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Direct method of studying heat exchange in multilayered 
bodies of basic geometric forms with imperfect heat contact

Purpose. Characteristics of heat transfer processes in multilayer bodies of basic geometric shapes simultaneously under condi­
tions of convective heat transfer on its surfaces and taking into account imperfect thermal contact between the layers.

Methodology. A direct method was applied to solve a one-parameter family of boundary value problems in the theory of heat 
conduction. This method is based on the reduction method, the concept of quasiderivatives, a system of differential equations with 
impulse action, the method of separation of variables, and the modified method of eigenfunctions of Fourier. It is worth noting 
that the application of the concept of quasiderivatives allows you to circumvent the well-known problem of multiplication of gen­
eralized functions, which arises when using the differentiation procedure of the coefficients of a differential equation. Such a pro­
cedure, in our opinion, casts doubt on the equivalence of the transition to the differential equation obtained in this way with gen­
eralized coefficients.

Findings. The solution to the problem is obtained in a closed form. The proposed algorithm does not contain a solution to 
volume conjugation problems. It includes only: a) finding the roots of the corresponding characteristic equations; b) the multipli­
cation of a finite number of known (2 × 2) matrices; c) the calculation of certain integrals; d) summing the required number of 
members of the series to obtain the specified accuracy. As an illustration, we consider model examples of heating eight-layer struc­
tures in a fire.

Originality. For the first time, the direct method has been applied to solving the problem of the distribution of an unsteady 
temperature field over the thickness of multilayer structures of basic geometric shapes simultaneously, in the presence of imperfect 
thermal contact between the layers.

Practical value. The implementation of the research results allows us to effectively study the heat transfer processes in multi­
layer structures, which are found in a number of applied problems.

Keywords: heat exchange, body shape coefficient, imperfect thermal contact

Introduction. From a practical point of view, heat transfer 
problems are almost always accompanied by the solution of 
one or even several related problems. They are used in the 
study on the strength of parts and machines, the study on ther­
mal stress of the body, during friction and wear, strengthening 
of structural elements or individual parts [1–3]. The combina­
tion of solutions to individual problems solves problems en­
countered in the civil, automotive, shipbuilding, aerospace, 
biomedical, energy, chemical, nuclear, and microelectronics 
industries, including the design and development of buildings, 
pipelines, heat exchangers, and more.

Numerous works are devoted to the study of the problem 
of heat transfer in multilayer structures. In them, as a rule, 
boundary value problems are solved for multilayer bodies of a 
specific canonical form. The vast majority of them are limited 
to the case of ideal thermal contact between the layers. How­
ever, in our opinion, the problems of thermal conductivity of 
multilayer structures taking into account the imperfect ther­
mal contact are insufficiently studied. The article proposes the 
application of a new analytical solution to the study on heat 
transfer in multilayer bodies of basic geometric shapes simul­
taneously, by solving a one-parameter family of certain bound­
ary value problems.

Literature review. In his work, Yang, X. J [4, 5] proposes a 
new approach that combines a variable-iterative method and 
an integral transformation that is similar to the Fourier trans­
form. Jiang, J., and Zhou, J. in [6] propose an analytical solu­
tion of the Laplace equation for layered media in a cylindrical 
domain under general boundary conditions. In [7], a method 
for calculating thermal fields for multilayer beams with an ar­
bitrary location of the heat source was developed, which in­

cludes a method for separating variables. Similar problems are 
solved by the method of Green’s functions in [8]. Solutions for 
the Laplace equation are presented for layered media in a cy­
lindrical domain under general boundary conditions. They are 
obtained by the method of separation of variables using Sturm-
Liouville theory and Bessel functions and are presented in [9].

After analyzing the differential equations of thermal con­
ductivity for three coordinate systems (flat, cylindrical, and 
spherical ones), it was found that we can make a general state­
ment of the problem by introducing into the equation some 
parameter, which is called the coefficient of body shape [10]. 
This idea is not new. It has already been realized in the works of 
Eliseev V. N. and Tovstonoga V. A. for the case of stationary 
thermal conductivity [10] and non-stationary [11]. This ap­
proach was independently used by the authors and implement­
ed to find the solution of the differential equation of thermal 
conductivity under conditions of ideal thermal contact in [12].

