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DIRECT METHOD OF STUDYING HEAT EXCHANGE IN MULTILAYERED
BODIES OF BASIC GEOMETRIC FORMS WITH IMPERFECT HEAT CONTACT

Purpose. Characteristics of heat transfer processes in multilayer bodies of basic geometric shapes simultaneously under condi-
tions of convective heat transfer on its surfaces and taking into account imperfect thermal contact between the layers.

Methodology. A direct method was applied to solve a one-parameter family of boundary value problems in the theory of heat
conduction. This method is based on the reduction method, the concept of quasiderivatives, a system of differential equations with
impulse action, the method of separation of variables, and the modified method of eigenfunctions of Fourier. It is worth noting
that the application of the concept of quasiderivatives allows you to circumvent the well-known problem of multiplication of gen-
eralized functions, which arises when using the differentiation procedure of the coefficients of a differential equation. Such a pro-
cedure, in our opinion, casts doubt on the equivalence of the transition to the differential equation obtained in this way with gen-
eralized coefficients.

Findings. The solution to the problem is obtained in a closed form. The proposed algorithm does not contain a solution to
volume conjugation problems. It includes only: a) finding the roots of the corresponding characteristic equations; b) the multipli-
cation of a finite number of known (2 x 2) matrices; c) the calculation of certain integrals; d) summing the required number of
members of the series to obtain the specified accuracy. As an illustration, we consider model examples of heating eight-layer struc-
tures in a fire.

Originality. For the first time, the direct method has been applied to solving the problem of the distribution of an unsteady
temperature field over the thickness of multilayer structures of basic geometric shapes simultaneously, in the presence of imperfect
thermal contact between the layers.

Practical value. The implementation of the research results allows us to effectively study the heat transfer processes in multi-
layer structures, which are found in a number of applied problems.

Keywords: heat exchange, body shape coefficient, imperfect thermal contact

Introduction. From a practical point of view, heat transfer
problems are almost always accompanied by the solution of
one or even several related problems. They are used in the
study on the strength of parts and machines, the study on ther-
mal stress of the body, during friction and wear, strengthening
of structural elements or individual parts [1—3]. The combina-
tion of solutions to individual problems solves problems en-
countered in the civil, automotive, shipbuilding, aerospace,
biomedical, energy, chemical, nuclear, and microelectronics
industries, including the design and development of buildings,
pipelines, heat exchangers, and more.

Numerous works are devoted to the study of the problem
of heat transfer in multilayer structures. In them, as a rule,
boundary value problems are solved for multilayer bodies of a
specific canonical form. The vast majority of them are limited
to the case of ideal thermal contact between the layers. How-
ever, in our opinion, the problems of thermal conductivity of
multilayer structures taking into account the imperfect ther-
mal contact are insufficiently studied. The article proposes the
application of a new analytical solution to the study on heat
transfer in multilayer bodies of basic geometric shapes simul-
taneously, by solving a one-parameter family of certain bound-
ary value problems.

Literature review. In his work, Yang, X.J [4, 5] proposes a
new approach that combines a variable-iterative method and
an integral transformation that is similar to the Fourier trans-
form. Jiang, J., and Zhou, J. in [6] propose an analytical solu-
tion of the Laplace equation for layered media in a cylindrical
domain under general boundary conditions. In [7], a method
for calculating thermal fields for multilayer beams with an ar-
bitrary location of the heat source was developed, which in-
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cludes a method for separating variables. Similar problems are
solved by the method of Green’s functions in [8]. Solutions for
the Laplace equation are presented for layered media in a cy-
lindrical domain under general boundary conditions. They are
obtained by the method of separation of variables using Sturm-
Liouville theory and Bessel functions and are presented in [9].

After analyzing the differential equations of thermal con-
ductivity for three coordinate systems (flat, cylindrical, and
spherical ones), it was found that we can make a general state-
ment of the problem by introducing into the equation some
parameter, which is called the coefficient of body shape [10].
This idea is not new. It has already been realized in the works of
Eliseev V.N. and Tovstonoga V.A. for the case of stationary
thermal conductivity [10] and non-stationary [11]. This ap-
proach was independently used by the authors and implement-
ed to find the solution of the differential equation of thermal
conductivity under conditions of ideal thermal contact in [12].

