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Anomayin—Bnepiie 3anpoNoHOBAaHO TA OGIPYHTOBAHO HOBY The scheme proposed in this article belongs to the direct
thopmanbHy cXeMy PO3B’S3YBAHHH 3araibLHMX KpaWoBUX 3anau methods for solving boundary value problems. In the basis of the
Anag rinep6oniunoro piBHAHHA i3 CyYMOBHHMH koedillicHTaMHu Ta solving scheme is the concept of quasi-derivatives that allows to
NPAaBHMH  4YaCTHHAaMH. B  OCHOBY cXeMH poO3B’sI3yBaHHf bypass the problem of multiplication of generalized functions.
NOKJIAZEHO KOHUENHUil0 KBa3imoXizHux, cydacHy rTeopilo cHCTeM
nimilinnx  audepennianLiux PiBHAHL, A TAKOK KiAACHUMMNIE In this direction, a mixed problem for the heat equation with
Meton Pyp’e Ta Meron pexyknii. piecewise continuous coefficients by the general boundary

conditions of the first kind was solved first.
Abstract—The main methods for solving nonstationary

boundary value problems are the separation of variables method, This article examines the general boundary value problems
Green’s function method, method of integral transforms, for a hyperbolic type equation with summable coefficients and
approximate and numerical methods. right parts. With the use of the reduction method, solving of such

problems is reduced to finding a solution of the quasi-stationary
inhomogeneous boundary value problem with the initial
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boundary conditions and the mixed problem with zero boundary
conditions for an inhomogeneous equation.

The practical implementation of this scheme depends on the
structure of the coefficients of the original differential equation
by the spatial variable. Thus, for example, in the case of piecewise
constant coefficients there is a possibility to examine the
longitudinal (torsional) oscillations of the stepwise pivots with
piecewise-variable distribution of parameters.

Kniouosi  cnosa—xeaszioupepenyiansne  piswanna;  Kpaiiosa
3a0aua; mampuua Kowi; 3a0aua na enacui 3nauennn; memoo
Dyp’c ma memod enacnux Gynuxyii.

Keywords—kvazidifferential equation; the boundary value
problem; the Cauchy matrix; the eigenvalues problem; the method
of Fourier and the method of eigenfunctions.

I. Bcryn

Mertony po3B’sS3yBaHHS HEeCTalliOHAPHUX KpailoBHX 3amady
MOXKHa MOIITMTH Ha MpAMi, OCHOBA SKHX CTAHOBHUTH METOX
BiJIOKpeMIIEHHsT 3MIHHHX, MeToj mxepes (merox QyHKIUT
Ipina), meron IHTErpalbHHX NEPETBOPEHb, HabMKeHi Ta
YUCJIOBI METOMH.

3anpomonoBaHa B IaHiii pobOTi cXeMa HaJeXHTh MO

NpAMHUX ~ METOAIB PO3B’A3yBaHHA KpaHoBux 3amgaiy. B
OCHOBY peajyizauii 1€l cxeMM TOKIAZCHO KOHLEMILIO
kBasinoxiguux [4], mo pmo3songe “obikTH” mpobremy

MHOXEHHS y3aranpHeHuX QyHKuii.

B npoMy HampsAMKy nepuioro Oyna po3e’s3aHa 3arajibHa
MilllaHa 3aja4ya A7 PiBHAHHA TEIUIOMPOBIAHOCTI 3 KYCKOBO-
HenepepBHAMH KoedilieHTaMH 3a KpaHOBHX YMOB IIepIIOTO
poay [6].

B wiit po6oTi AOCHIMKYIOTh 3aranbHi KpaiioBi 3azadi s
rinepboniuHoro piBHSHHA 13 CYMOBHMMH Koe(inieHTamMu Ta
NpaBMMH 4YacTHHAMH. 3a JOMOMOTOK METOAY pedayKuii
pO3B’sA3yBaHHA TAKHX 3a/ad 3BEJCHO [0 3HAXOKEHHA
pO3B’A3Ky IBOX 33Ja4: KBa3iCTalliOHApHOT HEOZHOPIAHOI
KpahoBoi 3agadi 3 BHUXIODHMMM KpatOBHUMH yMOBaMH Ta
Mimanoi 3agayi 3 HYNbOBUMH KpailOBUMHM YMOBaMH M
NEBHOTO HEOJHOPIXHOTO PiBHAHHSL.