The above-cited works concern only the equations of ther­
mal conductivity under conditions of ideal thermal contact 
between layers. The number of studies with conditions of im­
perfect thermal contact is quite limited. For example, in [13] 
the solution of the axisymmetric contact problem of thermo­
elasticity is constructed about the pressure of a circular cylin­
drical isotropic stamp on an elastic isotropic half-space taking 
into account the imperfect thermal contact through a thin in­
termediate layer between the stamp and the half-space. In 
[14], mathematical modeling of the conditions of non-ideal 
thermal contact of layers due to fine inclusion with heat sourc­
es was performed. In [15], an axisymmetric temperature prob­
lem was solved for a system of two contacting layers taking into 
account non-ideal thermal contact.

Numerous methods are becoming increasingly popular due 
to the advancement of computer technology. From a practical 

https://doi.org/10.33271/nvngu/2021-1/060
opazen@gmail.com


ISSN 2071-2227, E-ISSN 2223-2362, Naukovyi Visnyk Natsionalnoho Hirnychoho Universytetu, 2021, № 1	 61

point of view, analytical solutions can be quite cumbersome and 
complex, but they have a number of advantages over numerical 
ones: they give more accurate results; lead to a better under­
standing of the research process through its mathematical form; 
moreover, they can be used to verify numerical codes [12].

Unsolved aspects of the problem. In the works cited above, 
the authors are usually limited to two layers [16]. This is due to 
the fact that the increase in the number of layers (given the 
choice of methods of practical implementation) leads to cer­
tain computational difficulties. Therefore, the problem of con­
structing an effective analytical scheme for the study on heat 
transfer processes in multilayer structures in the presence of 
imperfect thermal contact between the layers remains an ur­
gent task. The scheme proposed in the work allows, in any 
case, avoiding the procedure of finding the originals, which is 
the most difficult stage in the implementation of various op­
erational methods [4, 6, 14, 15].

Problem statement and its mathematical model. Multilayer 
structures (flat, cylindrical, and spherical shapes simultane­
ously) are considered, the area of which is limited by surfaces r 
= r0 and r = rn. This region is divided into n layers, each of 
which is made of isotropic material and endowed with its ther­
mophysical characteristics (thermal conductivity l, specific 
heat c, and density r). There is an imperfect thermal contact 
between the layers. On the limiting surfaces, there is convec­
tive heat exchange with the environment, i. e. Newton-Rich­
man conditions are met.

In the general case, such a statement of the problem is re­
duced to finding the solution of a one-parameter family of dif­
ferential equations of thermal conductivity.
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where l is body shape ratio. So, if l = 0, it is a multilayer flat 
construction; l = 1 – a multilayer hollow cylinder; l = 2 – a 
multilayer hollow ball.

Since there is an imperfect thermal contact between the 
layers, it is necessary to record the conjugation conditions [17]
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ai+1 is the heat transfer coefficient between two inner adjacent 
layers. To (1) should also be added boundary conditions of the 
third kind
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and the initial condition
	 tl(r, 0) = jl(r).	 (4)

Note that y0(t) and yn(t) are ambient temperatures outside 
the near-surface thermal layers, while a0 and an are corre­
sponding heat transfer coefficients on surfaces r = r0 and r = rn.

In the future we will use the following notation [12]: qi – 
characteristic function of the semi-open gap [ri, ri+1), so, 
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Entering the notation of the quasi-derivative and multiply­
ing conditions (2) and (3) by rl, we will receive
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Reduction method. Following, for example, [12, 17] we will 
look for a solution to the problem (1–4) in the form of the sum 
of two interconnected functions

	 tl(r, t) = ul(r, t) + vl(r, t).	 (5)

Either of them, ul(r, t) or vl(r, t) can be selected in a spe­
cial way, then the other will be determined unambiguously.

Function selection ul (r, t) and mixed task for vl(r, t). Let us 
define ul (r, t) as a solution of equation [17]
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with conjugation conditions [17]
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and boundary conditions
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and we will consider τ as a parameter. Here, as indicated above 
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On the basis of the image (5) we will rewrite (1) in the form
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Consider that ul (r, t) is the solution of problem (6–8), 

then in (9) 
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 should be put and we ar­

rive at an inhomogeneous differential equation for the func­
tion vl (r, t)
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with conjugation conditions
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Note that the function 
( ),lu r∂ τ

∂τ
 in right part is considered 

to be known, because ul (r, t) is a known part which we find as 
a solution of problem (6–8) further. Because ul (r, t) is valid for 
conditions (8), then the image (5) implies zero boundary con­
ditions for vl (r, t)
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and the initial condition takes the form

	 vl (r, 0) = fl (r) ≡ j1 (r) - ul (r, 0).	 (13)

Solving the boundary value problem (6–8). In solving (6–8) 
we follow the concept of quasi-derivatives [17].