The above-cited works concern only the equations of ther-
mal conductivity under conditions of ideal thermal contact
between layers. The number of studies with conditions of im-
perfect thermal contact is quite limited. For example, in [13]
the solution of the axisymmetric contact problem of thermo-
elasticity is constructed about the pressure of a circular cylin-
drical isotropic stamp on an elastic isotropic half-space taking
into account the imperfect thermal contact through a thin in-
termediate layer between the stamp and the half-space. In
[14], mathematical modeling of the conditions of non-ideal
thermal contact of layers due to fine inclusion with heat sourc-
es was performed. In [15], an axisymmetric temperature prob-
lem was solved for a system of two contacting layers taking into
account non-ideal thermal contact.

Numerous methods are becoming increasingly popular due
to the advancement of computer technology. From a practical
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point of view, analytical solutions can be quite cumbersome and
complex, but they have a number of advantages over numerical
ones: they give more accurate results; lead to a better under-
standing of the research process through its mathematical form;
moreover, they can be used to verify numerical codes [12].

Unsolved aspects of the problem. In the works cited above,
the authors are usually limited to two layers [16]. This is due to
the fact that the increase in the number of layers (given the
choice of methods of practical implementation) leads to cer-
tain computational difficulties. Therefore, the problem of con-
structing an effective analytical scheme for the study on heat
transfer processes in multilayer structures in the presence of
imperfect thermal contact between the layers remains an ur-
gent task. The scheme proposed in the work allows, in any
case, avoiding the procedure of finding the originals, which is
the most difficult stage in the implementation of various op-
erational methods [4, 6, 14, 15].

Problem statement and its mathematical model. Multilayer
structures (flat, cylindrical, and spherical shapes simultane-
ously) are considered, the area of which is limited by surfaces
=ry and r = r,. This region is divided into » layers, each of
which is made of isotropic material and endowed with its ther-
mophysical characteristics (thermal conductivity A, specific
heat ¢, and density p). There is an imperfect thermal contact
between the layers. On the limiting surfaces, there is convec-
tive heat exchange with the environment, i.e. Newton-Rich-
man conditions are met.

In the general case, such a statement of the problem is re-
duced to finding the solution of a one-parameter family of dif-
ferential equations of thermal conductivity.

o(rlo(r) L) a[ w)a"(”)} =03,

ot + or or

where / is body shape ratio. So, if / = 0, it is a multilayer flat
construction; / = 1 — a multilayer hollow cylinder; /=2 — a
multilayer hollow ball.

Since there is an imperfect thermal contact between the
layers, it is necessary to record the conjugation conditions [17]

at/l'+1 611
” (D=2, ("H,T) 0

A
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t[1+1(1+1’r) ’lz(m’ )_T% L

i+1
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o, is the heat transfer coefficient between two inner adjacent
layers. To (1) should also be added boundary conditions of the
third kind

k%(ro,t):ao(t,(ro,r)—\uo(t))
. , (3)
o) -y, (1)

_X%(rn,t) =a,(1(r,

and the initial condition
1(r, 0) = o/(r). (4)

Note that y,(t) and y,(t) are ambient temperatures outside
the near-surface thermal layers, while o and o, are corre-
sponding heat transfer coefficients on surfaces r=r, and r=r,,.

In the future we will use the following notation [12]: 6, —
characteristic function of the semi-open gap [r;, ), SO,

1 1fre[,, ,+1) _n—l . _H |
{0 1frg[ . z+1) k(’)—;kiei, C(r)'p(r)—gci.pi,ei,

Ao ¢ oppoa; > 0 e Ry Vi=0n-1

A (r,7)

I
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rin, —t“](r 1') — quasi-derivative [17], ¢= — heat

flux der151ty.

Entering the notation of the quasi-derivative and multiply-
ing conditions (2) and (3) by #, we will receive

t1[1+1( Fip T ) Z‘[, ( ,+1,T):0
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1 ;
[1]
t/l ( 1+1’T)
FinQiyy

I
Y
{ao"ét,('bat)_ﬁm("o’r) =0ty Yo (T)
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Reduction method. Following, for example, [12, 17] we will
look for a solution to the problem (1—4) in the form of the sum
of two interconnected functions

1(r, ©) = u(r, ©) + v(r, ). (6))

Either of them, u,(r, T) or v(r, t) can be selected in a spe-
cial way, then the other will be determined unambiguously.

