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MATEMATHYHI MOJEJII BUBHAYEHHSA TEMIIEPATYPHUX PEXXUMIB Y EJIEMEHTAX
JIITIA-IOHHUX AKYMYJISTOPHUX BATAPEH

Y mockoHaeHO paHile po3poOiIeHi Ta HaBeJEHO HOBI MaTeMaTHYHI MOJIeIi BU3HAYEHHS Ta aHAII3y TEMIICPaTypHUX PEKHMIB B
OKPEMUX €JIEMCHTaX JIITiH-I0HHUX aKyMYJIATOPHHUX OaTapei, sSIKi TeOMETPUYHO OIMCAHO 130TPOITHUMH HiBIIPOCTOPOM 1 IIPOCTOPOM i3
BHYTPIIIHIM JDKEPEIOM TeIula HWIHAPHYIHOI (popMu. Takoxk PO3TISHYTO BUIIAAKHU JUIS MiBIPOCTOPY, KOJU TEIUIOBHIUIIOUHH IIH-
JIHIP € TOHKUM, a JJISI IPOCTOPY, KOJH BiH € TEPMOYYTJIMBUM. J|JIs1 IbOTO 3 BUKOPHUCTAHHAM Teopii y3araabHeHUX (QYHKIIN y 3pyd-
Hill ¢opMmi 3amucaHO BUXiAHI qudepeHianbHi PIBHIHHS TEIUIONPOBIAHOCTI 3 KpaifoBUMH yMoBaMH. [1sl po3B'sI3yBaHHS OTPHUMAaHHUX
KpalOBHX 3a/1a4 TEIUIONPOBITHOCTI BUKOPHCTAHO iHTErpajibHE IepeTBOPEHHS ['aHKe s 1 BHACIIIOK OTPUMAHO aHATITHYHI PO3B'SI3KH
B 300paxkeHHsX. J[0 MX po3B'sA3KiB 3aCTOCOBAHO OOEpHEHE IHTErpajbHE epeTBOpeHHs ["aHKes, sIKke AaI0 3MOTy OTPUMAaTH OCTaTO4-
Hi aHATITUYHI PO3B'I3KM BHUXIAHUX 3amad. OTpUMaHi aHAJITHYHI PO3B'I3KM IOJAHO Y BUIIAIl HEBIACHMX 301KHUX iHTerpamis. s
BH3HAYEHHS YUCIIOBUX 3HAYEHb TEMIIEPAaTypU B HaBEJCHUX KOHCTPYKIISIX, 8 TAKOXK aHAJI3y TEINIOOOMIHY B €JIeMEHTaXx JITiH-10HHIX
Garapeii, 3yMOBIICHOI'O Pi3HIMH TEMIIEPATypHUMH PEXKUMAMHU 3aBASKH HAarPIBaHHIO BHYTPIIIHIME JPKEpeNIaMy TEIUIa, 30CCPeKCHHU-
MH B 00'eMi IMTiHApPA, po3po0IIEHO 00YHCITIOBAIBHI IPOrpamMH. [3 BUKOPHCTaHHSAM IMX MpOrpaM HaBeICHO rpadiky, sKi BigjoOpaxa-
I0Th NOBEAIHKY KPUBHX, MOOYJOBAaHUX i3 BUKOPHUCTAHHSIM YHCIIOBHX 3HA4€Hb PO3MOALTY TEMIIEpaTypH 3aJIeKHO BiJl IIPOCTOPOBHX
pafianbHOI Ta akciaiabHOI koopanHaT. OTpHMaHI YHCIIOBI 3HAUYEHHS TEMIICpaTypH CBiqYaTh IPO BIAMOBIAHICTH HaBEICHUX MaTeMa-
THYHHAX MOJeJel BU3HAUEHHS PO3INOJUTY TeMIepaTypH peallbHOMy (hisnmdHOMy mporecy. IIporpaMui 3aco0H TakoX HAlOTh 3MOTY
aHANI3yBaTH CEPEAOBHINA i3 BHYTPIIIHIM HarpiBaHHSIM, 30CEPEIKECHIM Y IPOCTOPOBUX (irypax mpaBHIIBHOI T€OMETPHYHOI (HOPMH,
o0 iX TepMOCTifKOCTi. SIK HACTiOK, CTa€ MOXMJUIMBHM i HiJJBUIIUTH, BU3HAYUTH JOIMYCTUMI TEMIIEPATYpH HOPMAIBEHOI poOOTH Ji-
Tili-iOHHHX Oarapeif, 3aXucTuTH iX Bix meperpiBaHHsd, K€ MOXKE CIPHUIMHHUTH PyHHYBaHHS HE TUIBKM OKPEMHX €JIEMEHTIB, a i Bciel

KOHCTPYKIIi.

Kntouogi cnosa: nitiii-ioHHi akyMmymsTopHi Garapei; TeIUIONPOBIAHICTh; KOHBEKTHBHUI TEIIOOOMIH; TeMIIepaTypHe II0JIe; Tep-

MOYYTJIMBE CCPCAOBUIIC; TCILUIOB izmaqa.

Bcryn

P03BHUTOK Cy4yacHMX TEXHOJOTiH CIIOHYKa€ O IIBUAKO-
IO POCTY Ta PO3BUTKY BUPOOHHUIITBA €JIEKTPUYHUX 1 TiOpu-
HUX eJIeKTPOMOOLIIB, SIKI HA PUHKY BUTICHSIOTH aBTOMOOLII
3 IBUTYHAaMH BHYTPIIIHBOTO 3ropsiHHS. OZHOYACHO 3 NpH-
XOZOM HOBHUX TEXHOJIOTiIH 3pocTae KiJIbKICTh 3arpo3 1 He-
Oe3rek, Ha sIKi TIOBHHHI pearyBaTu aBapilHO-pSTYBaJIbHI
migpo3ainu. [TogiOHa HeOe3meka BHHHKAE B €IEKTPOMOOi-
JISIX, SIKI BUKOPUCTOBYIOTB IiZPO3JIIN MOXKENKHOI OXOPOHH,
BHACJIIOK BUKOPUCTAHHS aKyMYJSITOPHHX OaTapeil Beiw-