We introduce a vector ( )[1] ,
T

l l lu u=U  and matrix Al = 
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tial equation (6), as is easy to see, is reduced to an equivalent 
system of first-order differential equations [12].
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with impulse action [17]

	U l, i+1(ri+1) - Ul, i(ri+1) = Cl, i+1 ⋅ Ul, i(ri+1). 	 (15)

Boundary conditions (8) are also written in vector form [12]

	 Pl ⋅ Ul(r0) + Ql ⋅ Ul(rn) = Gl(t),	 (16)

where Pl, Ql and Gl (t) have a structure
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	 , , , ,

10
; .

0 0

l
l i l i l i l i ir

 
 ′ = = l 
 
 

U A U A 	 (17)

Cauchy matrix Bi,l(r, s) of system looks like [12]
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Solution Ul,i(r) of the corresponding homogeneous system 
(17) on the interval [ri, ri+1) will be searched for in the form

	U l, i(r) = Bl, i(r, ri)Pl, i,	 (18)

where Pl, i is still unknown vector.
Similarly on the interval [ri+1, ri+2)

	 Ul, i+1(r) = Bl, i+1(r, ri+1)Pl, i+1.	 (19)

At the point r = ri the conjugation condition (15) must be 
satisfied. Applying it to equations (18 and 19), we obtain
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Based on relation (18) for arbitrary k > 0 by the method of 
mathematical induction on the index k we obtain

Pl, m+k = Bl(rm+k, rm) ⋅ Pl,m.

Encharging m = 0, we obtain
Pl, k = Bl(rk, r0) ⋅ Pl, 0.

Using boundary conditions (8), we obtain an expression 
for the calculation Pl, 0 ≡ Ul, 0(r0)
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At each interval [ri, ri+1) the solution of problem (14–16) 
has the form of a vector function Ul, i(r) [12, 17]
	 Ul, i(r) = Bl, i(r, ri) ⋅ Bl(ri, r0) ⋅ Pl, 0 ⋅ qi.	 (21)

The first coordinate of the vector function Ul, i(r) is the 
function we are searching for ul, i(r, t), and the second [1]

,( ( ))l iu r  
is its quasi-derivative.

Solution (21) exists and is unique if det(Pl + QlBl(rn, r0)) ≠ 0.
Expression (21) makes it possible to write the solution on 

the whole interval [r0, rn] using characteristic functions qi as
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trivial partial solutions of a homogeneous differential equation
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with conditions (11) and (12) as [17]
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where wl is the parameter; Rl(r) is the unknown function.
Substituting the right part (23) in (22) we come to
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The second condition (25) shows that the solution of 
equation (24) at points , 1, 1ir r i n= = -  have gaps of the first 
kind. In this connection, (24–26) is a certain generalization of 
the classical problem to eigenvalues.
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first-order differential equations
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A non-trivial solution Rl(r, wl) of system (29) is sought in 
the form

	 ( )  ( )0, , , ,ll l l lr r rω = ω ⋅R B C 	 (30)

where Cl = (Cl, 1, Cl, 2)T – some nonzero vector.
Applying to both parts of equation (30) of the boundary 

conditions in the form (28), we obtain

( ) ( )
 ( )  ( )

0

0 0 0

, ,

, , , , ,
l l l l l n l

l ll l l n l l

r r

r r r r

⋅ ω + ⋅ ω =

 = ⋅ ω + ⋅ ω ⋅ = 

P R Q R

P B Q B C 0

or noting that  ( )0 0, , ,l lr r Eω =B  where E is a unit matrix, we 
come to equality

	  ( )0, , .ll l n l lr r + ⋅ ω ⋅ = P Q B C 0 	 (31)

For the existence of a nonzero vector Cl in (31) it is neces­
sary and sufficient to fulfill the condition

	  ( )0det , , 0.ll l n lr r + ⋅ ω = P Q B 	 (32)

Proposition 1. The characteristic equation of the problem 
for eigenvalues (24–26) has the form (32).