Function selection u,(r, ©) and mixed task for v/(r, 7). Let us
define u,(r, t) as a solution of equation [17]

Ly
F(r ?»u,) =0, (6)
with conjugation conditions [17]

”1[,1;]+1 ("iwr) - ”I[,Ii] ('7'+1’T) =0
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and boundary conditions
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1 : ®)
o,y (rn,T)+M/[ ](I‘n,‘t) =a,rhy (1)

and we will consider t as a parameter. Here, as indicated above

df
ul! (r,t):r’kul'.
On the basis of the image (5) we will rewrite (1) in the form

cp@u,(r,r)+c 8v,(r,'r):
ot ot
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Consider that u,(r, t) is the solution of problem (6—8),

1 0 6u,(r,r)
th H - 1}\‘7
en in (9) PP r r

rive at an inhomogeneous differential equation for the func-
tion v,(r, 1)

=0 should be put and we ar-

cpav,g:,r):rl/ ;[Mav,g:,r)]_cpau,g,r)’ (10)
with conjugation conditions
W 1s9) ) 105) =0
o) ) =t

Note that the function in right part is considered

ou, (r,t)
.a .

to be known, because u,(r, t) is a known part which we find as

a solution of problem (6—38) further. Because ,(r, ) is valid for

conditions (8), then the image (5) implies zero boundary con-

ditions for v,(7, 1)

{aoro’v, (r r)— v,[”(ro,r) =

0
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and the initial condition takes the form

vi(r, 0) =fi(r) = 0, (r) — u(r, 0). (13)

Solving the boundary value problem (6—8). In solving (6—8)
we follow the concept of quasi-derivatives [17].

1]

T
We introduce a vector U, =(u, u; ) , and matrix A, =

1 1
= ol Cin= I’,-’HOL,- .1 |- Then the quasi-differen-
0 0 0 0

tial equation (6), as is easy to see, is reduced to an equivalent
system of first-order differential equations [12].

U, =AU, (14)
with impulse action [17]
U i1 (i) = Uy €ri1) = € iy - Uy (1) 15)
Boundary conditions (8) are also written in vector form [12]
P,- Uyry) + Q- Ufr,) =T (1), (16)

where P, Q,and I',(t) have a structure

rla, -1 0 0
Pf:[ooo 0]; Q[:[r’a 1}

F,(r):(r(,’oco\yo(r), FnIOLn\Vn(‘C))T.
At each interval [r;, r;,;) system looks like
1
0 —
U,=A,U,; A= ' |. (17)
0 0

Cauchy matrix B, (7, s) of system looks like [12]
1 K (r,
Bi,/(r!s):[o l’lgr S)]a 1207132,

where K,A’,(r,s) :%r%.

is
Solution U, «(r) of the corresponding homogeneous system
(17) on the interval [r;, r;,;) will be searched for in the form

Ul, ()= B/, A, "[)P/, i (18)

where P, ; is still unknown vector.
Similarly on the interval [r;,, 7;,,)

U, i1 (r) =By i (r, 1 )Py oy (19)

At the point r = r; the conjugation condition (15) must be
satisfied. Applying it to equations (18 and 19), we obtain

P =E+ C/, w)By Ty, 1) - P
Let us denote

(E+C,J+1) = 6[,i+l;

af ~
B, (rp,r;l):C/,pB,!pfl (rp,rpfl)xC/,ple,,pQ(r r

p-1°>"p-2
X Cl,qHB,’q (rqﬂ,rq).

)><...>< (20)

Based on relation (18) for arbitrary k£ > 0 by the method of
mathematical induction on the index k we obtain

Pl, m+k = Bl(rm+k’ rm) : Pl,m'
Encharging m = 0, we obtain
Pl,k =B/(r, o) - P/, 0-

Using boundary conditions (8), we obtain an expression
for the calculation P, o = U, ((ry)

P,U,(r)+Q, U, (r,)=T,=
=>P-P+Q, (B/ (Vna’o)'P/,o) =I'=

=P, =(P,+Q,B,(r,.n)) T

At each interval [r;, r.;) the solution of problem (14—16)
has the form of a vector function U, (r) [12, 17]

U, (r) =B, (r,r) - B(r, r())'PI,O'e[- (@29)
The first coordinate of the vector function U, «(r) is the

function we are searching for , (r, t), and the second (u}(r))
is its quasi-derivative.
Solution (21) exists and is unique if det(P;+ Q,B(r,, ry)) # 0.
Expression (21) makes it possible to write the solution on
the whole interval [ry, r,] using characteristic functions 6, as

u (r,r) = gu,,i(r,r)ei.