IHpopmauis npo asTopis:

kol emHOCTi. OCHOBHI BHPOOHHMKH EICKTPOKApiB Yy KOH-
CTpYKLIi aKyMyJIATOPHUX OaTaped BUKOPHCTOBYIOTH JIITiM-
10HHI aKyMYJIATOPH, SIKi IIPALOIOTh i3 BUKOPHCTaHHSIM Tpa-
(bITHUX €JIEKTPOJIB 1 BIAPI3HAIOTHCS TUIBKH TUIIOM €JIeMEH-
TiB JKUBJICHHS Ta IX PO3MILIEHHSM Yy caMiil aKyMyJISITOpHIH
Oartapei. Y npoMy BUNAJKy BapTO 3a3HAYWTH, IO IpadiT
IIi1 Yac HarpiBaHHS MaJlo PO3LIMPIOETHCS, MAE BHCOKY Tel-
JIONPOBIIHICTD, IO MPUOJU3HO y [Ba Pa3H € BHILOIO 3a
TEILIONPOBIIHICTh BOJIB(PAMOBUX CIUIABIB 1 TOMY € CTiMi-
KM NIPOTH TEPMIYHUX yAapiB. A mono ¢popMu, TO HaHIo-
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LIMPEHIIINMH eJIEMEHTaMH JKUBIICHHS 3apa3 € eJIeMEeHTH
LITIHAPUYHOI (OPMH, sIKI BHKOPHCTOBYIOTH 30KpeMa B
enekTpoMoOisix komnanii Tesla. Jlitiii-ionHi Garapei ma-
I0Th HHM3KY IIepeBar, 30KpemMa TepMiH (YHKIIOHYBaHHS Ta
MOXIJIUBICTB IX IIBUJKOTO 3apsiKeHHs. AJle mopsix i3 ix Be-
JIMKMMU TIepeBaraMu iCHye HU3Ka HeJIOJIKIB, sSKi HECYTh MO-
TEHUIHHY TOXeXHY HeOe3IeKy K TPaHCIOPTHUM 3aco0aM,
TaK i mepcoHany ix oOciayroByBaHHs. Lle 3yMOBIEHO THM,
III0 B CEPEIMHI €JIEMEHTIB JKUBJICHHS MICTUTBCS €JIEKTPO-
JIT, SKAH JIETKO 3afMa€ThCsl 1 € NMPUYMHOIO HE3BOPOTHOL
TEPMIYHOI peakilii, 10 BHACTIIOK MPUBOINUTH J0 BUILICHHS
JIETKO3aWMHUCTHX 1 TOKCHYHUX T'a3iB, a B AESKUX BUMAJKaX 1
JI0 pyHHYBaHHs €IEMEHTIB XHBJIEeHHs. He3BopoTHa TepMiu-
HA peakilis BUHUKA€ BHACIIIOK HECTAOITBHOTO PEXKUMY PO-
00TH €JeMEHTIB YXKUBJIICHHS, CIPHYMHEHOTO KOPOTKHM 3a-
MUKaHHSM, TeperpiBaHH;IM, Iepe3apsPKeHHIM 1 MexaHiu-
HUMHM TTOUIKO/DKEHHSIMH. 3 OIJISIy Ha I€ JTOBOJII aKTyajb-
HOIO ITOCTa€ 3aqa4ya po3poOJIeHHS MaTeMaTHdIHUX MOJEIeH
NPOLIECY HAarpiBaHHS JITIH-IOHHUX EJIEMEHTIB >KUBJIICHHS,
SKi BpaxoBYIOTh IX reoMmerpuuHy QopMmy Tta XimiuHHI
ckian. CTBOpEHHS TaKMX MaTeMaTHYHHX Mojeied y Io-
JIANIBIIOMY J1a€ 3MOTy BHU3HA4YaTH HEOOXiJHI MOKAa3HHUKU
TEMIIEpaTypy Ta BUKOHYBAaTH PO3paxyHKU BUAIIEHOI Kijlb-
KOCTI TEIUIOTH, HE MPOBOASYM JIOPOTUX EKCIIEPUMEHTIB, a
TAKOX JUIsi PO3POOJICHHS! PI3HOMaHITHUX HOBUX BapiaHTIB
€JIEMEHTIB JKUBJICHHS 3 INOKPAIIEHUMH KOHCTPYKIIHHUMU
rapameTpamH.

006'exm O0ocridacenns — MPOIECH TEIJIOOOMIHY B cepe-
JIOBUINAX i3 BHYTPIIIHIM HarpiBaHHSAM, 30CEPEIPKCHHM B
o0'eMax (iryp mpaBUIEHOI T€OMETPUYHOI (POPMH.

Ilpeomem Oocniodicenns — 3acodbu po3poOJICHHS JTiHIH-
HUX | HeTIHIHHUX MaTeMaTUYHUX MOJEJICH MPOIEeCy TEeIIo-
OOMIHY Ta METOAM BHM3HAUCHHs aHAJIITHYHUX PO3B'S3KIB
BIJIMIOBITHUX KPAaWOBHX 3a/1a4 MaTEMATHYHOI (Di3HUKH.

Mema pobomu — po3po0IIEHHS MaTeMaTUYHUX MOAEIeH
JUIS BU3HAYECHHS Ta aHaJli3y TEMIEpaTypHHUX PEXUMIB Yy OK-
peMHuX eNeMeHTax JITiH-IOHHUX aKyMYJISATOPHUX OaTapew,
SKi JaroTh 3MOT'Y BCTaHOBUTH JOIYCTHMIi TeMIlepaTypu
HOPMAaJIbHOI POOOTH.

Jlist mocsirHeHHs! 3a3Ha4YeHOi METH BM3HAYEHO Taki oc-
HOGHI 30480AHHS OOCTIONHCEHHSL:

® TpoaHANi3yBaTH OCTaHHI JOCIIKEHHS Ta IMyOTiKarii;

® HaBeCTH 00'€KT JOCIIIKEHHS Ta HOro MareMaTHYIHI MOJEI;

® BUKOHATHU Ta TNpoaHall3yBaTU YUCI0BI PE3YIIbTATU JOCIIPKCHH ]
® chopMyIIoBaTH OCHOBHI BUCHOBKH Ta BKa3aTH OLIHKY IX IOCTO-

BIPHOCTI.