As it is known [12, 18], the roots of the characteristic equa­
tion (32), which are the eigenvalues of problem (24–26), are 
positive and different.

To find a nonzero vector Cl = (Cl, 1, Cl, 2)T substitute wl, k 
instead w in equality (32). Then we come to vector equality
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which is equivalent to a system of equations
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	 (33)

Since the determinant of this system is zero, the system 
(33) has nonzero solutions Cl, 1 ≠ 0, Cl, 2 ≠ 0 ∈ . Putting, for 

example Cl, 2 = 1, we have ,1
0 0

1 ,l l
C

r
=

a
 that is

0 0

1 , 1 .
T

lr
 

=   a 
C

Setting the form of a non-trivial eigenvector C, which cor­
responds to its own values wl, k, we receive:

Proposition 2. The eigenvectors of the system of differential 
equations with impulse action (27) have the following struc­
ture

( )  ( )  ( ),, , , , 0 , 0 0

1
, , , , , , 0, 1.

1

l
l i ll k i l k i l k i l kr r r r r i nr
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 ω = ω ⋅ ω ⋅ = -a 
 
 

R B B

Consequence. Eigen functions Rl, k(r, wl, k), as the first coor­
dinates of eigenvectors Rl, k(r, wl, k), can be written as

( )  ( )  ( ),, , , , 0 , 0 0

1
, (1, 0) , , , , .

1

l
l i ll k i l k i l k i l kR r r r r r r

 
 ω = ⋅ ω ⋅ ω ⋅ a 
 
 

B B 	(34)

Development of some piecewise continuous function g(r), 
having gaps of the first kind at points , 1, 1ir i n= -  in the Fou­
rier series by eigen functions Rl, k(r, wl, k) has the form [17]

( ) ( )
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, , , ,
0 1

, ,
n

l l i i l k l k l k
i k

g r g R r
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= =

≡ θ = γ ⋅ ω∑ ∑
where Fourier coefficients gl, k are calculated by the formula
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Here || Rl, k ||2 is the square of the norm of eigenfunctions 
Rl, k(r, wl, k)
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To construct the solution of the problem (10–13), we apply 
the method of eigenfunctions [17, 18], which consists in the fact 
that we will look for the solution of this problem in the form

	 ( ) ( ) ( ), , ,
1

, , ,l l k l k l k
k

v r T R r
∞

=

τ = τ ⋅ ω∑ 	 (35)

where Tl, k(t) is unknown function.

Because lu∂
∂τ

 is included in the right-hand side of equa­

tion (10), we develop it into the Fourier series by eigenfunc­
tions (34) of the boundary value problem (24–26)

	 ( ) ( ), , ,
1

, ,l
l k l k l k

k

u
u R r

∞

=

∂
= τ ⋅ ω

∂τ ∑ 	 (36)

and variable τ is considered as a parameter.
Substituting (35) into (22), and taking into account the de­

velopment of (36), we obtain equality
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∑
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which after taking into account the equality (rl lR′l, k) + wkrlcrRl, k ≡ 
≡ 0, and cuts on cr ≠ 0 will take the form

	 ( ) ( ) ( ) ( ), , , , , ,
1

, 0.l k l k l k l k l k l k
k

T T u R r
∞

=

 ′ τ +ω τ + τ ⋅ ω = ∑ 	 (37)

Equating the Fourier coefficients of the series (37) to zero 
we obtain an infinite set of differential equations

( ) ( ) ( ), , , , 0, 1,2,3,....l k l k l k l kT T u k′ τ +ω τ + τ = =

The general solution of each of these equations has the 
form

( ) ( ) ( ),,
, , ,
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, 1,2,3,....,l kl k s
l k l k l kT t C e e u s ds k

τ
-ω τ--ω τ= ⋅ - ⋅ =∫ 	 (38)

where Cl, k is unknown constants.
To find them, we will develop a function f (r) (from the ini­

tial condition (13)) in the Fourier series by the system of eigen­
functions (34) of the boundary value problem (24–26)

	 ( ) ( ) ( ), , ,
1

,0 , ,l l l k l k l k
k

v r f r f R r
∞

=

= = ω∑ 	 (39)

where fl, k is corresponding Fourier coefficients.
Based on (38) we establish that

	 Tl, k(0) = Cl, k,	 (40)

and given the expression (35) we obtain

	 ( ) ( ) ( ), , ,
1

,0 0 , .l l k l k l k
k

v r T R r
∞

=

= ⋅ ω∑ 	 (41)

Equating expressions (39–41), we obtain that Cl, k = fl, k.