Fourier method and eigenvalue problem. We will look for non-
trivial partial solutions of a homogeneous differential equation

. av,(r,r): 10 (rlkav,(r,r)
P ot r GrL or

) (22)

with conditions (11) and (12) as [17]
v,(r,t)=e " R(r), (23)

where , is the parameter; R/(r) is the unknown function.
Substituting the right part (23) in (22) we come to

(F2R;) +wepr'R, =0, (24)
with conjugation conditions
RJ[,li]+1 ("i+1 ) - R/[,lf] ("i+1 ) =0
1 >
R (ri+1 ) -R; (’}41) 7 Rl[,li] (’?+1)
T
and boundary conditions

{’J%RM)— RI(r) =0

(25)

. 26
rlo, R (r,)+ RMN(r,)=0 (26)

The second condition (25) shows that the solution of

equation (24) at points r=r,i=1n—1 have gaps of the first
kind. In this connection, (24—26) is a certain generalization of
the classical problem to eigenvalues.

Constructive construction of own functions. We introduce the

daf
following notation: RM=rAR, — quasi-derivative, vector
1
r/n |- Then qua-
—or'lcp 0
si-differential equation (24) reduces to its equivalent system of
first-order differential equations

R/=AR,, (27)

T -
R =(R,,R,[”) and matrix A=

with conjugation conditions
R/, 1) — R/, (i) = C/, wRy (Fi1),
and boundary conditions
PR(ry) + QR/(r,) =0. (28)

Ateach of the intervals of the interval [7;, 7, ;) system looks like

R),=ALR,, i=0n-1. (29)

Cauchy matrix ﬁ/,f(r,S,co,) of system looks like
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cosP;(r—s)
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2 2\,
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Bi(r,s,0;) = mAB2rs(Jy (Bor )Y, (Biss) =, (Bs) Yy (Bior)) - 7Bir (4, (Bior ) Yo (Bos) = o (Bios)Yi (Bor))
2 2
B,.scos(B,.(r—s))+sin(B,.(r—s)) sin(B,.-(r—s))
B;r Brsh; 1=2
(u),c,.p,.rs+?ul.)sin(Bi(r—s))+(BiXi(s—r))cos(Bi ‘(r—s)) Bircos(Bi(r—s))+sin(B,.(r—s)) ’
B; B;s
- /wlcipi nog —1) 0 0] (@) byl | (€l (0
Where we note that B, = 2 Jyand N, are Bessel and K 0 0 ][rn’(x,, J [bzl(m,,k) by (e )H [CIJ—[O]:
Neumann functions of zero order, respectively. o, -1

Similarly, as in formula (20) we write

_ U ~ =
Bl(rkaria(l)/):C/kBlk l("k”'k 10) - Craa1Bra-2(r_ys 155 0)) %
XClz+]B[1(r+],,s(0/) k>i.

Also note that
df n-1 __

(rro,oa,) ZBu(r,,, )-ﬁz(n,ro,m,)-G,;
l(rnarOaw/)di{bn(wl) bIZ((D/)].
bZI((D[) bzz(m/)

A non-trivial solution Ry(r, ®;) of system (29) is sought in
the form

B

R,(r,0,)=Bi(r.r0,)-C,, (30)
where C;=(C; |, C;,)" — some nonzero vector.

Applying to both parts of equation (30) of the boundary
conditions in the form (28), we obtain

P, 'R/(”o:(*)l)+Q1 'Rl(rn’w[):
:[P, -ﬁz(ro,ro,m,)+Q, -ﬁ/(rn,ro,w, )]C, =0,

or noting that B1(r0,r0,co,):E, where E is a unit matrix, we
come to equality

[P +Q, Bi(r,n,0,) |- €, =0. G1)

For the existence of a nonzero vector C;in (31) it is neces-
sary and sufficient to fulfill the condition

det[P,+Q, ~]§z(rn,r0,m,)J:0. (32)

Proposition 1. The characteristic equation of the problem
for eigenvalues (24—26) has the form (32).

Asitisknown [12, 18], the roots of the characteristic equa-
tion (32), which are the eigenvalues of problem (24—26), are
positive and different.

To find a nonzero vector C, = (C; |, C; ,)7 substitute @k
instead o in equality (32). Then we come to vector equality
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(("0‘ by (@, )+ by (@) (rla 1D (@) + by (@)
B

C/,J - [0
which is equivalent to a system of equations

"olo‘ocl,l -C,=0

(r o, by, (0, ) +by(0,,))-Cp ) + (rnlaanZ((D[,k )+
(33)
+by(0,4))-C, =0

Since the determinant of this system is zero, the system
(33) has nonzero solutions C; ; # 0, C; , # 0 € R. Putting, for

example C; , =1, we have C;; =——, that s
Ty Oy

o 1]T.