Hayxoea Hosuzna ompumanux pe3yibmamie 0ocniodiceH-
HSl — 3 BUKOPHCTaHHSM y3arajbHeHUX (YHKLIH y HaO4HIN
(opmi 3armcaHo ocTaTo4YHI AUQepeHIiaibHi PIBHSIHHS Tel-
JIOIPOBITHOCTI 3 KPaiOBUMH YMOBaMH, L0 JIAJI0 3MOT'Y 3ac-
TOCYBAaTH JI0 HUX IHTErpajibHe IEPETBOPEHHS Ta OTPUMAaTH
aQHAJTITHYHI PO3B'SI3KM HABEAECHUX KpaHOBHX 3a/ad.

THpaxmuuna 3uauywicms pe3yromamie 00CHiONCEHH —
PO3pOOIIEHO OOYNCIIOBAIBHI MPOTPaMH, SIKI JAFOTh 3MOTY
BH3HAYUTH YHCJIOBI 3HAUCHHS TEMIIEPATYPH Y BIAMOBITHUX
KOHCTPYKIISIX, & TAKOXK POaHANi3yBaTH TEIIOOOMIH y elle-
MEHTaxX TypOOreHeparopiB, 3yMOBJIEHOTO Pi3HHMH TeMIIe-
paTypHUMH peXMMaMH 3aBASKU HarpiBaHHIO BHYTPIIIHIMHU
JOKEpeIaMy Terljia, 30Cepe/KeHUMH B 00'emi mutinapa. OT-
pHYMaHi YMCIIOBI 3HAYEHHS TEMIIEpaTypH CBiI4aTh PO BiJUIO-
BIZIHICTh HaBEJCHMX MAaTEMAaTHYHUX MOJeNIed BU3HAUYEHHS
pO3NOALTY TEMIIEpaTypH peabHOMY (i3nYHOMY ITpoLecy.

Ananiz ocmannix 0ocnioxceny ma nyonikayii. Buzna-
YCHHS TEMIICPATYPHUX PEKUMIB SIK B OJHOPITHHX, TAK 1 He-

OJHOPIJHUX KOHCTPYKIIAX IIPUBEPTA€E yBary 6aratbox JI0c-
migaukis [1, 2,4, 11, 15, 17]. V npamx [3, 6, 7] ynockoHa-
JICHO HasiBHI Ta pO3po0JIEHO HOBI MiAXOIU IO CTBOPEHHS
MaTeMaTHYHUX MOJICIICH aHalli3y TEIUIOOOMIHY MiX KYCKO-
BO-OJIHOPIJHUMH KOHCTPYKIISIMU Ta HaBKOJIMIIHIM Cepesio-
BHIIIEM 1 METOMIB PO3B'sAI3yBaHHs JIHIHHUX 1 HETIHIHHUX
KpaloBHX 3amad Uil KYCKOBO-OZHOPIIHUX CEPEIOBHII.
Po3risiHyTO 1BO- Ta TPUBHMIpHI MOZENI, IO MICTSATh PiB-
HSHHS, KOeQiL€HTH SKMX € (QYHKUISIMH TeruioQi3udHuX
BIacTUBOCTEH (a3 i reoMeTpuyHoi cTpykTypu. HapemeHo
METO/IM BU3HAYCHHS aHATITUYHHUX Ta aHATITHIYHO-YHCIOBHX
PO3B'S3KIB KpallOBUX 3ajay TemsionpoimHocTi. Jlocimimke-
HO Ta MPOAaHAJi30BaHO TEILIOOOMIiHHI TPOIIECH B OIHOPII-
HUX Ta IIapyBaTHX KOHCTPYKIISAX i3 Yy>KOPITHUMH BHECEH-
HSIMHM KaHOHIUHOI (opmu. Po3pobiieHo maremaTtuyHy Mo-
JIelIb JUTSL TOCHIJPKEHHST TeMIIepaTypHOro IT0JIsl, CIIpUYnHe-
HOTO POTAlifHIM 3BapIOBaHHSIM METAJIB 32 JOIOMOTO Tep-
1. i uporo chopMOBaHO OCECHMETPUYHY HENiHIHHY
KpaioBy 3a/1a4y TEILIONPOBIHOCTI JUISl BOX KPYT'OBHX M-
JIHIPIB 3 OJHOYACHMM YpaxXyBaHHSIM TEIUIOyTBOPEHHS
BHACJIJIOK TepTs Ta BiA IUIACTUYHOrO jae(opMyBaHHS.
[puitHATO, MO KOEDIIEHT TEepTs, MeXa IUIACTHYHOCTI 1
Teru1o(i3NYHI BIACTUBOCTI MaTepiajiB 3pa3KiB 3MiHIOIOTHCS
3 MIBUIIEHHSM TemIiepaTypu. UncioBuil po3B's30k 3anaqi
OTPMMAHO METOJIOM CKIHYEHHHX eleMeHTIB. OOuucIeHHs
BHKOHAHO JJIsl BOX 3pa3KiB, BUTOTOBJICHUX 3i cram AISI
1040. BusiBiieHo, o (puUKIiiiHE TEIUIOYTBOPEHHS BiquyT-
Hillle, MTOPIBHSAHO 3 HArpiBaHHSAM BijA IUTaCTHYHOTO Aedop-
MYBaHHS, BIUIMBA€ Ha MaKCHMAaJIbHY TeMIIEpaTypy IOBep-
XHI KOHTaKTy. BCTaHOBJIEHO eMIipHYHi 3aJIeKHOCTI TeMIIe-
parypH BiJ mapamerpa, IO XapaKTepH3ye YacTKy KOXXHOTO
i3 JIBOX 3a3HAYCHUX MEXaHI3MIB TEIUIOYTBOPEHHS B 3arajb-
Hill KiJIBKOCTI TE€HEPOBAHOTO Temia. BepugikoBaHo po3pa-
XYHKOBY MOJIENTb TIOPIBHSHHAM OOYHCIICHUX 3HAa4eHb TEM-
neparypyd 3 BIAIIOBITHMMH eKCHEpUMEHTaIbHUMH [14].
Po3pobiieHo MaTeMaTn4Hy MOJIENb ISl BU3HAUCHHS HecTa-
LIOHAPHOTO TEMIIEpaTypHOIo HoJsl B OararomapoBiii Tep-
MOYYTJIMBIH IIaCTHHI 3a Pi3HUX YMOB HarpiBaHHsA. 3acTo-
coBaHO 710 c(hOpMYJIbOBaHOI HEJiHIHHOI KpaioBOi 3amadyi
neperBopeHHs1 ['yniMeHa i OTpUMaHO METOJOM NpSIMHX 3
BHUKOPHCTaHHSIM IHTErpO-IHTEpHOJSINiHHOrO MeTony i Ha-
MBAMCKPETHUH aHayor y BUrisiai 3anadi Komri st cucre-
MU HENIHIHNX 3BUYaliHUX TU(epeHiaTbHIX piBHAHb. Yn-
CeIIbHO 3a JIONOMOrolo (hopMyl TUQepeHIiIoBaHHs Ha3al,
3aJaBUIM TEMIIEPaTYpHI 3aJEeXKHOCTI Ui TEIUIo(i3NIHNX
rapameTpiB IapiB IUIACTUHU, PO3B's3aHo 3aaady Kol s
CHCTEMH HEJIHIHHMX 3BHYalHMX JIudepeHIiaJbHuX piB-
HSHB y ABOMIAPOBIiH rutactusi. [Ipupict Temneparypu Bu3-
HaueHo uepe3 3MiHHY ['ynMmeHa 3a dopmymnamu obepHEHOT
iHTeprosii [5].