I1. OCHOBHINO3HAUYEHHS, ®OPMYIIIOBAHHS 3AJAYI
Hexaii [0;/] - Bigpisox mifichol oci; m(x) e L[0;]],
1 ; ;
m(x)>0; T; — obMmexena i BumipHa Ha [0;/], a(x)>0;
a(x

F(x)e L{o;]].

i . .
Brenemo no3HayeHHA: u[ ] = aux' — KBa31noxiaHa.

Po3rnaHemo 3aranbHy KpaioBy 3ajaqgy I
rinepGoniuHoro piBHAHHA
u 8 6u)
m(x)—=—| a(x)— |+ s 1
S ax( @ |+ /() (1

xe(0;]), te(0;+0),

3 KpalioBMH YMOBaMH
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P11 (0,8 + poul (0,0 + gy jul, 1) + gl (1,0 = o (),
P21#(0, 1)+ Py (0,0 + g 1u(l, 1)+ g (1) =y 1),
(10) €[0;+)

T4 N0OYaTKOBUMH YMOBaMH
u(x,0) = g (x),

0,71, 2
%(x,mwl(x), S 4

ze o), y1(1) € C2(0;+0) @(x), @ (x) — abcomotHo -
HenepepBHi Ha [0;/] .

Merox penyxuii BiAnNIyKaHHs pO3B’A3KY 3a]adi JETAIbHO
onucaHu#, Hampuknaz, B [1, 2]. 3rigHo 3 UUM MeETOROM
po3p’sa30k 3afaui (1) — (2) myxaemMo y BHINIAL cymu JBOX
bynKiin

u(x,t) = wlx, 1)+ v(x,t). 3)
Omny 3 ¢yskuif, Hanpuxian w(x,t) BubepeMo
crielialbHUM  criocoboMm, Tomi  dyHKmito  wv(x,f)  Bxe

BH3HAYHUMO OXHO3HAYHO.

I1I. TIOBYAOBA ®VHKUIT w(x,?)
Busnaunmo dyHKUi0 w(x,f) K PpO3B’A30K KpaitoBoi
3anayqi

(a(x)wx')x' =—f(x), “4)

Puw(0)+ oot (0) + g (D) + g (1) = o (),
P2w(0)+ oy Wl (0) + g (D) + g1 (1) =y (1),

t €[0;+00) .

3ayBa>1<nM0, o 3MiHHa TYT BBaXXacTbCA MapaMETPOM.

B ocHoBi Meroay po3B’s3ysauns 3agaqi (4), (5) mexursb
KOHLEMNLIsA KBa3inoxigHux [3].

A

— w — O Y

Beenemo sextopu W = cne w=aw/ F= |

Wi ~f)

3a TakuXx TMO3HAuYeHb KBasiaudepeHUianbHEe piBHAHHA (4)

3BOAMTBECA JO EKBIBAJIEHTHOI CcHCTeMH auepeHIiaIbHHX
piBHSHB IIE€PIIOTO OPSAIKY

Wy =A-W+F 6)



|

TTin po3e’saskoMm cucteMu (6) po3yMieMo BeKTOp-GYHKIUiO
W(x,t), wo 3a 3MiHHOW X € aBCOMOTHO-HENEpPEpBHa Ta
CnpaBKye cucteMy (6) maike Bcronu (aus. [3]).

Kpaitoi yMoBH (5) Tex 3anuemMo y BexTopHiit Gopmi

PWON+Q-W({Ity=T(1), 7
P p:(p“ Plzj, Q:[QH q12j’ npuHoMy
P Pp 921 4922
= ‘//0(1))
PlO=2,T()= .
rang(P|Q) (1) ['//1 @

Marpuus Komi B(x,s) Takoi CHCTEMH Ma€ BHIJIL

1 K(x,s)
1

B(x,s)= (O

X
1
K(x,8)={——dz , ,
ne K(x,s) I o 17D
Po3’a30K cuctemy (6) Mae BHIISA

W(x,t) = B(x,0)-Wo(f)+ j B(x,5)-F(s)ds , (8)
0

ne Wo(t) — nouatkosnit (Werinomaii) Bektop [6].