Setting the form of a non-trivial eigenvector C, which cor-
responds to its own values o, ,, we receive:

Proposition 2. The eigenvectors of the system of differential
equations with impulse action (27) have the following struc-
ture

1

/
L)

R, (r,(l)/’k)ZB[,i (r,r;,m,yk)-Bl (’}"bs‘”z,k)‘

Consequence. Eigen functions R, ,(r, ®, ), as the first coor-
dinates of eigenvectors R, ,(r, ®, ;), can be written as

1

Rl,k,i(r70‘)l,k) (1, 0)- B’I(”7 :’(’)/,k)'ﬁ’(’?””o@/,k) 1ot
1

- (34)

Development of some piecewise continuous function g(r),

having gaps of the first kind at points #,i=1,n—-1 in the Fou-
rier series by eigen functions R, ,(r, o, ;) has the form [17]

n-1 0
& (") = Z(;gl,iei = kZ_;YI,k : Rl,k ("a(’ol,k )’

where Fourier coefficients v, , are calculated by the formula
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‘[ pg,( )R,’k(r,(o,’k)r’dr =

o

ary

22 xpl_[gll
R

Here || R, ([P is the square of the norm of eigenfunctions
Ry i (r, o 1)

/
R, rcolk) rdr.

n-1 Tig

[R.s "2 - jcP”Rf,k (rp )r = Zcipi ,[ R, (ro, )rdr.

Ty = 7

To construct the solution of the problem (10—13), we apply
the method of eigenfunctions [17, 18], which consists in the fact
that we will look for the solution of this problem in the form

Vz(”’f) ZT/k() 1k(’“‘°/k) (35)

where 7 ,(t) is unknown function.

0
Because % is included in the right-hand side of equa-
T

tion (10), we develop it into the Fourier series by eigenfunc-
tions (34) of the boundary value problem (24—26)

0
u, Zuzk() lk(rm/k) (36)

and variable 7 is considered as a parameter.
Substituting (35) into (22), and taking into account the de-
velopment of (36), we obtain equality

0

P T (7) Ry (o, )=

:%g,[},k(T)'(rIA‘R;,k(r’mI,k)) _szulk( ) [k(r (le)

which after taking into account the equality (rAR] ;) + (o"r,ch,, =
=0, and cuts on cp # 0 will take the form

ST (2)+ouaTra (5) s (1) B (o) =0, )

Equating the Fourier coefficients of the series (37) to zero
we obtain an infinite set of differential equations

T (T)J"(Dl,le,k (T)"'”/,k (T) =0, k=123,....

The general solution of each of these equations has the
form

T, (t) =C,, e —j‘e_m’~*(t_x) Uy (s)ds, k=123,..., (38)
0

where C; , is unknown constants.

To find them, we will develop a function f() (from the ini-
tial condition (13)) in the Fourier series by the system of eigen-
functions (34) of the boundary value problem (24—26)

Vl(r O) ( ) Zf/k /k(r O)Ik) (39)

where f; , is corresponding Fourier coefficients.
Based on (38) we establish that

T,0)=Cp o (40)

and given the expression (35) we obtain

( ) lek() Ik(rwlk) 41)

Equating expressions (39—41), we obtain that C; , =} ;.

Finally, the solution of the mixed problem (10—13) is writ-
ten in the form of a series [12]

v, (l‘,’t) = i{f,k et — feim’*(rfs)u,’k (s)ds} ‘R, (r,c),’k ) =

-~
i

where

T

v, (r,0)= i|:ﬁk e __[e_m' (- S)ul k (s)ds} Lk (r oy k) (42)
=l

0

Based on the image (4), the solution of the problem (1—4)
is obtained.

n—l

f (r,r) = [u,’i (I‘,‘C) +v, (r,r)} -0;,

i=0

where u; (r, t) and v, (r, t) are defined by formulas (21) and
(42), respectively.

It should be noted that in [19] the verification of the pre-
sented method was carried out in comparison with the results
of field fire tests.

Numerical implementation of the method (model example).