Pe3ysibTaTH J0C/IiPKEHHS Ta iX 06roBOpeHHA

Mamemamuuni moodeni 06'ckma docnioxyncennsn. Y po-
60Ti [8] po3poOICHO MaTEeMAaTHYHY MOJETh BU3HAYCHHS
TEMIIEPaTYPHOTO MOJISl T2 aHATI3Y TEMIIEPATyPHUX PEXKUMIB
y JITIH-IOHHUX aKyMyJSTOPHHX OaTapesix, KOHCTPYKIIIO
BY3JIIB SIKUX T€OMETPUYHO ONMCAHO IIAPYBATOI CTPYKTY-
poro. HaBenemo e HU3Ky MaTeMaTH4yHUX MOJEJIeH Terio-
00OMiHY, sIKi JaIOTh 3MOT'Y BU3HAYaTH TEMIIEpaTypHi HOJIS B
OKpPEMHX €JIEMEHTaX JITiH-I0HHUX aKyMYJISITOPHUX Oarapeit
1 BCTAaHOBJIFOBATH JIOIYCTUMI 3HAUCHHS TEMIIEpaTypH IS 1X
HOPMAaJIbHOI POOOTH.

1. PosruisieMo i30TponHuit miBIpocTip, B 06'eMi 27R%A
LIIIHIpa SIKOTO 30CEpe/PKeHi PIBHOMIPHO PpO3IOMALIEH]
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BHYTPILIHI JUKepesa TerJa 3 MOTYXHICTIO gy = const, BiIHe-
CeHHUI 10 MMTIHAPUYHOI cuCTeMH KoopauHat (Orgz) 13 mo-
YaTKOM y LeHTpi wwiiHapa. Ha moBepxHi z=-h—[ miB-
MIPOCTOPY 33JaHO YMOBY KOHBEKTHBHOI'O TEILJIOOOMIHY i3
HaBKOJIMIIHIM CEpeOBUILEM 3a 3akoHOM HbloToHa, Temrie-
parypa sKOTro € TaKolo, 110 IOPIBHIOE 7. = const (puc. 1).

Puc. 1. BorponHuit miBIpoCTip i3 MINTIHIPUIHAM JHKEPEIOM TeTuIa

JI71s1 BU3HAYEHHSI CTAlliOHAPHOTO TEMIICPATYPHOTO MOJIS
{(r,z) y HABEJACHOMY CEPEIOBHII BUKOPHUCTAEMO PIBHIHHS
TeronpoiaHocti [12, 16]

AAt =—qoS_(R—r)N(z) (D
3 KpaﬁOBHMH YMOBaMu:
ot
lg o = az(t‘z:,h,l - l‘c), t‘ rz—w = Les (2)

Je: A — KoedilieHT TerIonpoBiAHOCTI MIBIIPOCTOPY; o, —

Koe(iLlieHT TeIUIoBiiavi 3 MOBEpXHI z=-h—/ miBOpoC-
1o 9y, : .
Topy; A=——|r— |+—5 — omeparop Jlarutaca B LuIiH-
ror 6r 0z
JpMuHii cucteMi KoopamHaT; N(z)=S_(z+h)-S.(z—h);
15 é/ > 05
S:(¢ ) =40,5+0,5, £ =0, — acUMETPUYHI OMUHUYHI (YHKIIIT
05 é/ < 05

[13]. o cniBBimnowmess (1), (2) 3acTocoByeMo iHTErpaibHe
nepeTBopeHHs1 ['aHKesNst 32 IPOCTOPOBOIO KOOPAWHATOIO 7.
Tonmi orpumaemo 3BuyaiiHe qudepeHUianbHe PIBHSAHHS 31
CTaJIMMU Koe(illieHTaMu

d0

29 = —1 RE)N 3
G0 =N (REN(2) ©
3 KpaﬁOBHMH yMOBaMH1
DL Y Iy @)
Oz . z=—h-1[ z—w

— Ttpancdop-

b 0(2)= [ rio(rE)0(r.2)dr

0
MaHTa Temneparypu 6(r,z); &— mapaMeTp iHTErpaibHOTO

2n
x/2)"
Z( 1)"£—L ¢yrkuis becce-
nl( + )l
JIsL IEPILIOTO POAY V-TO HOPSIIKY.
3aranbHUi po3B's30K piBHSHHS (3) 3HaAIEMO METOIOM
Bapialii cTajIuX y TAaKOMY BHTJISI