Finally, the solution of the mixed problem (10–13) is writ­
ten in the form of a series [12]
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Based on the image (4), the solution of the problem (1–4) 
is obtained.

( ) ( ) ( )
1

, ,
0

, , , ,
n

l l i l i i
i

t r u r v r
-

=

 τ = τ + τ ⋅θ ∑

where ul, i(r, t) and vl, i(r, t) are defined by formulas (21) and 
(42), respectively.

It should be noted that in [19] the verification of the pre­
sented method was carried out in comparison with the results 
of field fire tests.

Numerical implementation of the method (model example).
Consider the problem of heating an eight-layer structure 

(flat, cylindrical and spherical ones) which is made of different 
isotropic layers. At the initial time, the temperature of the 
structure and the environment is 20 °С. The ambient tempera­
ture that washes the outer surface varies according to the law of 

the standard temperature of the fire  ( ) 8345lg 1 20,
60n

 τ
y τ = + + 

 
 

at the heat transfer coefficient between the medium and the 
surface an = 25 W/m2 ⋅ °С. [20]. The temperature of the medi­
um that washes the inner surface is constant and is y0(t) = 
= 20 °C – heat transfer coefficient a0 = 4 W/m2 ⋅ °С. Thermal 
characteristics of the structure for calculation are as follows: 
layer thickness [m] – r0 = 0.01; r1 = 0.03; r2 = 0.013; r3 = 0.018; 
r4 = 0.25; r5 = 0.34; r6 = 0.45; r7 = 0.48; r8 = 0.5; thermal con­
ductivity coefficients [W/m2 ⋅ °С] – l0 = 209; l1 = 1.55; l2 = 64; 
l3 = 393; l4 = 52; l5 = 2.91; l6 = 34.6; l7 = 58; specific heat 
[J/kg ⋅ °С] – c0 = 894; c1 = 770; c2 = 389; c3 = 389; c4 = 420; c5 = 
=  921; c6 = 130; c7 = 470; density [kg/m3] – r0 = 2680; r1 = 
= 2200; r2 = 8000; r3 = 8950; r4 = 7270; r5 = 2800; r6 = 11 400; 
r7 = 7800; heat transfer coefficients between layers [W/m2 ⋅ °С] – 
a1 = 110; a3 = 180; a5 = 270; a7 = 240.

The results of calculations of the problem are shown in 
Figs. 1–3.

The Figures clearly show the process of heating structures, 
as well as temperature gaps at the boundary of individual lay­
ers, between which there is an imperfect thermal contact. In­
stead, heat flux densities are continuous functions. This illus­
tration fully corresponds to the conditions of imperfect ther­
mal contact. The presented problem is a model that illustrates 
the possibilities of the proposed method.

Conclusions. In the given work the general scheme of 
research on processes of heat transfer in multilayer designs 
of various geometrical forms at the same time taking into 
account imperfect thermal contact between layers is of­
fered.

For specificity, the boundary conditions of the third kind, 
which are the most general local conditions, are considered. In 
the transition to other boundary conditions, the implementa­
tion scheme does not cause any difficulties.

The work does not take into account the presence of inter­
nal heat sources. This avoids complications that are only tech­
nical in nature. Such complications could divert the reader’s 
attention from the main idea of ​​implementing the proposed 
approach.
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The solved model examples use only the formula of the 
standard temperature regime of the fire, to illustrate the pos­
sibilities of the proposed method. The use of other laws of 
temperature change on the surfaces limiting the body does not 
cause any fundamental complications.
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Прямий метод дослідження теплообміну 
в багатошарових тілах основних 

геометричних форм при неідеальному 
тепловому контакті

Р. М. Тацій, О. Ю. Пазен, С. Я. Вовк, Д. В. Харишин

Львівський державний університет безпеки життєдіяль­
ності, м. Львів, Україна, e-mail: opazen@gmail.com

Мета. Характеристика процесів теплообміну в бага­
тошарових тілах основних геометричних форм одночас­
но за умов конвективного теплообміну на його поверх­
нях та з урахуванням неідеального теплового контакту 
між шарами.