Jns 3Haxomxenns Wo(f) BukopucroByemo Kpaitosi

— def __
ymoBu (7), B sxux mnokmagemo W(0,1) = Wo(t). Touai

l
[P+Q-BUOW o)+ Q] BU,s)-F(s)ds =T(1),
0

3BIIKHU

OZIEPKYEMO

!
Wo(t)=[P+Q-BALOY -[Fm—Q [ Ba, s)ﬂs)dsJ -9)
0

Mincrasnsiroun (9) B (8), oTpuMaemo 306paskenHs BEKTOP -

oyuxuii W{x,1)

W (x,t) = B(x,0)-[P+Q-B(,0)] " x
! x
X[F(l‘) = Qj B(l,s)-F(s)dsJ+ j B(x,5)-F(s)ds. (10
0 0

Ilepma xoopauHaTa BeKTOpa W(x, ) B (10) i € myxaHoO
tbyHkuieto wix,t).

IV. IOBYXOBA ®VHKIL v(x,¢)

3anumemo wMimady 3ajauy ans Qyskumii  v(x,?).
Miacrapnsioun (3) B (1) Ta BpaxoByrouH, mo GyHkuiA w(x,?)

3a/10BOJILHAE (4), OXEPKYEMO HEONHOPIIHE PiBHAHHSA
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2
m(x) 2L 3[

ov 7w
_9;5 e (x)—j——m(x) e

ox

xe(0;1), t €(0;+00) . (11)

Mincrasumo (3) B nouartkosi ymoBu (4). Omepxumo s
byHKLUIT v(x,7) DO4aTKOBI YMOBH

v(x,0) = @y (x),

xe[0;/], (12)

ov
5 B0 =P1(),

def def ow
ne (D()(X) = (Do(X)—W(x,O), (Dl(x) = (‘)l(x)_'gt_(-x’()) .

Ockinbky GyHKUIS W(x,?) crpaBIKye KpaioBi ymoBH (5),
10 i3 (3) BUINKBAIOTH KpailoBi ymMoBH 1 yHKIT v(x,?)

{pnv(0)+p12v“](0)+q11v(1)+qlzvm(1)=o, .

P20+ P (©) + go )+ g () =0,
t €[0;+00) .
Orxe, 3a yMOBH, IO po3B’s130Kk w(x,f) 3amadi (4), (5) €

BiztoMuM, QYHKUIS V(x,t) € po3B’s3koM Mimanoi 3azaqi (11) —

(13).
V. METOA ®VP’E€ TA 3AJAYA HA BJIACHI 3HAYEHHS

HAns piBasnus (11) po3risiHEMO BiANMOBIgHE ONHOPIiAHE

piBHAHHA
v 8 v
—=— a(x)—|. 14
() ax( ( )ax] (14)
3Haiigemo iioro HeTpHUBiaIbHI PO3B A3KH y BUIIIAI
w(x,?) =sin(ax¥ + &)- X (x) , (15)

e @ - papaMerp, £ ~— KOHcTaHTa, X(Xx) — MOKH IO
Hesinoma ¢ynkuis [1], mo cupasmwkye kpaiiosi ymosu (13).

Hincrasumo  (15) B pieesdus  (14).
KBasiandepeHnianbHe PiBHAHHS

Onepxumo

(a()X'(x)) +@*m(x)X(x)=0 . (16)

IlincraBuBum (15) B ymoBu (13), oaepkumo KpaioBi
YMOBH

X+ pp X10) + g X (1) + g, X1y = 0,
P X0+ pyy XM(0) + 45 X (1) + g XM = 0.

Ak i1 Bume, mxa po3s’sskoM piBHsHAL (16) po3yMiemo
abcomoTHo-Henepepeay ®a [0;/] dyuxmio X(x), wmio
cnpaBaKye Horo maiixe BCIOIH.