R
j‘; L(RE)[N(z)

ne: 6(r,z)=t(r,z)—

nepeTBopeHHs, J,(x)=

0(2) = cile?” + ce™¥ +

~ché(z+h)S_(z+h)+ché(z—h)S,(z—h)],

IIe ¢j,c; — CTaji IHTErpyBaHHS, SKi BU3HAYUMO 13 BUKOPHUC-

TaHHIM KpalloBUX yMOB (4).
Toni oTpuMaemMo YacTKOBU po3B's130k 3amadi (3), (4)

_ R g AC O g(zehe)
0(z) = 28 Il(Rg‘){vhg‘h{e 2 +aze }+

)
+N(z)—ch&(z+h)S_(z+h)+ché(z—h)S, (z—h)}.
3acTocyBaBIIM OOEpHEHE IHTErpajbHE IEePETBOPECHHS

lankens no cmiBBigHOMIEHHS (5), OTPUMAEMO BHpa3 IS
LIYKaHOI TeMIlepaTypu

2= PR T 1) £ AT gz
0(r,z) /1 l 2 11(R§){sh§h{e +,1§+aze } ©

+N(z)—ch&(z+h)S_(z+h)+ché(z—h) S, (z—h)}dé,

SIKMM TIOBHICTIO BUP@XXEHO TeMIIepaTypHe MoJje B i30Tporl-
HOMY MIBIOPOCTOPiI 3 TEIUIOBIAAuCIO, IIO HArpiBa€ThCS
JOKEPEJIOM Terula [T HAPHYHOT POopMH.

Jlis BUMaiKy, KOJIM Ha MOBEPXHI z = —h —[ IMIBOPOCTOPY
3aJ]aHO YMOBY ¢ ={. = const , PO3B'SI30K KpaioBoi 3aqaui Oy-
JIe TaKUM:

_ qoR T 1o(rd) &z _ E(z+2(h+]))
0(r,z) _7£ =z L(RE){sheh[ e5 — 200 ] 4
+N(z)—ch&(z+h)S_(z+h)+ché(z—h)S.(z—h)}dE.
[MpunycTnmo, Mo MiBIPOCTIp HArpiBa€ThCs TEINIOBUM
IIOTOKOM, MTOBEPXHEBA I'YCTHHA SIKOTO JIOPIBHIOE ¢ = const ,

(7

30CEpePKEHNM Y Kpy3i 3 pajilycoM R Ha IOBEpXHi MiBIPOC-
Topy. Tofi piBHSHHS TEIUIOMPOBIMHOCTI ISl I[BOTO BHIIA]-
Ky 3aIlMIIEeMO Y BUTTISII

2
10 ( 0 j ot _0 ®)
ror\ or) oz°
3 TaKUMH KpaﬁOBHMH YMOBaMu:
ot
A— = _q0S7(R - }”), t‘ 2w =le, t‘ r—om = le. (9)
oz z=0

3acrocyemo 10 3a1adi (8), (9) iHTerpajibHe mepeTBopeH-
Hs1 ["aHKesns 3a MPOCTOPOBOIO KOoOpAnHATOW . Tomdi oTpu-
MaeMoO 3BHYalHe IudepeHIiaabHe PIBHSAHHSA 31 CTaIMMHU
KoedilieHTaMu

d*0
-£0=0 (10)
dz?
3 KpailOBUMHU YyMOBaMHU:
2900 4R | Ry, g = (11)
oz o é Z—©
YacTkoBuil po3B's130k KkpadoBoi 3amaui (10), (11)
3HAMJEMO y TAKOMY BUIJIAAL
(12)

0(2) —7(5211(1%5)

3acTocyBaBIIM OOEpHEHE IHTErpajbHE IEePETBOPECHHS
Iankens no criBBigHomeHHs (12), orpumaemMo BHUpa3 st
LIyKaHOI TeMIiepaTypu 6(r,z) y BUIIISAL
MTI(Ré)IO(ré)e’ézdf. (13)

!

OTxe, 3a nonomororo Gopmynu (13) onucano temmepa-
TypHE I0Jie B 130TPONHOMY HIBIPOCTOPI, SIKMH Harpi-
BA€ETHCS JIOKAIBHO 30CEPEDKEHUM Ha ITOBEPXHI IiBIPOCTO-
Py TEIUIOBUM ITOTOKOM.

2. Po3rnsiHEMO BHIIAJOK, KOJH BiJICTaHb / BiJl MOBEPXHi
LMJTIHpa JI0 TIOBEPXHI MiBIPOCTOPY € Hadarato OLIBIION0

O(r,z) =
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3a BUCOTY & Ta pagiyc R (/> h,/> R) TEIIOBHILIAIOUOTO

wtinapa (puc. 2). I3 ypaxyBaHHSM IIbOTO piBHSIHHS Tel-
sonposinHocTi (1) 3anuiueMo y BUIIISL

ANt =—qoS_(R-7)5(z) (14)
3 KpalilOBUMHU YMOBaMHU:
ﬂvg = az(t‘ - _tc); t‘ rz—mo = les (15)
0z z=— =
ne:  d(z) d“;(z) nensra  QyHkmis  [ipaka [13];
zZ
1, z>0,
§(z)=40,5, z=0, — CHUMETpHUYHA OJMHNYHA (YHKIIs.
0, z<0,

Puc. 2. BorponHuii miBIpoCTip i3 [HKEPENIoM TeIlIa, 30CEpPEmKEHIM
Y TOHKOMY IWTiHAPI

Jlo kpaiioBoi 3angaui (14), (15) 3acrocyemo iHTerpajibHe
nepeTBopeHHs1 ['aHKesnst 32 IPOCTOPOBOIO KOOPAUHATOIO 7.
Tonmi orpumaemo 3BuyaiiHe audepeHuianbHe PIBHSAHHSA 31
CTaJIMMU KoeillieHTaMu

d 9 oY) q()R
0 =———I(R 16
o 50 =—rh(R)S() (16)
Ta KpaloBi YMOBH:
20 =
G [ N an

z=—]
3aranbpHuUil po3B'sa30K piBHSHHS (16) 3HaIEMO METOIOM
Bapiallii CTaaux y BUTISI

0(2) = cieb7 + cre**

R
—%11(R§)sh§zS(z).