Consider the problem of heating an eight-layer structure
(flat, cylindrical and spherical ones) which is made of different
isotropic layers. At the initial time, the temperature of the
structure and the environment is 20 °C. The ambient tempera-
ture that washes the outer surface varies according to the law of

8
thestandardtemperature ofthefire y, (T) =345 lg(l + 6(1)] +20,

at the heat transfer coefficient between the medium and the
surface o, = 25 W/m?- °C. [20]. The temperature of the medi-
um that washes the inner surface is constant and is yy(t) =
=20 °C — heat transfer coefficient oy = 4 W/m?- °C. Thermal
characteristics of the structure for calculation are as follows:
layer thickness [m] — r, = 0.01; r, = 0.03; , = 0.013; 5, = 0.018;
ry=0.25;r5=0.34; rs = 0.45; r, = 0.48; r; =0.5; thermal con-
ductivity coefficients [W/m?- °C] — kg =209; &, = 1.55; A, = 64;
A3 =393; Ay = 52; A5 =2.91; A = 34.6; X, = 58; specific heat
[J/kg - °C] — ¢y =894; ¢, =770; ¢, = 389; c3=389; ¢, =420; ¢c5 =
= 921; ¢ = 130; ¢; = 470; density [kg/m’] — p, = 2680; p, =
=2200; p, =8000; p3 =8950; p, =7270; ps = 2800; ps = 11 400;
p7 = 7800; heat transfer coefficients between layers [W/m?- °C] —
oy = 110; az = 180; a5 = 270; a, = 240.

The results of calculations of the problem are shown in
Figs. 1-3.

The Figures clearly show the process of heating structures,
as well as temperature gaps at the boundary of individual lay-
ers, between which there is an imperfect thermal contact. In-
stead, heat flux densities are continuous functions. This illus-
tration fully corresponds to the conditions of imperfect ther-
mal contact. The presented problem is a model that illustrates
the possibilities of the proposed method.

Conclusions. In the given work the general scheme of
research on processes of heat transfer in multilayer designs
of various geometrical forms at the same time taking into
account imperfect thermal contact between layers is of-
fered.

For specificity, the boundary conditions of the third kind,
which are the most general local conditions, are considered. In
the transition to other boundary conditions, the implementa-
tion scheme does not cause any difficulties.

The work does not take into account the presence of inter-
nal heat sources. This avoids complications that are only tech-
nical in nature. Such complications could divert the reader’s
attention from the main idea of implementing the proposed
approach.
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b

Fig. 3. Heating of a spherical structure:

b a — temperature; b — heat flux density
Fig. 1. Heating of a flat structure: The solved model examples use only the formula of the
a — temperature; b — heat flux density standard temperature regime of the fire, to illustrate the pos-

sibilities of the proposed method. The use of other laws of
temperature change on the surfaces limiting the body does not
cause any fundamental complications.
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IIpsamuii MeTox AOCTIIKEHHS TEMI000MiHY
B 0araTomapoBHX TiJJaX OCHOBHHX
reoMeTpUYHUX (hOpM NpPHU HeizeaTbHOMY
TEMJI0BOMY KOHTAKTI
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Merta. XapakTepucTuKa MpolLeciB Terja000MiHy B Oara-
TOLLIAPOBUX TiJIAX OCHOBHUX F€OMETPUYHUX (DOPM OJHOYAC-
HO 32 YMOB KOHBEKTHUBHOIO TEIIOOOMiHY Ha HOro moBepx-
HSIX Ta 3 ypaxyBaHHSIM HEileaJlbHOrO TEIJIOBOr0 KOHTAKTY
MiX IIapaMH.

Meronuka. bByB 3actocoBaHuii MpsIMUI  METON OO
pO3B’sI3yBaHHSI OJHOMapaMeTpUUHOI CiM’1T KpaltoBUX 3amau
Teopii TEIJIONPOBiTHOCTI. B OCHOBI LILOrO METOIY €: METO.I
PenyKIlil, KOHLIETIIis KBa3iMoXinHuUX, cucremMa IudepeHiii-
aJbHUX PiBHSIHB 3 iMITYJIbCHOIO €10, METO/ BiTOKPEMJIEHHS
3MIiHHUX i MOIM(DIKOBaHUII MEeTOM BIacCHUX (PyHKILiT Dyp’e.
Bapro 3ayBaxkutu, 1110 3aCTOCYBaHHSI KOHLIETILIiT KBa3iMmoxi-
HUX J103BOJIsSIE 00T BifoMy IpoOIeMy MHOXEHHSI y3araib-
HeHUX (PYHKIIiH, sIKa BAHUKA€E MPU BUKOPUCTAHHI MPOLEAy-
pu  mudepeHioBaHHS KoedillieHTIB MudepeHIiaIbHOTO
piBHsIHHs. Taka mpollenypa, Ha Halll MOIJIsIA, CTAaBUTh ITif
CYMHIB €KBiBaJICHTHICTb TIEpEXOMy [0 OTPUMAHOTO TaKUM
LUTSIXOM TUdepeHLiaTbHOTO PiBHSHHS 3 y3aralbHEHUMU KO-
editieHTamMm.