. % —_ )
Bgipumn kpaszinoxizmy X'' = aX', Bextop X =,

)

1
0 -
a |, zanumemo 3agaydy (16). (17)
0

Ta MaTpuio A =
-m »*
B MATPUYHOMY BHMIIIALI

X =4X, (18)

(19)

106 oTpuMaTH XapakTepHCTH4YHE PiBHAHHA 3amgadi (18),

PX(0)+0X(0)=0.

(19), IByKaTHMEMO HETPHUBIAIBLHMI pO3B’s30k  X(X, @)

cuctemn (18) y Bunnmi X'(x,a))=B(x,0,a))~E, e

Z’:(gl) — pesaxuii HewymboBHMii BekrtOop, B(x,0,00) -
2
matpuis Komi cucremu (18).

Bextop - ¢ynkuis X(x,®) Mae 3a10BONBHATH KpaHoOBi
ymosu (19), Tob1o

(P-B(0.0,0) +0-B(.0,0))-C=0,

BpaxyBaBLuy, o NpPHIAIEMO N0 PIBHOCTI

(P+Q-B(1,o,w))-5=6. (20)

Jlng  icHyBaHHS HEHYJIBOBOIO BEKTOpA C B 0)
HeoOXiIHO i JOCHTh BUKOHAHHA YMOBY

det(P+Q-B(l,O,a)))=0. @1

Brnachi 3Hauenna 3azaui (18), (19) s#e 3apxau mikcHi.
Bxaxemo JIOCTaTHI YMOBH aificHoCTi KODEHiB
XapaxTepuCTUYHOTO PiBHAHHA (21).

MMepenumemo cucremy (18) y surmsai

X =(By+a’ - 4)- X,
g 0
’ AOZ(——m 0]'

. 0
BBenemMo KOCOEpMITOBY wmartpuio  J =£1

ae By =

o Q=

0

BOJIOD,iE TAKHMH BJIACTHBOCTSIMM:

JIT=JT. J=E, J>=-E.

Bigomo [9], 110, KOJIM BHKOHYIOTBCS YMOBH

1.ByT = JByJ; 47 =JAyJ;
2.rang(P|Q)=2;
3.PJPT =IO,

(22)

To BCi BnacHi 3Hadenns 3amaui (18), (19) miiicui. B naHii
poboti ymoBH (22) 6yaeMo BBaXaTH BUKOHAHUMM.

Mosnauumo Xk(x,@,) ~— HerpusianbHHE BiacHHI
BEKTOP, IO BiAMOBIJIA€ BIACHOMY 3HAYEHHIO () .

VI. TTOBYI0OBA PO3B’SI3KY v(x,f) MILLAHOI 3A7AUI (11) —(13)

Hns poss’asanns 3amaui (11) — (13) 3acrocyemo Meron
BracHux ¢QyHxuii {2], axuil nonsrae B ToMy, WO PO3B’A30K
3agayi (11) — (13) mykaemo y BUTIAAi

W50 =D T (- X (v, %) s
k=1

(23)

ne T (¢) —HeBigomi QyHKIii, AKi BUSHAYMMO Jami.

. 2w :
Ockinsku ——~ BXOJWTb B NPaBy YacTUHY PiBHAHHA (11),
ot

TO posBuHeMmo ii B pax @Dyp’e 3a BlacHUMH (YHKUISMH
Xy (x,,) xpatioBoi 3agaui (16), (17)

2 o0
%;23 = > wi (1) X (x,0;) . (24)
k=1

MMincrasmsioun Bupa3z (23) y (11) Ta Bpaxosywouu (24),
OTPHMAEMO PiBHICTH

m() ST () X (mo) = X0 (a0 Xy wa)) -
k=1

k=1

~m(x)- Y W () Xy (x,a) .
k=1

Bpaxosytoud, wo BnacHi  ¢yHkmii X (x,@y)

