~k wTk(t) + "k(t® mm(x) mXk(x, Uk) = 0. (48)
k=1
Let’s multiply the right and left parts (48) by Xj(x,Wj) and integrate by the

variable x on the interval [xo;xn). Considering the eigenfunctions’ orthogonality we
get each of the differential equations

TK"(t) + uk WTk(t) = - Wk(t)" k= 1"2"3".... (49)

The general solution of each of the differential equations (49) is

t
1
Tk (t) = ak cos ikt + dk sin Wkt—--—ﬁ(-sjn WK (t - s) mwk(s) ds, (50)
0

where ak, dk are unknown constants [3].
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Let’s declare I(t) = -1 f sinuk(t—s) mwKk(s) ds. Note that 1(0) = O,

/,1(0) = O[4j. 0
In order to find the constants ak, dk let’s expand the right parts of the initial
conditions (23) into the Fourier series by the eigenfunctions X k(x,wk)

$q(x) ox k(x,wk), (51)

k=1

*|(x) = "Xk (x,7k), (52)
k=1

where $ofc, ~fc are the corresponding Fourier coefficients.

From (50) follows that
Tk(0) = ak, (53)

Tk'(t) = —ak”k sin Ukt + dkWk cos Ukt —It'(t),

SO
Tk,(0) = dkuk. (54)

Takingointo account (46), (5&3 and the first condition in (23) the following is
received:lz‘ ITk(O) mX k(x,wk) = ) I’\Oi:le(x,wk). Now using (53) we receive

Tk (0) = ak = $ofc.

o Analogical(ljy from  (46), (52) and the second condition in (23)
Tk,(0) mX k(x,uk) = J] $ik mX k(x,uk) is received. Using (54) we find
=1 k=1

$
Tk (0) = dkwk = $itor dk = —

Thus, finally a solution of the mixed problem (22) - (24) is received in a form of
the series

7(x,t) = $qk COSWkct +----—— sin~fct------- f sinWfc (t —s) *Wk(s) ds  Xfc(x, ).
k=1 wk wk J

n—1
Considering (34) and that v(x, t) = _=Qvi(x, t) «9i, where Vi(x, t) are defined on
i

the interval [x*;xjtl), we receive

i(x,t) = $Qk cos "kt +----—sin~fot------- f sinw&(E —s) *Wk(s) ds X
k=1 Wc wk J

(85)
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where the functions X ki(x,uk) are computed by the formula (45).
Considering (21), (55) the solution of the problem (1)-(3) is received

n—
u(x,t) = A3 [Wi(x,t) + Vi(x,t)\ moi.
i=0

Conclusion. The expansion by the eigenfunctions theorem is adapted for the
case of differential equations with piecewise constant (by the spatial variable) coeffi-
cients.

Explicit formulas for finding the solution and its quasi-derivatives for any partial
interval of the main interval that are valid for arbitrary finite numbers of the first
type break points of the earlier referred coefficients are received.

This scheme of problem examination was considered in a case of rectangular
Cartesian coordinate system. However, it remains valid in a case of any curvilinear
orthogonal coordinates. The advantage of this method is a possibility to examine the
problem on each breakdown segment and then using the matrix calculation to write
down an analytical expression of the solution. Such an approach allows the use of
software tools for solving the problem.

The received results have a direct application to applied problems.
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Tauiit P. M., Ymup O. HO., KapabuH O. O.

Mepwa aguckpeTHO-HenepepsHa kpaiioesa sapgaua ANS piBHAHHA [IMNEPBONIYHOIO

TUNY 3 KYCKOBO - cTanumu koediyientamu Ta "-0C06NMBOCTAMM
Pestome

BnepLe 3anponoHoOBaHO Ta 06I'PYHTOBAHO HOBY (hOpPManbHY CXeMy pO3B’A3yBaHHA 3aranbHol
nepLIoi KpaiioBoi 3agadvi AN PiBHAHHA rinep60aivYHOro TMMY 3 KYCKOBO-CTaNMMU KoedilieH-
Tamu Ta "-0c06AMBOCTAMU. B OCHOBY CXeMW PO3B’A3YBaHHA MOKNaeHO KOHLENLito KBasino-
XiflHUX, Cy4acHy TeOopil0 CUCTEM NiHINHUX AndepeHLianbHUX PiBHAHb, & TAKOX KMacU4HWiA
MeTog ®yp’e Ta MeToq peaykuii. MepeBarold MeToLy € MOXAMBICTb PO3FNAHYTU 3ajady Ha
KOXXHOMY Bifipi3Ky po36MTTA, a NOTiIM 3a AOMOMOrOK MaTPpMUHOr0 YMC/EHHS 3anucaTu aHa-
NiTUYHMIA BUpa3 po3B’A3Ky. Takuii Migxif A03BONIAE 3aCTOCOBYBaTWM MpoOrpaMmHi 3acobu ao
npoLecy BUpiLIeHHA 3aaadi Ta rpagivyHol intocTpayii po3B’asky.

KnioyoBi cnoea: keasigndepeHuianbHe piBHAHHA, KpaiioBa 3ajaya, maTpuus Kouwi, dyH-
Kuis Jipaka, 3agaya Ha BnacHi 3HaueHHs, meTog Pyp’e Ta MeTog BNacHUX (YHKUI .

Tauyuit P.M., Umbipb O.FO., Kapabuu O.O.

nepﬂaﬂ ANCKpPeTHO-HenpepbiBHasa Kpaesas 3apgava [Nd ypaBHeHus rumnepéonu-

4yeckoro Tvuna C KYCOYHO-NMOCTOAHHBI MU kKoapduumentamm U "—ocobeHHOCTAMMU
Pestome

BrepBble NpefnoXeHa M 060CHOBaHA HOBas (hopMasnbHas CXema pelleHWs o6Leldi nepsoit
KpaeBoii 3ajaum ANns ypaBHeHUs runepboanyeckoro Tuna ¢ Kyco4Ho-nocTOSHHbIMU KO3(du-
LMeHTaMn M ~-0COBGEHHOCTAMU. B OCHOBE CXeMbl PELUEHUS NEXWUT KOHLENUMs KBasunpous-
BOZHbIX, COBPEMEHHAsA TEOPUS CUCTEM NIMHEMHBIX AN (HEPEHLMaNbHbIX YPaBHEHNN, a Takxke
Knaccuueckuii metos ®ypbe 1 MeTOA pefyKuun. MNpenMyLLecTBOM MeToAa AIBNSETCS BOZMOX-
HOCTb paccMOTPETb 3aZiayy Ha KaXJoM O0Tpe3Ke pa3bueHMs, a 3aTeM Ha OCHOBaHUM MaTpuy-
HOFO NCYNCNEHUA 06bEJUHNUTL MONYUYEHHble pelleHmns. Takoi Nogxof No3BoaseT NPUMEHUTb
nporpaMmHble CpeficTBa K MpoLeccy paspelleHns 3afadn v rpatmyeckoil unaoctTpayun pe-
LIeHUs.

KntoueBble cnosa: KsasuguddepeHumansHoe ypaBHeHWe, KpaeBas 3ajaya, maTpuua Koww,
thyHkums Qupaka, 3afaqa Ha COBCTBEHHble 3HAUYEHNUS, MeTof Pypbe N MeTO[ COBCTBEHHbIX
yHKUNI .
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