PesyabraTn. Po3B’s30K mocTaBiieHOl 3a7a4i OTPUMaHO B
3aMKHEHOMY BUIJISIII. 3alpOMIOHOBAHUI aITOPUTM HE Mic-
TUTb Y COOi PO3B’SI3yBaHHSI TPOMI3IKMX 3a4ay CIPSKEHHSI.
J1o HbOTO BXOMSTH JIMIIIE: ) 3HAXOMKEHHST KOPEHiB BilIOBII-
HUX XapaKTepUCTUUHUX PiBHSIHb; 0) MHOXEHHS CKiHYEeHHOI
KiTBKOCTI Bimomux (2 x 2) MaTpulib; B) OOYMCIICHHS] BU3HA-
YEHMX IHTerpajiB; I') CyMyBaHHs HEOOXilHOI KiJIbKOCTi uJie-
HiB psiny IJIs1 OTPUMaHHS 3alaHol TOYHOCTI. B sKocTi imto-
cTpallii pO3MISIHYTI MONEIbHI MPUKIaAW HarpiBaHHS BOCh-
MUIIAPOBUX KOHCTPYKIIiif 32 YMOB TTOXKEXi.

HaykoBa HOBHM3HA. Ymepiue NpsMUl METOI 3aCTOCOBA-
HUI 10 pPO3B’sI3yBaHHS 3a/1a4i PO PO3ITOiJ HeCTallioHapHO-
ro TEeMIEepaTypHOro TMoJig 3a TOBIIMHOIO OaraTolIapoBUX
KOHCTPYKIIiii OCHOBHMX T€OMETPUYHUX (OPM OTHOYACHO
MPpU HeileaIbHOMY TEIMJI0BOMY KOHTAKTi MiX IlIapaMH.

IIpakTHYHa 3HAYMMICTB. YTIPOBAIXKEHHS Pe3yIbTaTiB 10-
CIIKEHHST Ja€ 3MOTy e(EeKTUBHO OCIiIKyBaTU IMPOLECU
TEIUIOOOMiHY B OaraTomapoBUX KOHCTPYKILisIX, 1110 3ycTpida-
I0TbCS B PSiZli MPUKJIAIHUX 3a/1a4.

KuouoBi ciioBa: mennoobmin, koeghivienm ghopmu mina, ne-
ideanvruil mennosuii KOHMAaKm

IIpsimoii MeToa MCCIeI0BAHUSA TEMJI000MEeHa
B MHOTOCJIOMHBIX T€JaX OCHOBHBIX
reoMeTpu4ecKux (hopM Npu HeHaeaJIbHOM
TEILIOBOM KOHTAKTe
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ens. XapakTepucTrKa MPOIIECCOB TETNIOOOMEHA B MHO-
TOCJIOMHBIX TeJlaX OCHOBHBIX F€OMETPUYECKUX (HOpM OTHO-
BPEMEHHO B YCJIOBUSIX KOHBEKTUBHOTO TEIJIOOOMEHA Ha ero
MOBEPXHOCTSIX U C YYETOM HEUIEATBHOTO TEIMJIOBOTO KOHTaK-
Ta MEXIY CIOSIMU.

MeTtomuka. bbut pUMeHEeH NMPSIMOI METOJ, TSI PELICHUSI
OJTHOTIAPAMETPUYCCKON CeMbU KPAaeBbIX 3a1au TEOPUU Te-
MJIOMPOBOAHOCTU. B OCHOBE 3TOr0 MeTo/a MOJIOXeH: METO/
PEeNyKIIMU, KOHLEMIUST KBa3UIPOU3BOIHBIX, cucTemMa aud-
(bepeHLMaTbHBIX YPaBHEHUI C UMITYJILCHBIM BO3/ICHCTBUEM,
METO[ pa3/ieeHHsI IePEeMEHHbBIX K MOIN(DUIIMPOBAHHBIN Me-
Ton coOCTBeHHBIX QyHKIMIT Dypbe. CTOUT 3aMETUTh, YTO
MPUMEHEHUE KOHLEMIMU KBa3UIPOU3BOAHBIX TO3BOJISIET
000MTH M3BECTHYIO MPOOJIEMY YMHOXEHUSI OOOOIICHHBIX
(byHK1IMIT, KOTOpast BOSHUKAET MPU MCIIOJIb30BAHUU TIPOILIe-