3a/0BOJILHAIOTE PiBHsiHHA (16), IPUXOIUMO 10 PIBHOCTI

m(x)- 3T (1) Xy (o) = —m(x) Y o - Xy (x, @4 )Ty () —
k=1 k=1

—m(x)- D" W (1) X (x, %)
k=]

o0
Z(Tk" (t)+a),% T, (@) +wy, (t))-m(x)-Xk (x,a%)=0.(25)
k=1

Tomuoxumo niy i npaBy wactuau (25) va X ;(x, w;) Ta

HOPOIHTErPYeEMO 32 3MIHHOI X Ha MPOMIKKY [0;]),

BpaxyBaBllH OPTOTOHANBLHICTh BAACHUX (BYHKIIH, IPAXOZAMO
JIO CYKYNMHOCTI Aud)epeHIiabHUX PiBHAHbL
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T (O +a} T () =—we (), k=1,23,.... (26)

3aranbHuii  PO3B’N30K  KOXHOTO 3
piBusinb (26) Mae BUTTIAL

au@epeHLiansHIX

t
: 1.
T, (t) = a; cos oyt + d, sin a)kt———.[smwk (t—5)-w(s)ds
Dy
0
27)
ne ay , d; —Hepigomi craui [8).

1,
Tosaauumo I(t)= —jsm @ (t—5) wi(s)ds .
(Uk 0

3aysaxumo, mo /(0)=0, I;(0)=0 [S5].

Jlns BU3HAYEHHR CTANMX qy , d; PO3BMHEMO B DM

®yp’e 3a BAacHUMH QyAkuisMH X (x,;) npaBi YacTHHH
noyarkoBux ymos (12)

Qo(x) =D Doy - Xy (x,09), (28)
k=1

Dy(x)= Y Dy - Xy (x,0) (29
k=1

ne ®g ., @, — BianoigHi koedimientu Dyp’e.
3 (27) BumuBae, o

T/\’ (0) = ak N (30)

T () = —ay oy, sin oyt + dp oy, cosayt — 1, (1) ,

3BIAKH

T (0) = dyy, . 61
3 (23), nepmoi ymoBu B (12), Ta BpaxysaBmu (28),
e 2] 0
2T 0) Xy (@) = 3 P g Xy (x,0)

k=1 k=1
3BinkH, BukopucroBytodu (30),Maemo

Tk(O)zak =cD0k.

onepKyeEMO

Ananoriuno 3 (23), npyroi ymosu B (12), Bpaxysasuy (29)

o o] o0
maemo ¥ T (0)- X; (x,0) = D @y - Xp(x,0). 3sinu,
k=1 k=1
BHKOpHCTOBYIOuH (31), 3HaX0AUMO

' @
Ti (0) = dywy, = @y 4, abo dj =—& .
Wy
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OTxe, OCTATOYHO OTPUMYEMO DO3B’A30K MimaHol 3ajadi
(11)~ (13) y Burmani pany

0

D, .

v(x,f) = Z((DO kcosa),\.t+—lisma)kt—
k=1 @k

!
L sinwy (t—s)-wi(s) ds |- Xp.(x,0,) .
k k k k
wk()

VII. BUCHOBKU

Teopema mnpo poO3BMHEHHS 32 BIACHUMH (GYHKLIiAMH
aJanToBaHa A BHNAIKYy AWQepeHUlaNbHAX PIBHAHD 13
cyMoBHUMH (3a JleGerom) koeditieHTaMu.

Otpumano dopMynu aas 06YHCNEeHHs PO3B 3Ky Ta Hioro
KBa3iMOXiAHOL AIs 3aMKHEHOTO iHTepBana AifcHOol oci.

IlpaxkTHuHa peanizamis  Hi€i cxemMM 3aleXWTh Bij
CTpYKTYpH Koe(ilieHTIB  BHXigHOro anbepeHLUIaIbHOrO
PiBHSHHSA 3a IIPOCTOPOBOIO 3MiHHOW. Tak, Hampukmaxm, y
BUMAJKY KYCKOBO-CTaNHX KOe(illieHTIB BUHUKAE MOXKIHBICTH
JOCTiKyBaTH MO3A0BXKHI (KpyTUIIBHI) KOJMBaHHA
CTYNIHYATHX CTPHKHIB 3 KYCKOBO-3MIHHHM pO3NOIJIOM
HapameTpiB.
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