Crani iHTErpyBaHHsS c¢j,c; BHM3HAYNMO, BUKOPHCTaBIIH

kpaiioBi ymoBH (17). Tozi oTpruMaeMo 4aCTKOBUI PO3B'SI30K
3amaqi (16) 17

0(z) = 11 (Rg)B(efz 2282 sy shfzS(z)}. (18)

Al +a;

3aCT00yBaBHII/I oOepHEeHe IHTerpajibHe IEepeTBOPEHHS
I'ankens no criBBigHomeHHs (18), orpumaemo Bupas s
LIyKaHOI TeMIepaTypu 6(r,z) y BUIIISAL
o(r,z) =

_ MTA(RQIO(@ A —a; e ac (19)
) 0 & Aé+a, 2 ’

SIKMM OIIMCAaHO TEMIIepaTypHE II0JIe¢ B 130TPOIHOMY IIiB-
IIPOCTOPI, 110 HArpiBaeThCs IHKEPESIOM Terja, 30CepepKe-
HUM y TOHKOMY IMJTIHAPI.

3. PosriissHeMO i30TponHuiA TpocTip, B 06'eMi 27R%h
LIMJTIHpa SIKOTO 30Cepe/DKEeHI BHYTPILIHI pKeperna Tera 3

{"’2 shéz S(z) +22—%

MOTYXKHICTIO ¢( = const , BITHECEHUI IO MIJIIHIPUIHOI CUC-
TeMu koopauHaT (Orgz) i3 MOYATKOM Y LEHTPI IHTIHIPA
(puc. 3). s BU3HAYEHHS CTAl[lOHAPHOTO TEMIIEPaTypHOTO
1oJst #(r,z) B HABEICHOMY CEpEIOBUILI BUKOPHUCTAEMO PiB-
HSIHHS TeIUIoNpoBiaHOCTI (1) 3 KpaiioBUMHU yMOBaMHu:

ot

t,50=0, — =0.

) (20)

EEe

Jlo nanHoi xpalioBOi 3a/1a4i 3aCTOCYEMO IHTErpaJIbHE I1e-
perBopeHHs ['aHKeJIst 32 IPOCTOPOBOIO KOOPAMHATOIO . To-
Il OTpEMaEeMo 3BUUaiiHe AudepeHiaIbHe PIBHIHHA 31 CTa-
JTUMH Koe(biuiGHTaMI/I

qoR
——ézt_ léll(Ré) (2) (21

Ta KpaiOBy yMOBY
dt
— =0. 22
dz ZF>0 ( )

ge 7(2)= [ rlo(re)i(r2)dr

0
tr,z) .

3aranbHuil po3B's30K piBHSHHS (14) 3HaIEMO METOIOM
Bapiallii CTaaux y BUTIISII

— TpacopMaHTa TeMIEepaTypu

_ R
1(2) = e + ™" + /q10§ Ii(RE)-

[N(z2)=ché(z+h)S_(z+h)+ché(z—h)S,(z—-h)],
Iie ¢j,c; — CTaji IHTErpyBaHHS, SKi BU3HAYUMO 13 BUKOPHUC-
TaHHIM KpailoBoi yMoBU (22).
Toni oTprMaemMo YyacTKOBHI po3B's130k 3anaui (21), (22)
y TAKOMY BHUTJISIL
GoR

(@)= 28
~ché(z+h)S_(z+h)+ché(z—h)S,(z—h)].

3acTocyBaBIIM OOEpHEHE IHTErpajbHE IEePETBOPECHHS
Iankens no cmiBBigHOWIEeHHS (23), oTpUMaeMoO BHpa3 IS
LIyKaHOI TeMIeparypu

t(}” ) _ ZR J' 10;25)1 (Ré){?h§h|:€§z jé;Zz e,f(z+h+l):| + (24)
0 z

+N(z)—ch&(z+h)S_(z+h)+ché(z—h)S.(z—h)}dé,

L N(RE)| e shéh+ N (z) - 23

Puc. 3. BorponHuii npocTip i3 [TIHAPUIHIM JDKEPEIOM TeIlla,
SIKHM BHPQ)KEHO TEeMIIepaTypHe ToJIe B i30TPOITHOMY IIPOCTOpi,
110 HArpiBA€THCS [PKEPEIIOM Telula IWIHAPIIHOI (opMH

4. Po3rnsitHeMO 130TpOITHMH TepMOYYTIMBUI (Tertodi-
3WYHI TapaMeTpH 3ajeXarh BiJl TEMIIEpaTypH) MpOCTip, B
o0'eMi 27R?h WMIIHIOpPA SIKOTO 30CEPE/KEHI BHYTpIlIHI
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JOKEpeiia TeIula 3 HOTy)KHiCTIO qo = const , Bi,HHeCGHI/Iﬁ a0

LM HAPUYHOT cucTeMH KoopauHaT (Orgz) i3 modyaTkoM y
LeHTpi mwrinapa (puc. 3). [y BU3HaYeHHs CTalliOHApHOTO
TEMIIEPAaTYpHOTI'O IIOJIi B HaBEACHOMY CEPEIOBHII BHKO-
pHUCTaeMO HeNiHiiHE PiBHAHHS TEIUIONPOBiAHOCTI [12, 16]
10 0 Ot
- M(f)* —| A |=—90S-(R-1)N@)  (25)
ror 0z 0z
3 KpalilOBUMH YMOBaMHU:
o
0z

o

=0, 26
orl,_, (26)

2] >
ne A(f) — xoedimieHT TeHJ‘IOHpOBiIIHOCTi TEPMOUYTIUBOIO
IIPOCTOPY.
Beenemo neperBopenns Kipxroda [12, 16]
1 t
Hr,2) =ﬁf/1(§ )¢, 27)
0
Tyt A’ — OnOpHHit KoedillieHT TEMIONPOBIIHOCTI POCTOPY.
[Mpomudepenuiroemo Bupaz (27) 3a 3MIHHHMH 7 Ta
z. Tomi OTpUMAaEMO CITiBBITHOIICHHS:
A& =098 %= 098
or or 0z 0z
ITiCIIs MIICTAaHOBKY SIKUX Y (25), oTpuMaemo JmiHiitHe aude-
peHLiaTbHe PIBHIHHS BITHOCHO QyHKLIT (r,z)

(28)

AG= —% S_(R - r)N(2). (29)

KpaiioBi ymoBu st pyHKIii H(r,z) 13 BUKOPUCTAHHSIM
criBBigHOIIEHH (27), (28) 3anumemo y BUTIISII

9‘r~>00207 g

(30)

Omxe, 13 BUKOpHCcTaHHs nepeTBopenHs Kipxroda (27)
HeJiHIfHY KpaloBy 3agauy TersionpoBigHocti (25), (26)
3BEJICHO J10 JiHIHHOT 3axayi (29), (30).