66 ISSN 2071-2227, E-ISSN 2223-2362, Naukovyi Visnyk Natsionalnoho Hirnychoho Universytetu, 2021, N° 1


https://doi.org/10.1016/j.ijheatmasstransfer.2015.09.072
https://doi.org/10.1016/j.ijheatmasstransfer.2015.09.072
https://doi.org/10.18698/0236-3941-2017-1-112-128
https://doi.org/10.18698/0236-3941-2017-1-112-128
https://doi.org/10.24874/jsscm.2019.13.02.04
https://doi.org/10.24874/jsscm.2019.13.02.04
https://doi.org/10.33108/visnyk_tntu2019.04.013
https://doi.org/10.33108/visnyk_tntu2019.04.013
https://doi.org/10.1016/j.ijheatmasstransfer.2016.12.020
https://doi.org/10.1016/j.ijheatmasstransfer.2016.12.020
https://doi.org/10.1007/s10891-018-1871-3
https://doi.org/10.1007/s10891-018-1871-3
https://doi.org/10.32447/20784643.18.2018.10
https://doi.org/10.32447/20784643.18.2018.10
https://doi.org/10.1002/9783433601570.ch1
https://doi.org/10.1002/9783433601570.ch1
opazen@gmail.com
opazen@gmail.com
opazen@gmail.com

nypel nuddepeHmpoBanus KoadbuimeHToB auddepeH-
LMaTbHOTO ypaBHeHMsl. Takas mpoiieaypa, Ha Hall B3IJIS,
CTaBUT ITOJI COMHEHUE 3KBUBAJEHTHOCTD Tiepexoaa K Mojy-
YEeHHOMY TaKuM MyTeM anddepeHInaTbHOMY YPaBHEHUIO C
00001IEHHBIMU KO DULIEHTaMU.

Pesyabratel. PelieHne moctaBaeHHOM 3a1a41 MTOJIYYEHO B
3aMKHYTOM BHIe. [1pemtoskeHHBII alrTOpUTM He COIEPXKUT B
cebe pelieHns OObEMHBIX 3a7a4 COMpsKeHUs1. B Hero Bxoasit
TOJIBKO: a) HaXOXIEHUe KOPHEN COOTBETCTBYIOIIMX XapaKTe-
PUCTUYECKUX YpAaBHEHUIA; 0) YMHOXEHUE KOHEUHOTO Yucia
M3BECTHBIX (2 x 2) MaTpUIl; B) BBIYMCIEHUE OMPEAETCHHbBIX
MHTErpajioB; I) CYMMHpPOBaHUE HEOOXOAMMOIO KOJIMYECTBA
YJIEHOB psifa IUTsl TIOJyYeHUsI 3alaHHON ToYHOCTU. B Kaue-
CTBE WITIOCTPAIIMU PACCMOTPEHBI MOJIETbHBIE TPUMEPHI Ha-
rpeBa BOCbMUCIIOEBBIX KOHCTPYKIIMI B YCJIOBHSIX ITOXKapa.

Hayunas HoBu3HAa. BriepBbie MpsiMOii METO MPUMEHEH K
peIlIeHUI0 3aJayd O pacIpelesieHUd HEeCTAallMOHAPHOTO
TEMIEPaTypPHOTo MO MO TOJIIMHE MHOTOCIOMHBIX KOH-
CTPYKUMIT OCHOBHBIX T€OMETPUUYECKUX (POPM OTHOBPEMEH-
HO, NP HAUTMYMU HEUJEATbHOTO TETIOBOTO KOHTAKTa MEX-
Iy CJTOSIMM.

IIpakTHyeckas 3HaYMMoCcTh. BHeIpeHue pe3yabTaToB UC-
CJIeTOBaHUS TTO3BOJISIET (G (MEKTUBHO MUCCIEI0BATh MPOIIEC-
ChI TEMJI000MEHa B MHOTOCOMHBIX KOHCTPYKLIMSIX, KOTOPbIE
BCTPEYAIOTCS B psAie MPUKIIATHBIX 3a/1a4.

KuroueBbie cioBa: menioobmen, koaghguyuenm ghopmol
mena, HeuoeanbHulil Ment08oi KOHMaKm
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