Методика. Був застосований прямий метод до 
розв’язування однопараметричної сім’ї крайових задач 
теорії теплопровідності. В основі цього методу є: метод 
редукції, концепція квазіпохідних, система диференці­
альних рівнянь з імпульсною дією, метод відокремлення 
змінних і модифікований метод власних функцій Фур’є. 
Варто зауважити, що застосування концепції квазіпохід­
них дозволяє обійти відому проблему множення узагаль­
нених функцій, яка виникає при використанні процеду­
ри диференціювання коефіцієнтів диференціального 
рівняння. Така процедура, на наш погляд, ставить під 
сумнів еквівалентність переходу до отриманого таким 
шляхом диференціального рівняння з узагальненими ко­
ефіцієнтами.

Результати. Розв’язок поставленої задачі отримано в 
замкненому вигляді. Запропонований алгоритм не міс­
тить у собі розв’язування громіздких задач спряження. 
До нього входять лише: а) знаходження коренів відповід­
них характеристичних рівнянь; б) множення скінченної 
кількості відомих (2 × 2) матриць; в) обчислення визна­
чених інтегралів; г) сумування необхідної кількості чле­
нів ряду для отримання заданої точності. В якості ілю­
страції розглянуті модельні приклади нагрівання вось­
мишарових конструкцій за умов пожежі.

Наукова новизна. Уперше прямий метод застосова­
ний до розв’язування задачі про розподіл нестаціонарно­
го температурного поля за товщиною багатошарових 
конструкцій основних геометричних форм одночасно 
при неідеальному тепловому контакті між шарами.

Практична значимість. Упровадження результатів до­
слідження дає змогу ефективно досліджувати процеси 
теплообміну в багатошарових конструкціях, що зустріча­
ються в ряді прикладних задач.

Ключові слова: теплообмін, коефіцієнт форми тіла, не-
ідеальний тепловий контакт

Прямой метод исследования теплообмена 
в многослойных телах основных 

геометрических форм при неидеальном 
тепловом контакте
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Цель. Характеристика процессов теплообмена в мно­
гослойных телах основных геометрических форм одно­
временно в условиях конвективного теплообмена на его 
поверхностях и с учетом неидеального теплового контак­
та между слоями.

Методика. Был применен прямой метод для решения 
однопараметрической семьи краевых задач теории те­
плопроводности. В основе этого метода положен: метод 
редукции, концепция квазипроизводных, система диф­
ференциальных уравнений с импульсным воздействием, 
метод разделения переменных и модифицированный ме­
тод собственных функций Фурье. Стоит заметить, что 
применение концепции квазипроизводных позволяет 
обойти известную проблему умножения обобщенных 
функций, которая возникает при использовании проце­
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дуры дифференцирования коэффициентов дифферен­
циального уравнения. Такая процедура, на наш взгляд, 
ставит под сомнение эквивалентность перехода к полу­
ченному таким путем дифференциальному уравнению с 
обобщенными коэффициентами.

Результаты. Решение поставленной задачи получено в 
замкнутом виде. Предложенный алгоритм не содержит в 
себе решения объёмных задач сопряжения. В него входят 
только: а) нахождение корней соответствующих характе­
ристических уравнений; б) умножение конечного числа 
известных (2 × 2) матриц; в) вычисление определенных 
интегралов; г) суммирование необходимого количества 
членов ряда для получения заданной точности. В каче­
стве иллюстрации рассмотрены модельные примеры на­
грева восьмислоевых конструкций в условиях пожара.

Научная новизна. Впервые прямой метод применен к 
решению задачи о распределении нестационарного 
температурного поля по толщине многослойных кон­
струкций основных геометрических форм одновремен­
но, при наличии неидеального теплового контакта меж­
ду слоями.

Практическая значимость. Внедрение результатов ис­
следования позволяет эффективно исследовать процес­
сы теплообмена в многослойных конструкциях, которые 
встречаются в ряде прикладных задач.

Ключевые слова: теплообмен, коэффициент формы 
тела, неидеальный тепловой контакт
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