3acTocyeMo iHTEerpajbHE epeTBOPeHHs ['aHKes 3a Ko-
opauHaTolo # 110 3aaadi (29), (30). Toxi orpumaemo 3Buyaii-
He qudepeHIiianbHe PiBHAHHS 31 CTATMMU KoedinieHTaMu

‘22‘9 9B N () (RE) G1)

3 KpaloBOIO YMOBOIO

|40 =0.

£29=-

9

(32)

|0 = 0

ne  9(2)=[rJo(rE)(r,2)dr  — Tpamcopmanta  PyHKIID
0

Hr,z) .
3aranbpHuil po3B'sa30k piBHsHHS (31) 3HalEeMO METOIOM
Bapiallii CTaaux y BUTIISII
qoR
2083 JURE)

[N(z)=-ché(z+h)S_(z+h)+ché(z—h)S

Hr,z) = e + et +

(z—h)]de.
Crani iHTErpyBaHHsS c¢j,c; BHM3HAYNMO, BHUKOPHCTABIIH

kpaiioBy ymoBy (32). Toxmi orpumMaeMo 4YacTKOBHH pPO3-
B's130K 3anaui (31), (32) a came:

8r2) =1

~ch&(z+h)S

/1053 Jl(Rg)[efZehgh +N(z)-

(z+h)+ch§(z h

(33)
(z—-h)]de.

3acTocyBaBIIM OOEpHEHE IHTErpajbHE IEePETBOPECHHS
Iankens no cmiBBigHomeHHs (33), oTpuMaeMo BHpa3 s
byHKiT 9(r, z)

Jo(rf) ey
j Ji(RE)| e=shéh + N (z) - 34)
—ché(z+ h) ,(z+ h)+ché(z—h)S,(z—h)]dé.

VY GaraTboX NMPaKTHYHHUX BUIAIKaX CIOCTEPIraroTh Jii-
HIfHY 3aJICKHICTh KOC]IIliEHTa TEIUIOMPOBITHOCTI BiJl TEM-
neparypu Ul NEBHUX IHTEPBAIIB TeMIeEparyp Yy BHUIIAIL
CIiBBITHOIIEHHS

) = 201 - ko),
zie k — TemreparypHui KoeilieHT TerIonpoBiIHOCTI.

Toni, i3 BukopuctanusM Bupasis (27), (34) i (35), orpu-

Ma€eMO BUpa3 Il BUSHAYECHHS TeMIIepaTypH (r,z)

.2) = 1—«/1—2k9(r,z)’
k
SIKMM TIOBHICTIO OIIMCAHO PO3IOIJ TEMIIEPATypHU B TEPMO-
YYTJIMBOMY IPOCTOpI 3 JUKEPEJIOM TeIula LMIIHAPHYHOL
bopmu.

Ananiz uucnosux pesynomamis. 3a dopmyiamu (6),
(19), (24) BukoHaHO OOYMCIIEHHS TEMIEPATypH #(r,z) 1 IIO-
OynoBaHO KpUBI, sIKi BioOpaxkatoTh ii OBENIHKY 3a Mpoc-
TOPOBUMH pajiajibHOIO 7 (puc. 4, 6) Ta aKCiaJbHOIO Z
(puc. 5, 7) xoopamHatamu. MarepiaJoM TEIIOAKTUBHOTO
eneMeHTa (karona) € rpadiT, 3HaUeHHs KoedilieHTa Ten-
JonpoBinHOCTI A sikoro nopiBHioe 372 W/(Km). 3naueHHs
MOTY)KHOCTI BHYTPILIHIX JPKEpeN Tera qo AopiBHioe 200

(35)

(36)

W/m®.
0,°C]
0,2 N
/1
0,1 /2
—
\E\
'\\\ =‘
0 1 2 3 4 r,M

Puc. 4. 3mina Temneparypu #(r, z) 3a paJiabHOI0 KOOPAUHATOIO I
JUISL 3HAYEHHS aKciaJlbHOI KOOpAUHATH Z = 1 M

0, °CA
0,3
\ 1
2

0,1

\Nﬂ_

b
>
-1 0 1 2 zZ,M
Puc. 5. 3mina Temneparypi #(r, z) 3a aKCiaIbHOIO KOOPANHATOIO Z
JUTSL 3HAYEHHS pajiiabHOl KOOpAMHATH 7 = 1 M

Kpugi 1, 2 (nuB. puc. 4, 5) BiIANOBIAaIOTH MOJCISIM, Te-
OMETpUYHE BiOOpaKEHHs SKUX 300pakeHo puc. 1, 2 Bia-
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noBigHo. Puc. 6, 7 BinnoBialoTh Moz, reoMeTpHUYHe Bi-
noOpakeHHsT Kol 300pakeHO puc. 3. I3 puc. 4, 5 BuaHO,
10 3HAYCHHSI TEeMIIepaTypy, BU3HAYEHI 3a JBOMa MOJEJs-
MU, 3HAYHO BiApi3HAIOTHCA. lle cBimuuTh mpo Te, mo xoya
paniyc i BUCOTa KaTOAIB LWJIIHAPUYHOI (OPMHU € MalumH,
HEXTYBaHHS 3HAUYEHHSMH OJIHOTO 3 I[IMX MapaMeTpiB MPUBO-
JIITH J10 BEJIMKUX MOXHOOK. Prc. 6, 7 imocTpyroTh Teroak-
TUBHICTb IpaiTHUX KAaTOIIB, Ha SKUX TeMIlepaTypa Jocs-
rae CBOIX HaHOLIBIINX 3HAUCHB.

A
t,°C

0,122 // ﬂ\
]

0,120

0,118
0,116

0,114 \
0,112 \
0,110 \

0,108

»

0 02 04 0,6 08 nM
Puc. 6. 3mina Temneparypu #(r, z) 3a paJiaTbHOI0 KOOPAUHATOIO I
JUISL 3HAYEHHS aKciaJlbHOI KOOpAUHATH Z = 1 M

AN

0,120

0,115

0,110

»

>
Z, M

-1,0 -0,5 0 0,5
Puc. 7. 3mina Temneparypi #(r, z) 3a aKCiaTbHOIO KOOPANHATOIO Z
JUTSL 3HAYEHHS pajiiabHOl KOOPAUHATH 7 = 1 M

BucHoBKkHu

Po3pobneHo MaTeMaTHYHI MOJIE)Ti BU3HAYCHHS Ta aHaIi-
3y TEMIIEpaTYpHUX DPEXHMIB B OKPEMHX €JIEMEHTaX MKHB-
JICHHS! IWJITHAPUYHOI (OpMH JTITiH-IOHHUX aKyMYJISITOPHHX
OaTtapeii. 3aCTOCOBAHO TEOPIlO y3araJbHEHUX (YHKIIH, siKa
Jlana 3MOr'y B 3pYyYHOMY BHUIJISII ONUCATH TEIUIOAKTHUBHI
€JIEMEHTH JKUBJIEHHS Ta OTPUMATH OCTAaTOYHI TU(epeHL-
aJIbHI PIBHSHHS TEMJIONPOBIJHOCTI 3 KPAaHOBUMHU YMOBaMH.
Jlis BUMasKy TEpMOYYTIIMBOTO €IEeMEHTa HeNiHiiHy MaTe-
MaTH4Hy MOJEINb JIiHeapu30BaHO 3a JOIOMOIOI0 MEPETBO-

pernst Kipxroda. BHaciigok Hporo oTrpuMaHo JiHIHHY
KpaioBy 3a/1a4y BiTHOCHO LIbOI'0 IEPETBOPEHHS. 32 OJHIEI0
3 MMPOCTOPOBUX KOOPJHMHAT 3aCTOCOBAHO METOJ IHTErpajb-
HOTO NEPETBOPEHHS! W y 3aMKHYTOMY BUIJISII OTPHMAaHO
aHATITHYHI pO3B'SI3KM KpaioBuX 3amad. Jlns TepmodyTin-
BOT'O €JIEMEHTa HEeJHIHHY KpaloBy 3aaady po3B'sS3aHO JUIs
BUIAJKy JIIHIHHOI 3aJeXHOCTI Koe(illieHTa TEerIonpoBia-
HOCTI KOHCTPYKLIHHOTO Marepialxy BiJl TemIeparypu i
BHACJIJIOK OTPHUMaHO 3pY4HY PO3PaxyHKOBY (OpMYITY ISt
BH3HAYCHHS TeMIepaTypH. I3 BUKOPUCTAHHSIM aHATITHYHHX
PO3B'S3KIB BUKOHAHO YHCIOBI DPO3paxyHKH TeMIIEpaTypu
3aJIeKHO BiJl IPOCTOPOBHX KOOPAMHAT 1 HaBEJEHO iX Te-
OMeTpHUYHEe BioOpaxkeHHs. UncioBuil aHami3 CBIIUUTH ITPO
Bi/JIOBIIHICTh HaBEICHUX MaTEeMAaTHYHUX MOJAEJIEH peajb-
HOMY (izmyHOMy mpouecy. OTpuMaHi YHCIIOBI 3HAYECHHS
TEeMIIEpaTypy HiATBEPIKYIOTh JOLUIBHICT BUOOPY MaTepi-
ajoM Karona rpadiTy 3a paxyHOK BHCOKOi TEIIONpPOBi-
HOCTI Ta CTIMKOCTI IIOI0 TepMIiYHMX yaapiB. HaBeneni ma-
TEMaTUYHI MOJEJi BU3HAYCHHS Ta aHANII3y TEeMIIEpaTypHHX
PEKUMIB y eJleMeHTax JiTiH-IOHHUX aKyMyJISITOpHUX OaTa-
pel maroTh 3MOry BCTAHOBUTH IHTEPBAIM TEMIEPaTyp, Y
SIKHX B1OYBArOTHCS XIMIUHI peakiii 3 BUIIIEHHSIM YHCTOTO
KHCHIO, IO MPHU3BOIUTH JO 3aliMaHHs JITiH-IOHHUX eje-
MEHTIB.
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MATHEMATICAL MODELS FOR DETERMINING TEMPERATURE REGIMES
IN THE ELEMENTS OF LITHIUM-ION BATTERIES

New mathematical models for determining and analyzing temperature regimes in individual elements of lithium-ion batteries,
which are geometrically described by isotropic half-space and space with an internal heat source of cylindrical shape, have been
improved and presented. Cases are also considered for half-space, when the fuel-releasing cylinder is thin, and for space, when it is
heat-sensitive. For this purpose, using the theory of generalized functions, the initial differential equations of thermal conductivity
with boundary conditions are written in a convenient form. In the course of research, to solve the obtained boundary value problems
of thermal conductivity, the integral Hankel transformation was used, and as a result, analytical solutions in the images were obta-
ined. The inverse Hankel integral transformation was applied to these solutions, which made enabled obtaining the final analytical
solutions of the initial problems. The obtained analytical solutions are presented in the form of improper convergent integrals. Com-
putational programs have been developed to determine the numerical values of temperature in these structures, as well as to analyze
the heat transfer in the elements of lithium-ion batteries due to different temperature regimes due to heating by internal heat sources
concentrated in the cylinder volume. Using these programs, graphs are given that show the behavior of curves constructed using nu-
merical values of the temperature distribution depending on the spatial radial and axial coordinates. The obtained numerical values of
temperature indicate the correspondence of the given mathematical models for determining the temperature distribution to the real
physical process. The software also allows analyzing media with internal heating concentrated in spatial figures of regular geometric
shape in terms of their heat resistance. As a result, it becomes possible to increase it, to determine the allowable temperatures of nor-
mal operation of lithium-ion batteries, to protect them from overheating, which can cause the destruction of not only individual ele-
ments but also the entire structure.

Keywords: lithium-ion batteries; thermal conductivity; convective heat transfer; temperature field; thermosensitive environment;
heat transfer.
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